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1OINOIPAU

%ﬁ ndm cd vao dip thdng 4, thang ki niém Mién Nam hoan
€ toan gidi phéng, d4t nudc théng nhat, cdc em hoc sinh gidi
"16p 10 va 11 cla cée trudng THPT chuyén va khéng chuyén cta cée tinh
mién Nam, mién Trung va Tay nguyén lai nd ndc tham du ki thi
OLYMPIC TRUYEN THONG 30/4. Ki thi dau tién dugc t8 chic vao nam
hoc 1994-1995 theo sang kién cta truong THPT Chuyén L& Héng Phong
— Thanh phé Hé Chi Minh. Tt d6 dén nay ki thi dd dugc t6 chde lien
tuc véi quy mo6 ngay cang 16n, chat lugng ngay cang cao.

Théng 4 nam 2008, ki thi OLYMPIC TRUYEN THONG 30/4 LAN
THU XIV lai duge t8 chdec tai trudng THPT Chuyén Lé Héng Phong
Thanh phé H8 Chi Minh sau 2 nam té chie tai cdc tinh mién Trung.
Ki thi ndm nay ¢6 quy mé rat 16n gdm 2.500 thi{ sinh thudc 72 trudng,
tham gia tranh tai dd 10 mén thi: Toén, Li, Héa, Sinh, Tin hoc, Ngtt
vén, Sd, Dia, Ti€ng Anh va Tiéng Phap.

Sau khi thi ban t8 chdc da tap hap, sdp xép lai bd dé& chinh thdc va
cdc dé thi dé nghi cda céc trudng tham dy. Day 1a mét tu lidu c6 gi4
tri, rdt cin thi&t cho quy thdy co va cdc em hoc sinh tham kh4o tyong
qué trinh gidng day va hoc t4p. Ban t§ chdc da phdi hgp v6i Nha/s4ch
Héng An Thanh phé Hé Chi Minh va Nha Xu&t Ban Pai Hoc Sy/Pham
xut bén by séch: TUYEN TAP PE THI OLYMPIC 30/4 LAN THU
XIV — 2008. By sdch gém 10 tap, méi tdp 12 mdt mon thi. Trong mébi
tap sdch gém c6 2 phin chinh: "

Phén I: La dé thi chinh thic va dé thi dé nghi khéi 10

Phén II: La d8 thi chinh thic va dé thi dé nghi khdi 11.

Ching t6i xin tran trong gi6i thiéu by sach: TUYEN TAP PE THI
OLYMPIC 30/4 LAN THU XIV - 2008 véi quy doc gia. Hi vong ring day
14 nhitng tuf lidu c6 gié tri gicp cho quy thdy cb va cde em hoc sinh trong
cdng tac bdi dudng hoc sinh gibi va trong viéc ty hoc tap, tu rén luyén.

Chiic quy thay cd va cdc em hoc sinh dat nhidu thanh cong.
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" DE THI CHiNH THUC TOAN 10 OLYMPIC
TRUYEN THONG 30/4 LAN XIV — NAM 2008

Cau 1: (4 diém)

Gidi hé phuong trinh:
x+y-z=17
x*+y?-22 =37
X*+y* -2 =1

Pdp an
Dat {u =xX+y
vV = Xy.
u-z="17 @
Hé tré thanh {u® - 2v -z? = 37 (2) 0,5d
u-3uv-z*=1 (3)
Tit (1) suy ra z = u- 7. Thay vao (2) ta duge v = 7Tu - 43 1d
Thay z va v vao (3) ta duge 18u = 342 = u = 19.
Do d6 v=90,z =12 1d
=19 x =9 =10 -
Véi 4 tim dugc { * hay x 1d
v =90 ly =10 y=9

Thit lai, ta thdy hé c6 2 nghiém la (9; 10; 12) hay (10; 9; 12). 0,5d
Cau 2: (4 diém)

Cho tam gidc ABC c6 dién tich S. Trén cac canh BC, CA va AB lan

lugt 18y cac diém M, N va K sao cho o
30MB + MC =0, 4NA+NC=0 va 14KA+KB=0.

Goi D 1a giao diém ciia AM va CK, E la giao diém cia BN va AM,
-F 1a giao diém cua CK va BN.

Hay tinh dién tich cda tam gidc DEF theo S.

Dap an

Theo dé bai ta c6: M 1a diém nim giita B va C, N 1a diém nim
gita C va A, K 1a diém n3m giita B va A va MC = 30MB, NC = 4NA
va KB = 14KA. -

Sgre Sgey . BF CN

Ta cé: . =, (1) - 0,5d
Spex Sasc BN CA _ .




CN 4
NC=4NA=> — == 2
= CA"E (2)
Ap dung Menelauft vao AABN véi cat tuyén KFC ta cé:

FBCNKA _ _ FB_CAKB_5 35

eeNaa P _CAKB 5,,.35
FN CA KB FN CN KA 4 2
BF 35
BF _35 3 0,5d
= BN 37 @) ,

Sprc = Serc Spen = BF CN _§_5_ £=2_8
Sasc Seew Sase BN'CA 37°5 37
28

Tit (1), (2) va (3) =

Sgrec = —S 4 1d
= Sprc 37 4)
 Tuong tu ta cé:
Ssop= 228 65) va Sue=LlSs (6 1d
A0 = 451 T

86528
Do d6 S =S~ (S S S = 1d

0 d6 Spgr (Sapc + Sase + Spcr) 584045

Cau 3: (4 diém)
Chitng minh ring véi moi s§ nguyén duong n va véi moi s thue

2
- x € (0; 1) ta déu cé: x?-\"/l—xs( 2n J 1

2n+1) %Y2n+1
Dap an.
B4t d4ng thdc da cho tuong duong véi
x2“(1—x)s( Zn j x 1 1d
2n+1 2n+1
_ Ap dung bat ddng thic Cési cho 2n + 1 s6 duong
—’—(—-, —X-,..., —E—, 1 - x ta duge: . 1,6d
2n 2n 2n
X
2n —x2n+1-x
2n+l (i) (1 - x) < 2n - - = 1
2n 2n +1 2n +1
, x )" 1
Suy ra (——) l-x) s —~——— 1d
21'1 ( . ) (21’1 + 1)2n+1
: (2n)* ( 2n )2“ 1
o x1-x)< = 0,5d
x"( - x) 2n+1)* {(2n+1 ><2n+1 :




Cau 4: (4 diém)
Tim t4t c4 cdc s8 nguyén duong m théa min diéu kién
Va € Z, Vb € Z, a® = b? (modm) = a = +b (modm)

Pdap an
Truéc hét nhin xét néu m = 1 hodc m 1a s§ nguyén t3 thi Va € Z,
Vb € Z, a% = b? (modm) = a = + b (modm) (1) 1d

Ching minh nhin xét trén:

* Néum = 1 thi hién nhién c6 (1)

* Xét m nguyén t6. Cho a, b € Z théa a® = b? (modm)

Khi d6 (ar— b)(a+b)-a >’ m=>a-b:mhaya+b: m(vim

nguyen t3)
" > a =b (modm) ho#c a = -b (modm) (dpcm) 1d
* Xét m # 1 va m khong nguyén t6. y4
Ta sé chitng minh ring diéu kién cin
vaididéco()lam=2pvéiplalss B :
nguyén td 18. /K-\
Piéu kién can: Gid st (1) ding. Vim | =,
la hgp s6 nén m = xy véi x,
ye N\{l. Ldya=x+y,b=x -y
(a,beZ),tacéa’—b®=4xy=4m m=>
a? = b? (modm) = a = +b (modm) (do (1))
2y =(a-b):m=xy 2:x x=2
[ =(a+b)im=xy :[ny = [y=2. |
Vaym=2nvéine N\ {1}. 0,5d
Néunlalhgps§thin=aBvéio BeN\ {1 :>m=(2a).Bv(1i
2a # 2 = B = 2 (theo chitng minh trén) : m = 4a
Lic nay chon a = 2a, b = 0. D& thdy a® = b? (modm) nhung a + b 0
(modm) (vd 1y). Vay n = p 12 1 s8 nguyén t3.
Hon nita néu p = 2 thi m = 4, theo chitng minh trén (v6i o = 1,
m = 4a), ta thdy (1) khong théa = p 18. 0,5d
Diéu kién dd: Cho m = 2p vdi p 1a mét sd nguyén t& 18 va cho a,
b € Z ma a® = b? (mod m) ,
= avabcécung tinh chdnlé = (a~-b): 2va(a+b): 2 0,5d
Mait khdc, (a~bXa+b)=a’>-b?:m: p
=>(@-b):phosic(a+b):p
Viy theo (3), tac6(a-Db) : 2p=m hosic(a+b) : 2p =m = (1).
Viy m = 1, ho%c m nguyén t&, hoac m= 2p v6i p 14 mdt s6 nguyén
to 18. ' 0,5d

N

C
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Cau 5: (4 diém).
Trén mit phing toa d6 Oxy cho diém A(1; 0) va cdc dudng tron
(C:x®+y*=2,(Cy): x*+y* =5.

Tim toa d6 cdc diém B va C lan lugt n&m trén cdc dudng tron (C,)
va (Cy) dé tam gidc ABC c6 dién tich 16n nhat (biét riing tam gidc
nhu vay 1a ton tai).

Pap én

Gia sit AABC c6 dién tich 16n nhat. Ta ¢6 CO L AB va BO L AC, vi
néu khong, chdng han CO khong vuéng géc véi AB thi ton tai di€m
C’ thudce dudng tron (C;) sao cho C’O 1L AB va d(C’, AB) > d(C, AB)

= SC'AB> SCAB (V6 ly)

Do d6 néu AABC c6 dién tich 16n nhat thi ABC phdi 1a tam gidc
nhin O lam truc tdm: BC 1 OA. 1,5d

Goi B(xg; yg) va C(xc; yc). Vi BC 1 OA nén xp = xc.

AB = (xp - 1; yp)OC = (xp; yc)OB = (x5; yg) AC = (x5 - 1; yo)
AB.OC = x4(x; - 1)+ y5¥. =0 (1)

Taco {x% +y2 = 2 @ 0,5d
X5 +ye =5 (3)

Tu(2)va@) =yt =2-x% va y2=5-x} 4)

Tir (1) = YsYc = XB ~X3=> Yp¥o = X5 —2x3 +x5  (5)

Tit (4) va (5) = (2-x3)(5-x3) = x§ - 2x} +x}
< 2x3 -8x2+10=0
© (x5 +1)(2x3 -10x, +10) =0

< xp =-1(6) hay x; = 5 +2\/—5_ (7) hay xg = 5_2\/5 (8) 1d
Thé (7) vao (2) khong théa. Suy ra (7) loai
Ta c6 (dung (4) va (5)):
1 1 ,
S= Ele - Xg||yc - ¥s| = 8% = Z(l - XB)2(7 ~2xp)
V<’rix1;=——ltac()S=3V(’inx]g,=5—2\/g tac6:S<3 0,5d

Vay Slén nhdt < xp=xc = - 1. :
=-2 =1 =-1
YEYC ‘ . {YB ‘hay {YB
yg=1 va y;=4 Yo =2 Yo =2
Vay véi By(~1; 1) va Ci(-1; —2) hodic. By(~1; -1) va Cu(-1; 2) thi
dién tich tam gidc ABC dat gi4 tri 16n nhdt va max S = 3. 0,5d

Khidétacé{




PE THI PE NGHI MON TOAN10
TRUONG THPT CHUYEN LE HONG PHONG - TP H(‘S CHi MINH

Cau 1: (... diém)
Giai phuong trinh
16x° — 16x° — 20x* + 20x* + 52> +2x -7 =0
Pap an
Tacé6 16x° - 16x° ~ 205 +20x* + 65> +2x-7=0 (1)

=1
o .
|i16x5 -20x* +5x+7=0 (2)
Giai (2): * N&u Ix! < 1 thi c6 duy nhit mot sd a € [0; n] sao cho
x = cosa thi (2) tré thanh cosba + 7 = 0 (vd nghiém)

* Néu |x| > 1 thi xét phuong trinh x=%(t+%) (3)

Ta c6: (3) <> ft) =t — 2xt + 1 =0 ¢c6 A' = x* — 1 > 0 nén (3) 6 2
nghiém phén biét t,, ts. ;
+x>1:f1H)=2-2x=21-x<0vafl0)=1>0nén0<t; <1<ty
+x<-1:f-1)=2+2x=2(1+x)<0vaR0O)=1>0

nént; < -1 <ty <0. |
Do d6 (3) ¢6 nghiém t duy nhat théa [ti >1
Suy ra néu |x| > 1 thi ¢6 duy nhat mdt sé thyc t thoa lt] >1va

1 1
=—(t+=
X 2( +t)

Tacod x° =—;~(t3+jc1—3—+6x):>t3+tl3:8x3—6x va

x? =—1—(t2+—}2—+2):$t2+l=4x2—2
4 t

t2
3 1 2 1 3 2
=1t +I3— t +—t7 =(8x® - 6x)(4x° - 2)
5 1 1 5 3 A
=t +t—5+t+€=2(16x - 20x° + 6x%)

= t*+ Ilﬁ— = 2(16x° - 20x> + 5x)




= 16x° - 20x°® + 5x = ;(tﬁ tls)

Do d6 (2) thanh %(tntls)n:o @ (It > 1)
u = -7 + 43 (loai)

Patu=1t"thi (4)thanhu®’ + 1du+1=0 |
. u=-7-43

ot=Y-7-443
Do dé6 ta duge:

X= _;_{,5/_7_4\/5 +T—’5f_4\/_§) =%(§/—7—4\/§ + Q/—7+4\/§)

Vé4y nghiém ctGa phuong trinh da cho 1a x = 1 hoic
= %(?/--7 43 + Y7 +4J§)

Cau 2: (... diém)
Cho 30 s nguyén duong lién ti€p trong d6 khong c6 sd nao c6 téng
cdc chit s§ chia hét cho 11. Ching minh ring trong 30 s6 d6 tén tai
mét s6 chia hé&t cho 10°.

L Pép 4n .

Trong 10 s§ d4u tién cia 30 sé trén, ta luén chon duge mot s6 c6
chit s6 t4n cung 14 9, goi s§ d6 1a a9.

*Xét10s8 (a+1)0; (a+ 1L, (@a+1)2...;(a+1)9

Do cédc s6 trén c6 tdng cdc chit s 1a c4c s8 nguyén lién tiép, trong
d6 khong c6 sd nao chia hét cho 11 nén (a + 1) ¢6 téng cdc chir s6
chia cho 11 du 1.

Goi m 12 t3ng cdc chit s8 cia (a + 1) thi m = 1 (mod 11) (1)

* X6t 10 56 (@ +20; @+ 2L @+ 2)2..;(a+2)9 |

Li ludn tuong tu ta c6 (a + 2) c6 tdng cdc chif s6 chia cho 11 du 1.

Goik 1a s6 chit sd 9 tdn cung cia (a+1)9 (k> 1)

:>(a+1)9 b99 9:3(a+2)0 (a+71)9+1

prpre
= b99..9 9+1—(b+1)0 .0
ka9 Ty

Do (a+1)9 cotﬁngcécchu’sécuanélam+9vécékchds69tén

10.




ciing nén tdng cac chif s cla (a +2)0 baingm +9-9% +1=m+ 10 -9k -
Tacé m-—9k +10=1(mod 11) vd m = 1 (mod 11)
=9k =10 (mod 11) > k=6 (mod 11) > k >6
Vi (a + 2)0 c6 it nhat k s& 0 tdn cung = (a +2)0 chia hét cho 106
Cau 3: (... diém)

Bén trong tam gidc déu ABC liy diém A,. Bén trong tam gidc
A,BC 14y diém A;. Goi S;; Sz va pi; pe lan lugt 1a dién tich va nda
chu vi chia hai tam gidc A;BC va A;BC.

Chdng minh: S,.p2 > S,p?.

Péap an

Ta ki hiéu:

a 1a canh tam gidc ABC; a, by, ¢; 1a canh tam gidc A;BC; a, b, ¢, l1a
canh tam gidc A;BC, A;, B,, C, 12 ba géc tam gidc A,BC; A, B, C;1a
ba géc tam gidc A;BC; 1y, rp 12 bdn kinh dudng tron ndi tlep tam gidc
A;BC, A;BC.

Khong gidm téng quat, ta chi xét trudng hop C, A, A, thing hang
(néu khong thing hang, ta xét qua trung gian A; 12 giao clia BA; vi CA,
va st dung hai 14n két qué) (hozc B, A, A” thdng hang: tuong tu).

Khi d6: PPCM 15 Bu

r2 pz -
Taco: 2-P17% (go B =-tg ACB _ tg ACB__ 5 )
r, P,-C, p, - ¢ 2 2 p; - ¢,
Suy ra ta cdn chdng minh: P8 LB o pe, > pie
P2 —C; Pg
o (@a+ by +c)ee>(@+by+ e
< (a + byeg> (a + baley & G > ii—g—
a+
1

Ta cé: b, _CA, 'BAI _BA2 _ sin B, .sm C, S _ sin By s
b, BA, CA, BA, sinC, sinB, ¢, sin B, ¢
(dO Cz = Cl = Ach)

Do dé: BPCM o 2z SInB,  a+b,
b, sinB, a+b,
sinB, sinB, sinA, +sinB,
sinB, ‘sinB, ~ sinA, +sinB,

11




& sinA; + 8inB; > sinA, + sinBy

A, +B cos A - A,+B, A, -B,

< 2sin . ! > 2sin cos
2 2 2 2
1~ A2 _B'z 0
& oS > COoS 5 (D(Vi A +B;=A;+ By=180°C)
Ma 0° < A -B, <A B, _ 90° nén = (1) ding.

2 2
Cau 4: (... diém)
Choa,b,cla3 sQ’ duong théa a +b + ¢ + 1 = 4abe.
Ching minh ring:
1 1 1 3.
+ + <
a'+b+c b*+c+a c*+a+b a+b+e

Pap an
1 1 1 3
a“+b+c+b“+c+a'+c4+a+bsa+b+c
2\2 232 242 2 2 232
(a®) +(t;3) +(cc3) 2(a1::3:§3)
1 < 1+b%+¢?
a*+b+c  (a?+b?+c?)?
3+2a°+b*+c°)
(a® + b% +¢?)?
3+2(a3+b3+c3)< 3
(a2 +b%®+c?)® "~ a+b+c
Ta c6 (2) <> (a + b + )[3 + 2(a° + b® + )] < 3(a° + b* + ) (3)
DPat S=a+b+cvaP =ab+bc+cathi )
‘ a’+b%+c2=82-2P
a®+b*+c*=(a+b+c)@®+b%+c®—ab-be- ca)+ 3abe
= S(S? — 3P) + 3abc = S® — 3PS + 3abc.
(3) & S[3 + 2(S® — 3PS + 3abe)] < 3(S* — 2P)?
< 38 + 28* - 6PS? + 6abeS < 38* - 12PS? + 12P?
< S* - 6PS? - 6abcS + 12P? - 3S> 0
< S* - 6PS? + 9P% + 3P? — 6abcS - 35S >0
< (S% — 8P)? + (P? - 3S) + 2(P? — 3abcS) > 0 (4)

(1)

Tacé a*+b+c=

Do d6 vé& trai (1) <

Ta chitng minh (2)

12




Theo gia thiét ta cé:
4abce > 4%/abc suy ra: abc > 1 nén

= (ab + bc + ca)? < 3abc(a + b + ¢) = 3abeS > 35

= P? - 3abcS > 0va P?-35>0
Suy ra (4) ding. Vay (1) dugc chirg minh.

Cau 5: (... diém)
Chidng minh ring véi méi day 2008 so thuc aj, as, a3, v

, A2008 lubén

ton tai s6 thuc x sao cho tat ca cdc s6 hang caa day s6: a; + X, az + X,

as + X, ..., azo08 + X 12 nhitng sO vo ti.
Pap an

Goi o la mot s6 vo ti bat ki.

Ta chiing minh trong 2009 s6 a, 2a, 3a, ..., 2008a, 2009a ¢6 mot s6

théa diéu kién bai todn.

Ta thi&t 1ap 2009 diy so va sdp xép dudi dang bang sau:

a; + o, as + A, as + a, ...,
a; + 2q, as + 2a, as + 2aq, ...,
a; + 3a, as + 3a, as + 3a, ...,

L4

...................

ar + 2008c,, as + 2008a, as + 2008aq, ...,
a; + 20090, ap +2009a, asz-+ 2009q, ...,

agp08 + 20

agoos + 30

Q9008 t+ 2008a.
9908 + 2009a

Gi4 sit trong 2009 hang trén khéng cé hang nao théa yéu cdu bai
todn thi trong mdi hang sé& c6 it nhdt mot s6 hiu ti. Do d6 sé co it
nhat 2009 s6 hitu ti, ma chi c6 2008 c4t nén phdi ton tai mot cot chita
it nhait 2 s6 hitu ti trong 2009 s& hitu ti trén. Gia si cdt thd k chda 2

s6 hitu ti la:

ax + ma va ax + no(m > n)

Khi d6 ta 6 (ax + ma) — (ax+ n o) = (m — n)a 12 s& hitu ti. Diéu nay

volivim—n € N* va o 1a sd vo ti.

Vay trong cac hang trén, phdi c6 mot hang théa yéu ciu bai todn.

Gia si hang d6 1a hang thi p, khi d6 x = pa la s0 thuc théa diéu

kién bai todn.

13
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Cau 6: (... diém)

14

Cho diém A(1; 0) va hai dudng tron (C): x% + y% = 2; (Cy): & + ¥y =5.
Xét tam gidc ABC c6 B thupe (C,) va C thude (Cy). Tim toa dd B C d@é
dién tich cda tam giac ABC 16n nhit

Dap an

Gid si AABC c¢6 dién tich 16n nhat.
Ta ¢6 CO L AB va AO 1 BC, vi néu
khéng, chdng han CO khéng vubng géc B
v6i AB thi ton tai diém C’ thude dudng /'<\ .
tron (C;) sao cho C’O L AB va d(C’, AB) ) /A %
> d(C, AB) = SC’AB > SCAB (vb 1}”)

Do d6 néu AABC c6 dién tich 16n nhat
thi ABC phai 1a tam gléc nhin O lam C
tryc tam.

Y 4

Goi B(xg; ys) va C(xc; yc). Vi BC L OA nén xp = Xc.
AB = (xg- 1;y5) OC = (xp; yc) OB = (xs; y8) AC = (x5 - 1; y¢)
AB.OC = Xg(Xg — 1)+ ygy. =0 (1)

Tacé <x% +y2 =2 (2) (*)

Xt +y2 =5 (3)
Tt @) va@) = yp=2-x} va yl=5-x2 4)
Tt (1) = ysyc = xp - x5 = yiys = x% - 2x3 +x} (5)

Tir (4) va (5) = (2~ x3)(5-x3) = x2 - 2x3 + x}
< 2x5 -8x2+10=0

& (xg +1)(2x% -10x, + 10)=0

< xg=-1 (6)
hay x, = > +2¢g )
hay x, = 5 —2\/_5- (8)




Thé (7) vao (2) khong théa. Suy ra (7) loai

; 1
Ta cé S = —Z-IXA‘XB|-|YB_yC,

1 1
= S2 = Z(l —XB)z(yg +yf; —2YBYC) = Z(l"'xg)z("z —2XB)
V6ixp=-1tac6S=3

Véi x, = 5"2‘/5 ta c6 S~ 0,4

Viy S 16n nhdt < x5 = x¢ = -1.

= —2 = 1 = —'1
Khi d6 ta c6 {y‘jyc L, e {y B0 fay {YB |
yg=1 va yc=4 Yo =2 Ve =2.

Vay v6i By(-1; 1) va Cy(~1; -2) hoic By(-1; —1) va Cx(-1; 2) thi
dién tich tam gidc ABC dat gid tri 16n nhdt va Max S = 3.
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PE THI DE NGH] MON TOAN 10
TRUONG THPT TP. CAO LANH - PONG THAP

Cau 1: 3 diém)
Giai phuong trinh: ¥2x +1+1 = x° + 3x + 2x.

Pap an
*Px+3+1=x"+3x"+2x > Y2x+83=(x+1)* ~x-2
*Pat:y+1=¥2x+3 > (y+1°=2x+3 (1)

* Phuong trinh tré thanh: y + 1 =(x + 1)*— x — 2
>x+1P=x+y+3 (2
*Lay (2) - (1) v€ theov&: (x + 1 - (y + 1¥ =y — x

Sx-ME+1DP+E+Dy+D+y+1*+11=0
<X=Yy .
Vix+1)’+x+ 1)y +1)+@+12+1>0v6i moix,y.
* Thay x = y vao (1) ta dugc:
(x+1)3=2x+3c>(x+2)(xz+x—1)=O

X =-2
<|x= -1-v5
2
-1+5
X =
L 2
* Vay phuong trinh ¢6 ba nghiém 13 x = 2, x = -1 2\/_5-

Cau 2: (4 diém)
Tim tit cd c4c s8 ty nhién x va y théa mén phuong trinh:
(Vx - Jy)* = 3361 - /11296320

Pép an

Nhén thdy x va y 1a cdc s6 nguyén khong 4m va

/11296320 = 2°41.4105 1a s6 vo ti:
Phuong trinh da cho c6 thé viét lai:
(x+y)® +4xy - 3361 = 4(x + y)\/xy - 328105 (1)

. 16

0,5d

0,5d

0,5d

0,5d

0,5d

0,5d

1d




V& trai ciia (1) 1a cdc s6 hitu ti nén diéu kién cin va di dé phuong
trinh ¢6 nghiém nguyén 1a cd hai v& cta (1) déu bing khong. Khi
dé ta c6 hé phuong trinh:

(x+y)° +4xy -3361=0
{4(x + y)Jxy - 328105 = 0

bat: S = x +y, P = xy ta dugce hé:
S?+4P-3361=0 (2)
{sﬁ = 82J105 3)

822, 105

1d

Tu (3) ta rat ra duge: P =

. Thay vao (2) va thu gon dugc:

S* - 3361.8% + 4.82%.105 = 0
< S? = 1681 hoac 8% = 1680 = 41° | 1d.
"~ Tu d6 ta duge: S = 41 va P = 420.
Suy ra x, y l1a nghiém cta phuong trinh:
t* — 42t + 420 = 0 <> t = 20 hodic t = 21. 1d
Vay phuong trinh ¢6 hai nghiém la (20; 21); (21; 20).
Cau 3: (3 diém)

Cho ABC la mt tam gidc nhon cé trong.tém G va truc tam H
khong trung nhau.

Ching minh ring dudng théng GH song song véi dudng thing BC
khi va chi khi:

tgB + tgC = 2tgA ..

Ay
Pap an A
Chon hé truc Oxy nhu hinh vé: 1
A(p, Q) , B(-r, —s), ~ip Nty
C(r,-s)(r>0;s>0;q>0) 05d o X
Ta co: G[E; q—2s) B -8 C
3 3
va PP+ =r+s® (2 0,5d
Do O, G, H théng hang nén GH/BC khi va chi khi yg = 0
=q-28s=0 3) 0,5d
Véi tam gidc ABC ta c6: tgA + tgB + tgC = tgA.tgB.tgC
Do dé: tgB + tgC = 2tgA < tgB.tgC =3 (4) 0,5d
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Ta c6: th=q+s;th = —q+s;
p+r . p-r
2 2
tgB.tgC = 95 _ @9 459y

r’-p q°-s
Hay: tgBtgC= 172 (5) 0,5d

q-s
Né&u GH//BC thi ti (3) cho q = 2s. Tu (5) suy ra tgB.tgC = 3.
Do (4) ma tgB + tgC = 2tgA .0,5d
Néu tgB + tgC = 2tgA thi tir (4) va (5) cho q = 2s.
Do (3) ma GH/BC. 0,5d

Cau 4: (4 diém)

18

Cho cap s6 thue (x; y) thod méan diéu kién: x -2y +4 =0
Tinh gia tri nho nhit cta biéu thic:
P = x* +y® - 6x—12y + 45 + yx* + y* ~ 10x - 16y + 89

Pap an

* Bign d6i: P = (x - 3)% + (y - 6)> + J(x - 5)° + (y - 8)° 0,5d

* Trong mit phéng véi hé toa-do Oxy, goi d 1a dddng thing c6
phuong trinh x — 2y + 4 = 0 va cdc diém M(x; y), A(3; 6), B(5; 8)

thi P = MA + MB 0,5d
* Bai toan trd thanh tim toa do diém M thudc d sao cho tdng
MA + MB dat gia tri nhé nhédt 0,5d

* D& dang kiém tra A, B nim vé cing mdt phiaciad

Tim duge toa do cua di€m A’, 461 xding cia A qua d, d6 1a A’(5; 2)
o | | 0,5d

* V6i M thude d, ta c6: MA + MB = MA’ + MB > A'B (khong doi)

PéAng thic xdy ra khi va chi khi A’, M, B thdng hang hay M chinh

12 giao diém cda d véi dudng thang A'B 0,5d

* Tim duge phuong trinh cda dudng thing ABla:x-5=0 0,5d

~5=0 o
* Giai hé phuong trinh: { cho M(5; 2) 0,5d
x-2y+4=0 2
*VayMinP=6khix=5vay=> 0,5d

2




Cau 5: (3 diém)
Véi 6 chit s6 0, 1, 2, 3, 4, 5 c6 thé lap duge bao nhiéu sé chia hét
cho 5 gbm 11 chit s&, trong d6 chit s6 1 ¢6 mat 4 lan, chit s6 2 ¢6 mat
3 14an, chit s& 3 c6 méat 2 1an, chit s6 4 c6 mit 1 1an va tdng s6 lan
xudt hién cda chit s6 0 va chi s6 5 1a 1.

Pap an

Dé s6 can ldp x = a,8,8,8,8,8,8,84848,04,;; chia hét cho 5, thi x
phai tdn cung bing chit s6 0 hoidc chir s8 5. 0,5d
Vi téng s6 14n xudt hién trong x cGa 0 va 5 béng 1 nén néu x tan
cung bang 0, thi 5 khong c¢6 mit va ngudc lai néu x tan cung bing 5,
thi chit s6 0 khéong xuit hién. 0,5d
Béi vay a;(1 <i < 10) chi c6 thé 1a mdt trong céc chits6 1, 2, 3, 4. 0,5d
Do d6 s6 kha ndng 1ap phan dau d¢ dai 10 a,a,aza,asaga,azaqa,,

cha s6 x bing s6 hoan vi 1ap cia 10 phan ti thudc 4 loai chir s6 1, 2,
3, 4 v6i 1 xuat hién 4 1an, 2 xuit hién 3 lan, 3 xudt hién 2 l4an va 4

xudt hién 1 lan, sé bang P(1, 2, 3, 4). 1d
Ngoai ra a;; lai ¢6 thé nhan gia tri 0 ho#ic 5 nén s6 cin tim sé la:
!
2P(1, 2, 3,4) = —~i9'-——.2 = 25200 0,5d
1121314!

Cau 6: (3 diém)
Trong mat phing vvéi hé toa do (Oxy) cho tam giac ABC c6 B(1; 2)
-Puong phan gidc trong A cia goc A c¢6 phuong trinh: 2x +y - 1 = 0,
khoang céch tir C dén A bing hai 14n khoang céch tir B dén A. Tim toa
dd cta A va C, biét ring C ndm trén truc tung.
Pap an
* Goi H, I 1a c4c hinh chiéu vudng géc cia B va C lén A, BH cit
AC tai M.
Ta c6: d(B, A) = BH = HM, d(C, A) = CI
Ma d(C, A) = 2 d(B, A)
< CI = 2HM, nén: MA = MC, HA = HI 0,5d
* BH qua B(1; 2) nhan 4, = (1, -2) lam vecto phdp tuyén nén cé
phuong trinh: x - 2y +3 =0
* Toa d6 caa H nghiém caa phuong trinh:

1
—2y+3=0 |*7°
X-ay+ == 5 H( 7 4) 0,5d
2x+y-1=0 7 5 5
Y=g
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* H 1a trung diém cia BM
7

pad

Ym =2¥n —Xp 5

1 . 7
* BH=[(-Z-1?+(--27 =
\/( 5 )+(5 )

xM:2xH~xB=——5—
ol

3J5
5

7. é)
5 5

-_—>CI=6—5\/E

* C thudc truc tung nén: C(0; y,), do dé

|YO l 6\/—

=%

Do M 1a trung diém cﬁa AC nén:

14 27
C0;7) = A(-—;- =2
ON)= Al-—5-)

C(0: -5) = A(-li‘i 353)

14 33

* Tha la1 chi ¢é A(——5— ;—) € A.

5

14 33
Vay: A C(0; -5
24 (5 5) ;-5

|y0_1|=6©[y°

=7
Yo =9

0,5d

0,5d

0,5d

0,6d




PE THI DE NGH] MON TOAN 10
TRUONG THPT CHUYEN BAC LIEU

Cau 1: (3 diém)
Giai phuong trinh: ‘
JI1x2 - 14x + 9 + V11x% - 2x + 3 +J17x% + 2x + 3 = V2(2x +4) (1)

Pap an
Ta co:
JBx -1 + 22 - x? +JBx - 12 + 21+ x? + {(3x -1+ 2(2x +1)°
> J2(2x + 4) k 1,5d
Goi S 1a v€ trai cta PT ta cé:
3x-1=0
S Bax+d o2 X320 o1 1,5d
1+x>0 3
2x+1=20

Cau 2: (4 diém)
Tim tat cd céc nghiém nguyén cia PT:

|4x—,6y|+|9x—6y| _ 313 1)
\’XZ + y2>
Pap an
Ta thay (x, y) = (0, 0) khéng 1a nghiém caa PT
Véi x, y Khic 0: (1) <> [4x - 6y| + [ox - 65 = 818 + y)| @) 0,54
~ _ A +B|(AB>0)
Ta dé dang ching minh duge: |A|+|B| = 0,5d
|A - B|(AB <0)

Néu (4x — 6y)(9x — 6y) > 0 thi: (2) & [18x-12y|= J313(x% + y?)
& 144%% + 2.13.12xy + 169y°=0 < 12x + 13y = 0

Vi (12, 13) = 1 nén (x, y)-= (13k; -12k) v6i k € Z \ {0} 1,54
Néu (4x — 6y)(9x — 6y) < O thi: ‘

2) o [5x| = y318(x* + y*) < 288x® +313y” = O(VN) 1d
Vay nghiém cia PT l1a (x; y) = (18k; —12k) v6i k 14 sd nguyén khéc
khong. 0,5d
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Cau 3: (3 diém)

Cho ABCD la ti gidc ndi tiép va P 1a mot diém thudc mién trong
cha tu gidc ABCD. Goi K, L, M, N lan lugt 1a hinh chi€u vubng géc
caa P trén cac canh BC, CD, DA, AB .

Hay xdc dinh vi tri chia P sao cho tdng BK® + CL? + AM® + AN? dat
gia tri nhé nhat.

A
Dap an N v

Pat S = BK? + CL? + AM? + AN? B
Ap dung dinh ly Pitago ta c6:

S = BN? + CK? + DL? + AM? K 1d
Suy ra:

2 2 2 2 D
2S = (BK* + KC?) + (CL* + LD?)
+ (DM? + MA?) + (AN? + NB?) ¢ L

:282%[(B—K+KC)Z +(CL +LD)? + (DM + MA)” + (AN + NBY’]

=8> %(BCZ +CD? + DA? + AB?)
D&u bing xdy ra < BK = KC,CL = LD,DM = MA,AN = NB. 1,5d
Vay tdng S nhé nhat khi P la tdm dudng tron ngoai tiép tu gidc
ABCD. 0,54
Cau 4: (4 diém)

} N x30 y30 Z3O t30

Tim gid tri nhé nhat cda bieu thite: — + =+ —( + —
y b/ t X
Trong d6 x, y, z, t 12 cde s6 duong théa mén: x +y + z + t = 2008
Pap an
30

Ta c6: #+ 4y + 25.502 > 30x
y .

30

y .
Y 42+25.502 > 30 .
2t 5025 @ C Y 2d

Z30

t*.502%°
t30
x*502%
Cong theo tiung vé& cdc BDT trén ta c6:

30 30 30 30
LN AR L Y e 1d
VA X

+ 4t + 25502 > 30z

4

+4x +25.502 > 30t
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DPing thic xdyrakhix=y=z=t= 502
Vay GTNN cia biéu thic la 4.502%, 1d
Cau 5: (3 diém) '

, o 1
Tinh téng: A =1+ EC 2008 * 3 02008 + 5009 ——C2%
Pap an
Tacé: C, =— +1 Pl —1~C§” —C2,, 1d
p p n+ 1
Cho p 14n luot céc gia tri 1, 2, 3, ......2009 va cong theo v& ta duge: Id
1 1 2 2009 22009 -1
A = 5 (Chugg + Clg + - Ci0) = 500 1d

Cau 6: (3 diém)
Cho tam gidc déu ABC c6 canh bing a. Tim tap hgp cdc diém M
théa man: 4MA?— 2MB? —-MC? = 6a°
| Pép dn

Chon hé toa dd Oxy: B(— ,0), C( ,0), A0, ~£)

Gia st M(x, y)

Ta co6: MA‘(XE—\/:—Y) y 4

NI_B.=(—-2-—X,—Y)' /A\
'M@:(%-x,—y) «

B 0 C x

Suy ra: 4MA2 2MB? — MC? = 6a®
a\/_ 2 ( ’ 2
o 4%+ —y2 -2 2+x -2y - E—x - y? = 6a’
2
©4x2+3az—4a\/§y+4y2—%—2ax~ 1,5d
2

-2x% - 2y® ——‘ri\4—+ax—x2 ~y? = 6a®

15a®

4
D& thay I 1a diém dugc xsc dinh béi CI =40A

Vay tap hop cdc diém M 1a dudng tron tam I(—‘;—; 2a+/3) ban kinh 4a. 0,5d

o X2 +y? —ax-4a{3y =

o (x- %)2 +(y - 2ay/3)* = 16a®
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Dap an

Dt 4x—1=ysuyra: [y+%]+[y]:ézg—l— 0,5d
Do [y+—;—}=[2y]—[y],suyra: [2y]=4y3-1 ‘ 1d
4y -1 3t+1
Pat 22— =t suyra: |——|=t
Ay [
suyra:ts3t+1<t+i:>t=—1;t=0 - 0,0d
-1 1
= y=-— hodcy=—
y 2 aC y P
:>x=——1hoécx=l 1d
8 ) 16

Cau 3: (3 diém)

Cho tam gidc ABC ngoai ti€p dudng tron tdm I ban kinh r. Buong
tron (I; r) tiép xtc v6i cdc canh BC, AC, AB tai cic diém tuong dng
A,, B, C,. Cac tia IA, IB, IC cit dudng tron (I; r) theo thi ty tai A,
B, Cs. Goi p, p1, Pz 14n lugt 1a nia chu vi cia cic tam giac ABC;
A,;B;Cy: A,B,C; va R 1a ban kinh dudng tron ngoai tiép tam gidc ABC.
Ching minh: %.p <p:1<pz2

Dap an
Pat BC =a, AC=b, AB=¢; BiC, = a,,
AC; = by, ABy = ¢, B.C, = aj;
ACy = by, AsB; = ¢z va R 1a ban kinh
dudng tron ngoai ti€p tam giac ABC.
A, B, C lan lugt 1a s do cac goc
1§'A\C; A/B\C, 13/@7\; A,, B, Cy, A,
B,, C, theo thi tu la s6 do cdc goc
BAC,, ABC,, BCA,, BCA,,
ABC,, BCA,.
Chdng minh duge:
A, = B, +C, "B, = A‘+C"C _A+B,

2 2 ’ 2
va A1=B+C;B1=A+C,01=A+B
2 2 2
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Xét az + by + ¢2 = 2r(sinA; + sinB; + sinCy)
A +C,

= 2r.(sin B, ;C‘ + sin

Dag+by+cy>

2r.(sin B, +C LOS B, -G, +sin 4, +C, cos A -G +sin A, +B, A -B‘)

2 2 - 2 2 2 -2
Do d6: a; + by + ¢, > 2r(sinA, + sinB; + smC 1)=a; +b; +e¢;.
Suy ra: p; > p; (1)
Mit khac: a; + by + ¢; = 2r(sinA,; + sinB, + sinC,)
A+C . A+ Bj

+ sin -

v ( B+C .
= 2r.} sin 2 + sin

Day+b;+c¢; 2

[. B+C B-C . A+C A-C . A+B A—B)
2r.| sin .€0S +sin .cos +sin .coS
2 2 2 2 2 2

hay a; + b; + ¢; > 2r.(sinA + sinB + sinC) = %(a +b+c).

Suy ra: p; > %.p (2)

Két hep (1) va (2) ta duoe: é—.p <p, <p,. Pdng thdc xay ra khi
tam gidc ABC déu. ’

Cau 4: (4 diém)

Cho a, b, ¢ la cdc s& duong théa 3 + % + 1_ 1. Tim gi4 tri nhé nhat
a c

cia biduthde: T=a+b +c.

Pdp an
V1§+E+1=1 nén:
a c
T=a+b+c=(§+g+l)(a+b+c)
a b ¢
3b+2a+§ E+P-+g(5+6 - ' 1d

a b a ¢ ¢ b
Vi a, b, ¢ duong nén ap dung bat ding thitc Cauchy, ta cé:

?LZ_EZM,&%M E+E>zf
a a
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Suyra:TZ2(\/§+\/§+\/§)+6:(\/§+\/_2—+1)2 2d

a b
3c_a
T=(J3+J2+1)? =<2 ¢
b_2
¢c b
_3_+g+l:1
a b c
a=C\/§ a=3+\/§+\/§
o {b=cV2 < b=2+v2+6 0,5d
_3_4___2_.4,1:1 C=1+\/_2—+\/§
c/3 /2 ¢
a=3+/3+6 _
VAY Tamin=(v3 + V2 +1)? khi {b=2+2 + /6 0,5d
c=1+\/§+\/§

Cau 5: (3 diém)
Cho tép hop S = {1, 2, 3,..., 280}. Dat A, = {k e S|k chia hét cho
2); A; = {k € S|k chia hét cho 3); A; =k ¢ S |k chia hét cho 5}; As =
{k € S|k chia h&t cho 7} va A = A; U Ay U Ag U A,

Tinh s§ phéan ti cia tip A.
bap an

Ta cé:

Goi s6 phan t cia A 12 | Ay |

Ta c6: |A;l = 140; |As] = 93; [Asl = 56; | Al = 40
A; A A; = [k e S|k chia hét cho 6} = |A; ~ Ayl = 46
A, A; = k e S|k chia hét cho 10} = |A; N Ag| =28
A; ~ A, = [k e S|k chia hét cho 14} = |A; N Asl =20
A, ~ A = (k e Sk chia hét cho 15) = |A; n As| = 18
Ay ~ Aq = [k e S|k chia hét cho 21} = |A; N Ayl =13
As ~ A = (k € S|k chia h&t cho 21) = |A; N A,| =8
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A, N Ay N A = tk € S|k chia hét cho 30}
= |A; Ay A =9

A; Ay N Ay = |k € S|k chia hét cho 42}

= fAlmAzmA4| =6

A, N A; Ay = k € S|k chia hé&t cho 42}

= |A; N Ay As] =2

A, "N As " A, = [k e S|k chia hét cho 70}

= IAJNA20A3|.=4

AN Asn Asn Ay = [k € S|k chia hét ¢ho 210)

= lAlmAzmA;;mAA =1
Do d4:
Al=|A; UA, UA;UA,]
= AL+ |Ag] + Ag] + Ay - (A N A
+|A; N A+ A N A+

Ay M A +|A, N A+ A A +(A N A, N A

+A; N Ay VAL +]A NA, NA

+Ay AN AP A NA NA;NA) =216

Vay A c6 216 phan tu.

Cau 6: (3 diém)

Cho dudng théng (A): 3x + 4y — 25 = 0, diém M chay trén (A). Trén
tia OM 14y N sao cho OM.ON = 1. Ching minh rang N chay trén mot

28

dudng'tron ¢d dinh, viét phuong trinh dudng tron dé.

Pap an

* Goi H 1a hinh chiéu cia O lén (A), K 1a YA )

diém thudc tia OH sao cho OH.OK = 1.
Ta ¢6 OH.OK = OM.ON = 1, suy ra , :
ta giéc MNKH ndi ti€p, do dé K

ONK = 90°. 5
Vay N thudc dudng tron (C) du‘dng_
kinh OK ¢é dinh. 1d

IR 4




« D& dang tim duge H = (3; 4) = OH = (3; 4). 0,5d

« Vi OK cung huéng véi OH nén OK = (3m; 4m), m > 0. 0,5d
e Tacé: 1 =0HOK = OH.OK = 9m + 16m = 25m.
1 y 3 4
S = —.VayK = |—;—]|. 0,5d
uyrams= o ' [25 25]
e Gia si N = (x;y). N thudc dudng tron dudng kinh OK khi va chi khi
KNON =0
@[x.——a—)x—k ~i] =0
25)* \Y " 25)7
3 4
esx*+y-—x-—y=0. s
XAy mos¥TesY T W
DAy chinh 1a phuong trinh dudng tron (C). 0,5d
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DE THI DE NGHI MON TOAN 10
TRUONG THPT CHUYEN KON TUM

Cau 1: (... diém)
Cho tam gidc ABC. Hai dudng trung tuyén AP, BR va dudng cao
CQ cit nhau tai ba di€ém O, M, N. Chitng minh rang:
Somn _ (cot gA - cot gB)? » '
S  3(2cotgB+cot gA)2cot gA + cot gB)

Pap an
Ta o5: Soun _ 1 ON OM

: s 2= 1 A
Sxsc 6 OB OP W

K& PS// AB, ta c6: — M _ cotgB
MA 2cotgA
PM cot gB

- =
AP  2cotgA +cotgB

N OM _ 2cot gA - 2cot gB @)
OP  2cotgA +cotgB

NO 2cotgA -2cotgB

Biing cach k& RT // QC, ta c6 ——~ =
ang cach ke QC, ta co BO  2(cot gA + 2cot gB)

3)

Thay (2), (3) vao (1) ¢6 d.p.c.m
Cau 2: (... diém)
' Cho a; b; ¢ 1a ba s6 thuc duong thod man: abe + 6a + 3b + 2¢ = 24.
Tim gid tri nhé nhét cia biéu thie: M = abe(a® + 3)(b% + 12)(c? + 27)
Pap an
Chitng minh bat ding thdc:
(a132a3 + bibabs)® < (a? + b¥)(a? + biXa? +al)(1)

bit x, = a}; x;=aj;x3=a3; y1= b}; yo= b3; y3= b?

>0 %/xlxzxa + 3/)’1}'2)’3 < %/(xl + Y (X, + ¥, )X +y,y)

Ta cé 3 %1 %o X3 sl( e B B )
(x1+yl)(x2+y2)(x3+y3) \X, +y, X, +Y, X, + Y,

Va 3 yly2y3 < l( yl + ,,_Xé,-__ + _yﬁ_)
(X, +y (X, + ¥, )(x; +y,) ~ 3 X, +Y, X, +Y, X;+Y,
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X, X, X, )

= s + ) vy i/(‘;}“i,‘i&yiyfﬁiiii;"> <1

= 2/§,x2x3 + nyly2y3 < Y(x, +y, X, + ¥, x, + ¥3)

-D&u ding thic xay ra < a;: ag: a3= by by: bs.

* Ta c6 (a — 1)b - 2)c - 3) +(a+ 1)(b +2)c + 3)
= 2(abe + 6a + 3b + 2¢) = 48
Ap dung bat déng thdc (1) ta duge:
48° < [(a - 1)° + (a + DPI(b — 20° + (b + 2)°li(c - 3)* + (¢ + 3)°]

& 48°% < 8abe(a® + 3)(b? + 12)¢® + 27)
< M > 24° = 13824.

' gjlzbf—z:-‘?:_3 a=1

D&u ding thie xdy ra <> {a+1l b+2 ¢+3 <o b=2

abc+6a+3b+2c=24 ce3
_ a-1
MinM = 13824 khi {b =2
c=3

Cau 3: (... diém)
Cho hai dudng tron déng tdm O bén kinh r va R (v6i r < R). AABC
noi tiép dudng tron (O; r). Kéo dai cdc tia CA; AB; BC cit dudng tron
(O; R) tai By; Cy; A1 Goi Sy, 5¢, va Suanc 12 dién tich cdc AA;B,C, va

AABC. Ching minh Sg“ﬁf > (1})2
- Dap an
Ta ¢6 B;A.B,C = R2— r%; C,A.C;B =R*- 15 ABBAC =R*-r*
V4 sinAsinBsinC < 3\8l§ — AB.AC.BC < 3.3

SAA,B,C, = Spaanc + SAAﬂlcl + Suae + Sixas B

Va Sy = 3ABLACsinA; \
A N
),s,—/—’*
c

Ssac, = %BAI.Bcl.sin'B;

Sucap, = 5 CALCBysinG;
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,Si‘%z?’_l_

R SMHC SMBC

AB, AC, BA BC, CA, CB,
Al + .

ABAC ' BABC * TACB
Cotes dA,B.AlC.BlA.BlC.ClA.Clg

=1+

. (BCCA.ABZ
= Rz —r2 _(RY
=1+ r? —(r)

Dau déng thitc xdy ra <> A ABC déu
Cau 4: (.. diém)

Goi x,, x; 14 nghiém phuong trinh x2 - 6x + 1 = 0. V§i moi s
nguyén n, dit S, = x} +xj chdng minh ring S, 12 mdt s6 nguyén
khdng chia hét cho 5.

Bap an
+ Hién nhién x,, x; khic khéng va x; + x, = 6, x;.x; = 1.
V6i n 1a s6 nguyén, ta c6 cic trudng hgp sau:

+n = 0.5 = 2 thujc Z va khong chia hét 5.

+n>0 .

S1=6,S; = x} +x} = 34 1a cdc s6 nguyén va khong chia hét cho 5.

Gid sit S,, S;, Sy,..., Su1 € Z va khong chia hét cho 5, véin > 3, ta

ching minh S, 13 s6 nguyén va khong chia hét cho 5. Ta c6

Sa= x2 + x2 = X+ X +Xx] +xx57! - xpxPl - x x8!
=x(x}1 + x371) + xo{ x2? ¢ x371) — Xoxx(x572 + x, x572)
= (X1 + X2l x]7 + x37) - Xoxp(x372 + x02)
=6(xp" + x572) - (x12 + x22)
Suy ra: S, = 6S,, — Su 2 = 6(6S, > — S, 3) - S
=358, _2 - 6S,_3;.

Do S, _ 5, S._3 12 sé nguyén nén S, 1a s5 nguyén. Hon nia do

S, _ 3 khong chia hét cho 5, nén S, khong chia hét cho 5.

+n < 0. Pat n = - m vé6i m > 0. Khi d6, ta c¢6

Sn=x'1'+x'2’=xi“‘+xim=L+L
: xm b xm
x5 +X3' _ XpP +xP
=5 tX X 2 _xm oy xm

XXy - (x;x,)m
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V6i m nguyén duong, nén xP + xP la sd nguyén va khong chia
hét cho 5, hay S, 1 s8 nguyén va khong chia hét cho 5.
Vay S, = x® + x2 12 mdt s§ nguyén khong chia hét cho 5.
Cau 5: (... diem) »
 Gidi phuong trinh:

45

=x* 45X+ —
4

Péap an
Pat f(x) = i\/)—(T T 2x+5 K —dx+ 40|

= ‘\Kx+ 1)? +4 - J(2-x)? +3_6i :

Xét cac vecto u(x + 1, —2) \7(2 ~x,6)tacé:a + v =@3,4),

) \ Jx+ 1214, =J@-%?+36
" Khi dé6 f(x)=“u|—|vlls u+\;| =5 - (2)

Péing thde x4y ra khi va chi khi i = 0 hosic v = 0 hofic 4 va ¥
ngugc huéng. '
Hai kha nang G = 0 hoaic v = 0 khéng thé xdy ra, nén (3)

o x+1 -2

= — = —— ' 4
2-x 6 “

Tir(l),(2)vé(4)suyrax2+5x+t—s55<:>X=-— (5)

o4}

N
NI -

Vay nghiém cda phuong trinh 12 x = -5/2.
Cau 6: (... diém)

Cho s6 nguyén duong a khong chia hét cho 2. Tinh s8 cdc sd
nguyén duong khong 16n hon a(a + 1)a + 2) ma khong chia hét cho
cdcsba,a+1,a+2.

Pap éan
Pat S = {1, 2, 3,..., a(a + 1)(a + 2)}, khi dé |S| = a(a + 1)a + 2).
DatA; =k e Slkial,As=tkeSlkia+1, A=tk eSlkia+2l
Goi A la tap hgp céc s8 nguyén duong c4n tim, ta cé
S=AuU(A;UA;U Ay). |
Do A N (A; U Ay U Ag) = @, nén theo quy tic ta cé:
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|A|=|S|—|A1 UA, UA,|, hay
|A|=a(a +1)a+2)-|A, UA, UA,|. (1
Theo quy téc bu—tri ta c6 -
AU AU Al = A+ sl +] Asl - (J AL A A
+A2 N Agl+[Asn AL + AL A A 0 AL (2)
Ta cé: |A1| =(a+1)(a+2); |A2]=a(a+1); |A3| = a(a + 2)
SuyraA nA;={keSlkiaki(a+Di=(keSlkilaa+ll,
Véi [a, a + 1] ky hiéu 1a BSCNN cia a va a+1.
Suy ra |A10A2|=a+2Tu’dngtg’tac6 |A; A Ag] = a.
Vi a lé nén a va a + 2 nguyén t3 cung nhau, tic 1 (a, a + 2) = 1; vi thé
KeAnA o keSlkilaa+1lolkeSlkiaaq+1)
Vithé |A, ~n Azl=a+ 1.
Tuong tuk € Ay " Ay N Az = tk e Slkia(a+1)a+2).
Suyra |As N Ay N Ag| = 1. .
Nhu vay tit (2) ta c6
|A; U Az U A
=(@a+1)a+2)+aa++a(@+2)-(a@a+2+a+a+1)+1
) = 3a’ + 3a.
Thay vao (1) ta duge két qua sau:

IAI =a3—a.




PE THI DE NGH] MON TOAN 10
TRUONG THPT CHUYEN LE KHIET - QUANG NGAI

Cau 1: (4 diém)
Tim nghiém nguyén cGa phuong trinh:
+x+1=2xy+y
Pdp an
Phuong trinh da cho duge viét duéi dang:

= i+l+———c:>4y:2x+1+
2 4 4(2x+1) 2x+1

Vix,yeZ=>2x+1laubcciad = 2x +1 e {1, -1; 3; -3}
= Nghiém cia phuong trinh: (0; 1), (-1; -1), (1; 1), (-2, -1)
Cau 2: (4 diém) ;
3/y3 _ -
Giai hé:{\'y L+Vx=3

x? +y® =82

y

Piéu kién: x> 0

Pitu=Vx,uz0,v= 3§y’ -1 :>{

2 4
X°=u
:>{ s 3 thay vao hé ta c6:
y =V + .

u+v=3 v=3-u
o
u! +v¥ =81 u! +(3-u)® =81
=>u+27-27u +9u? - =81
suw-uwd+?-27Tu-54=0

& (u - 3)ud +2u? + 15u + 18) = 0, vi u > 0 nén suy ra

u-3=0su=3

Vay = =

y-1=0 y=1
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Cau 3: (4 diém)

Chitng minh ring, v6i moi a, b thod a + b> 0 va a # b, ta cé:
22007(a2008 + b2008) > (a + b)2008 '
Pap an
a0 4 p08 (a + b)ms B
>

.Bat didng thic tuong duong véi: 5

a" +b" (a +b
>
2
Ta ching minh (*) bing quy nap. That vay:
Véi n = 2, (*) dung, ddu ddng thic khong thé xdy ravia + b > 0,
azb '

Xét bat déng thite tdng quat: ) (*) Vn > 2

' 2

Ta ching minh bat déng thitc ding véi n = k + 1. Tdc 1a ching minh:

(a + b)k+l ak? + b
<< T

k ok k
Gia st bat dédng thic ding v6i n = k tic la: (a+b] <2 +b

2 2
That vay: (a+b)k+1=(a+b)k(a+b)sa"+bk.a+b
o 2 2 2 2
k k k+1 k+1
Ta chi cdn ching minh: 2 ;b .a;bsa ;b

< (a* + b%)(a + b) < 22" + 2b**!
oa* - a%h + b -b*a >0
& (a — b)@* - b*) 2 0 (ding)

D4u ddng thdc khong thé xdy ra via + b > 0, a # 0 (dpem).

Cau 4: (4 diém)
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Trong modt cudc giao luu giita ba trudng trung hoc phd thong,
trudng A cé 2007- hoc sinh, trudng B ¢6 2008 hoc sinh va trudng C cé
2009 hoc sinh, mdi hoc sinh déu d6i mi c6 ghi tén cia trudng minh.
Cudi budi giao luu, cdc hoc sinh bdt tay nhau dé tit biét. N&u hai hoc
sinh bit tay nhau ma d¢i hai chiéc mii khdc nhau thi dugc ban t3
chic thay hai chi€c mi dy béi hai chiéc mi cia trudng thd ba, néu
hai hoc sinh cing d6i mét loai md ma bt tay nhau thi khong dugc
ban t§ chic thay mi. Mt hoc sinh trudng C néi ring: “C6 mot chién
thuat d€ c6 thé c6 théi diém tat cd cdc hoc sinh déu doi mia cia
trudng C”. Nhan xét d6 ding hay sai? Hay gidi thich.




Pap an . .

Ba s6 2007, 2008, 2009 khi chia cho 3 ¢6 s0 du lan lugt 14 0, 1, 2.
N&u hai hoc sinh khéc trudng bdt tay nhau thi s6 mi cha hai trudng
dy mbi trudng gidm di 1 don vi, trudng con lai tang thém 2 don vi.
Ma 3 s& khi chia cho 3 c6 s du 14n lugt 14 0, 1, 2, néu gidm 2 s0 mdi
s6 moét don vi va ting s§ con lai 2 don vi thi ta nhan dugc ba s6 méi.’
Céc s8 nay khi chia cho 3 ¢6 s§ du khac nhau va nhén gié tri tit 0, 1,
2. Vay nhan xét d6 khong ding.

Cau 5: (4 diém)

Hai canh d8i dién cia mot t& gidce ndi ti€p dudng tron cit nhau tai
P va Q. Hay tim 4% dai doan thdng PQ khi bi&t 46 dai cac ti€p tuyé&n
ké tir c4dc diém P va Q t6i dudng tron la a va b.

Péap an

B

Cho dutng thing PQ cit dudng tron ngoai ti€p APD tai diém M.
Ta cé:
PMQ = DAP = BCD = 180° - DCQ
— T gide CDMQ ndi ti€p trong dudng tron
Tit tinh chat tiép tuy&n clia mot diém ddi véi dudng tron ta c6:
. QM.QP = QD.QA = b?
{PM.PQ - PDPC = 2’

= PQ?=a?+b? o PQ=+a’+b?

= PQQM + PM) = a* + b*
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DE THI DE NGH| MON TOAN 10
TRUGNG THPT CHUYEN QUANG TRUNG - BINH PHUGC

Cau 1: (4 diém)

Gidi phuong trinh: 2x* —11x +21 - 3¥4x — 4 =
Pap an

+ Diéukiénx € R

+Pat t=3Y4x-4,(teR)

t° +4

Ta c6: x = , phuong trinh tré thanh: t& — 14t® — 24t + 96 = 0

& (b - 2)%t* + 4% + 126 + 18t + 24) =
t=2 _

t* +4t° +12t> + 18t +24 =0
t=2

<

2
(t2 + 2t)° +2(2t+§] +—1"£1;-1:

0 (VN)

V6it=2>=x=3. _
+ K&t luan: Phuong trinh cé ﬁghlem la x = 3.
Cau 2: (4 diém)
Ching t6 ring s§ 444444 + 3030303 khong thé bidu dién dudi
dang (x +y/3)? véix, y € Z.
Dap an
N&u (A +B+/3)2=C + D3 thi C = A% + 3B, D = 2AB
= (A-BV3)’=C-D3
Do d6 néu (x + y/3 )? = 444444 + 303030+/3
Thi ta ciing s& c6 (x — yv/3)? = 444444 — 3030303 (v6 1y)
Vi 444444 - 303030+/3 < 0.
Cau 3: (4 diém)

(e s ‘ . 3
Cho céc sd x, y, z 12 cdc s thue duong c6: x +y + z =3

Chiing mih ring: \/x +xy +y? \/y +yz+2° +\/Z +zx + x° 23\/5'
4yz +1 4zx +1 4xy +1 4
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Pap an
Ti: x> +xy+y° 2 izg—(x +y) va bat ding thic quen thudc

4xy < (x + y)°
Ta dugc:

2_@ Xty . y+z | Z+X
2 |4yz+1 4zx+1 4xy+1

2_\/_5_[ X+y ., y+z zZ+X
(

2 2 2 + 2
y+z) +1 (z+x) +1 (x+y) +1

Data=x+y,b=y+z,c=z+xtac6:a+b+c=3,a,b,c>0
VTZI'%( 2a + 2b + 2c )
2 \{b*+1 c*+1 a“+1
+ b + S
b2+1 c*+1 a’+1
That vay: Ap dung b4t ddng thirc Cdsi
(a+b+c)—( a_, b , ¢ )

b2+1 c2+1 a*+1

(oo o
b?+1 ct+1 a+1

ab? be? ca®
= 1.2 t3 *t3
b*+1 ¢*+1 a“+1

Ta sé& ching minh:

3
> =
2

< —;—(ab+cb+ca)s%(a +b +c)2 =g

D4u bing xay ra khi x=y=z=%.

Cau 4: (4 diém)
Ching minh riang da thde.
X9999 + x8888 + X7777 + XGGGG + x5555 + X4444 + X3333 + X2222 + xllll +1
Chiahétchodathic:x® + X® +x +x° + ¥ +x* + ¥ + P +x+1
Pap an
Pat hai da thite da cho 14n lugt 12 A va B.
Ta cé:

A-B=G" -+ -+ + &M -x)
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= x9((x10)999 - 1) + XS((x10)888 1D +. %+ x((XIO)lll _ 1)
Suy ra A — B chia hét x'* ~ 1 va do d6 A - B chia hét cho

10
B= X -1
x-1
Vay A chia hét cho B.

Cau 5: (4 diém)
Trong mit phéng cho tam gidc ABC va mot diém M bat ky.
bat a = BC, b = AC, ¢ = AB. Ching minh ring ta luén cé:
MA MB MC -
+—>43.

7

| Dap an
+ Theo cong thic d§ dai dudng trung tuyén ta cé:
4m? = 2(b® + ¢?) - a® = 2(b® + ¢ + a%) = 4m? + 3a®
+ Ap dung bat ding thic Cosi:
4m} + 3a® > 4y/3am, = 2(b* + ¢* +a?) > 4/3am,

+ Mait khéc goi G 1a trong tdm cda tam gidc ABC khi dé:
MA _MAGA MA.GA

a  aGA b? +c? +a? 2

- 2J3 3

(MG + GA) GA =

3.3

b2 +c2+a?

2—3—‘/—5— —7(MG.GA +GA?)
b? +¢? + a®
+ Lap luin tuong tu cho % va Ecc—: ta cé:
MA MB MC
+——+
a b c

> —23—‘?—2[@(@ +GB + GC)+ GA® + GB® + GCZ]
b*+c*+a
+ Ma G 1a trong tdm cha tam gidc ABC nén:

GA +GB +GC = 0 va GA? + GB? + GC? =313—(a2 + bt ed).

MA  MB _ MC > 3J3
a b c b*+c?+a
Bai toan dugc ching minh.

Do d6

3 O+%(a2+b2+c2)]=\/§,

40




PE THI PE NGHI MON TOAN 10
TRUONG THPT CHUYEN TRA VINH - TiNH TRA VINH

Cau 1: Giai hé phuong trinh:

(304%, +4x, = 2%x2™

30,/x, +4./x, = 20gx>®
$eeereereeeerie s nansanes D
30/Xy00s + 44X, = 2009x2%°

X, >0;x, >0;...5Xp005 >0

Dap an
Gia st (x3, Xa,..., X2008) 12 1 nghiém cta hé (I).
bat: a = Max({x;, xs,..., X200s}
b = Min{x,, X2,..., X2008}
=>a>b>0()
Ta c6:

(3442 > 30,x, +4,x, = 209x2™®
|34v/a 2 30,fx; + 4fx, = 2qx®

.....................................

1342 2 30Xp0ng + 4y, = 29x2®
34/a > Max{2°°,9/xf°°";__,;m/x§ggg} '
= 34a > 2009/azoos

= 344018a2009 > a4016

o a2 < 349018 oy g < P340 (1)

Tuong tu
(34b < 30,/x; + 4%, = 208/x™

|34b < 30x, +4x, = =¢x>*

.....................................

|34b < 30\/x,005 + 44X, = 20528




34b < Min{209/x2%; - 200952008
=> 34b < 2% p20
— b > 2007,344018 (2)
Tu (1) va (2) va (*) suy ra:

a= b = 2007’344018

D X, =Xy = e = Xgg = 0 N34%8
Thi lai ta thay nghiém trén thoa (I). ~
Vay hé (I) c6 1 nghiém duong x, = X, = ... = X, = 2°%/34%'

Cau 2: :

Tim tdt cd cdc nghiém nguyén duong (x;y) cia phuong trinh:
30" +4* +[AT =y®® (¥) |

Trong d6 ki hiéu [A] d€ chi phén nguyén clia sd thuc A véi

e e
200

Péap an

Ta tim phin nguyén cia so:

Sn :\/g+§/§+§/g+._..+n‘+ln+l
1 2 V3 n

Taco S, > n (1)

Ap dung bat ding thdc Cosi cho (k + 1) s6 gém k o8 1va 1+ Il(—)

1+1+1+ _,-n +(1+ %) >k + 1)k+‘1’1 +%

(D4au “=” khéng xay ravi 1 + i{l— > 1)

1
k+1D)+=
<:>—~—k>k+dl+l<:>k+‘l’k+l<1+ 1
k+1 k | k kk+1)
k+1 1 1
k+1 1 _ 1
N B A

Apdung (1) véik=1,2,3, ... ,n

JE 1 1
<l+=-=
1 1 2
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Cong cdc bat ding thic trén ta duge: S, <n+1- <n+1

n+1

Viy n< S <n+l1=I[S ]1=n

Do d6: [A]=1[S,,,] = 2008

(*) & 30* +4* + 2008 =y** (D)

Ta c6:
30* = 0(mod 3) -

Suy ra <4* =1(mod 3) 30" +4" + 2008" = 2(mod 3)
2008* = 1(mod 3) '

* N&u y = 3k thi y**® = 0 (mod 3) = (I) khong c6 nghiém nguyén duong
*Néuy =3k + 1 (k e N” thi y*® = 1(mod 3) = (I) v nghiém.

*Néuy =3k +2 (k e N’ thi = y2008 - 92008 - (3 _ 1)%% = (—1)20%8

(mod 3) (I) vd nghiém.
Vay: Phuong trinh da cho khong c¢6 nghiém nguyén duong.
Ciu 3:
Cho tam giac ABC ndi tiép dudng tron (O) ¢6 2 phan giac trong BE,
CF. Tia EF cét (O) tai M, Tia FE ¢t (O) tai N. Chiing minh rang:
1 1 4 4
BM ' CN_ AM+AN  BN:CM
DPing thde xay ra khi nao?

Pép an
b4t BC =a, AC=b, AB =c.
Ap dung dinh li Ptolémée cho tif gidc AMBC va ANCB ta c6:
BC.AM + ACBM = AB.CM
{BC.AN + AB.CN = AC.BN
aAM + bBM = cCM
- {aAN +cCN = bBN




44

= a(AM + AN) = b(BN - BM) + ¢(CM - CN)
— AM+ AN =2@BN_BM+SCM-CN) ()
a a

Mat khac
AM MF
AAFM ~ ANFB (g - A MY 2
8-8)=3N = BF (
AAFN - AMFB = AN _ AF (3
BM _MF <

AMAN AF _AC b

Nhén (2) véi (3): _AF _AC b 4o CF 1a phan gis
an () voi B pE BN = BF ~BC - a o OF 12 phan gidc)
AMAN b
Vs AMAN _ b 4
ay BMBN a )
AMAN ¢
Tuong ty AN _ ¢ 5
e ™ TMCN  a 5)
Thé (4); (5) vao (1):
AM+ AN = AMAN po gy AMAN o oy
BM.BN CMCN

1 1 1 1 1 1
= + = - + -
AM AN BM BN CN CM
1 1 1 1 1 1
= + = + + +
BM CN AM AN BN CM

)

)

(6)

1 1 4

X y X+y

Theo bat ding thite Cosi: (x + y) (l + l) >4 > =+ 2>
X Yy

D4u déng thuc xay ra khi x = y.
1 1. 4
= + >
AM AN AM+ AN
1 1 4
+ >
BN CM BN+CM
Tit (6), (7), (8) suy ra diéu phai chirng minh.
AM = AN |
' BN =CM
AM = AN _ ABN = ACM
— ANB = AMC = AB = AC = AB = AC
= Tam gidc ABC cén tai A.

va

Péng thic x4y ra khi: {

Khi dé: {

(7

(8)




Cau 4:
3 _ . .
Cho tam gide ABC. Goi O la diém trong tam gic sao cho > O0A =0
i=1

(v6i Ay, A, A; 1an lugt 12 hinh chiéu cia O lén BC, AC, AB).

3
3 0AY |
Ching minhrréngzg— <L —— (r 1a bdn kinh dudng tron ndi ti€p
). 0A,)
i=1
tam gidc ABC). : ’
Pap an

GgiBC:a,AC=b,AB=c,OA1=x,OA2=y,OA3=z.
Goi ni,nz,ns 14n lugt vudng géc véi BC, AC, AB hudéng ra ngoai
tam gidc va c6 d0 dai bang do dai canh tuong Ung.
~ Khi dé: ton tai phép quay Q véi géc quay 90° bién
BC - n1,CA — nz, AB - ns
— Q: BE+CA+AB 5> ni +ns + 1y
= +nz+n3 =0

Khi dé: OA; = Xn1,0A; = L1i2,0As = =ns
a b c

3 i X - y .
Cé ZOA =0 -m+Ln:+-n3=0
i=1l a c
: X_Z_ o
(—'—')nl'f(l——)nz"O@ a ¢
a b Yy_Z_o
b ¢
X _Yy_z
a b ¢

X+y+z X 4y +2° (x+y+z)(x*+y* +2%)
a+b+c ax+by+ecz (a + b +c)ax + by +cz)

o X¥ytz (x+y+2)x:+y° +2°)
2p 2p.2S

Khéng mit tinh tdng quit gid si: x<y<z = xt<y? <z

=>EE+y+ 2(x? + y2 +2%) < 3(x* + y3 +2z%) (BDT Trébusep)
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2 2 2 3 3 3
Vay x+y+z _ |[x+y+2)x*+y +z)S 3x’ +y’ +2°)
2p 2p.2S 4pS
(x+y+2z)° <3(x3+y3+z3)
4p? - 4p.pS
3 3 3
S L X4y 4z
T8 (x+y+z)P
3
> OA}
Vay gs——"—;l (dpcm)
(Q.0A)

Cau 5: Biét riing phuong trinh: x* - 2x* - 8x — 1 = 0 (1) ¢6 nghiém duong x,.
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Ching minh rang: ¥162 < x, < 2.
Ching minh ring nghiém x, trén khong 1a nghiém cda phuong
trinh V3-x +xJx-1 = 4.

Pép 4n

Véi x, 1a nghiém duong cia phuong trinh (15, khi dé:
Xy -2x2-8x,-1=0
< xp =2x,” +3x, +1
& x} > 336x} (BDTCosi)
< x3 > 3Y6
< x, 2 Y162
Mt khéc xét ham s6 y = fix) = x* — 2x* — 3x - 1

Véi moi x;, x5 € (2; +0):

PO 00) _ 3 4 x4 2 - 2)-85 0
X, - X, ?

X1 # X9 co

= ham s6 y = fix) déng bién trén (2;+o)

D> Vx>2fix)>f(2)=1

= phuong trinh (1) khéng ¢6 nghiém 16n hon 2.

Dé thay x, = 2. '

Vay x4 < 2.

Vay phuong trinh x* — 2x® - 3x — 1 = 0 ¢6 nghiém x, thoa

V162 < x, < 2.




Xét phuong trinh \f?::; +xdx-1=4 (2)
Piéu kién: 1 <x < 3.
Ta co6:
(2) & 16 < (1 + x*)X3 - x + x - 1) (Bunhiacopski)
oT<x® ox2\1 )
Vay nghiém x, cia phuong trinh (1) thoa 2162 <x, <2 va khong
12 nghiém phuong trinh
Bx+xlx1=4.
Bai 6: Cho 3 s8 thuc duong thay ddi x, y, z théa mén diéu kién:
24(-13;+—17+—12—)51+2(l+—1—+1) *
x* y° oz X y 2
Tim gi4 tri 16n nhat cia biéu thdc:
_ 1 . 1 . 1
30x + 4y + 2008z 30y + 4z + 2008x 30z + 4x + 2008y

- Pap an
1 1 1
Taco (-ips0o 52— 1
aco (x 6) x! 3x 36 W
Dau “=” x4y ra khi x = 6.
Tuong tu:
—}—2—1—-——1— (2) Dau“="xdyrakhiy =6
v: 3y 36
%2—;—2—3% (3)Dé'u“=”xéyrakhiz=6
1 1 _1,1 1 1 1
Cong (1), 2)va @)= +—+52_(-+—+-)-—
g()()v () y‘ = 3*(x+y z) T
:24(-;+i2+l2)28(1+l+1)-2 @)
x* y° oz X y z

Tu (*) va (4) suy ra:

8(—1—+l+l)—2$1+2(-1—+-1—+1}
X y 2z X y z

1 1 1)1
S|+ =+l =
X y z 2

Ap dung bat ding thic Cosi cho 2042 s8 duong:
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30x + 4y + 2008z > 2042204 x ¥y * 72

30 4 2008 1 1 1
;+;+ ” > 2042204 X_ao;fz*iﬁ?
Nhén (5) va (6)
(30 i 2LOQ)(3OX + 4y + 2008z) > 2042
X Yy
1 -1 30 4 2008
= < 5 ( +— )
30x + 4y + 2008z 2042 y z
Tuong tu A
1 (gg 4, 2008,
30y + 4z + 2008x ~ 20422 z p'e
1 < 1 30 30, é 2008)
30z + 4x + 2008y ~ 20422 X y

Tu (7), (8) va (9)
1 1 1

.
2042x y z 4084

Dau “=” xdy ra khi va chikhix =y =z = 6.

VayMaxP_—40—8—kh1x y=z=6.

(5)

(6)

¢

(8)
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PE THI PE NGHI MON TOAN 10
TRUONG THPT HUNG VUONG - TiNH GIA LAl

Cau 1: Tim t4t ca cdc da thdc c6 hé s8 thyc sao cho
P(2) = 12 va P(x?) = x%x® + 1)P(x) véi moi x € R.
_ Pap an
Cho x = 0 duge P(0) = 0; cho x = 1 duge P(1) = 2P(1) = P(1) =
- Tu 46 P(-1) =
Gié st P(x) ¢6 nghiém thuc t khic 0 va +1.
Ta ¢6 P(t?) = tt? + 1)P(t) = 0, suy ra t® ciing 12 nghiém. Diéu nay
din dén P(x) c6 vd sd nghiém thuc. V6 1li. Viy P(x) chi c¢6 ba
nghiém la 0 va =1.
Goi n 12 bac cia P(x). Khi d6 P(x%) c6 bac 2n va x*(x* + 1)P(x) c6
bacla n + 4.
Trdé2n=n+4 =>n=4.
- Nhu thé da thie P(x) ¢c6 mot trong cdc dang sau:
P(x) = a(x — 1)%x(x + 1) hodc P(x) = a(x — 1)x2(x +1)
hodc P(x) = a(x — 1x(x + 1)%
Thay x = 2 ¢6 12 = P(2) = 6a ho3ic 12a hoac 18a. Tu-d6 a € {2, 1, 2/3).
Thi lai ta thdy P(x) = (x~1)x*(x + 1) théa man.
Vay P(x) = (x — Dx¥(x + 1). |
Céau 2:
Tim t4t cd s§ nguyén duong x, y théa man phuong trinh
9(x% +y* +2) + 2(3xy — 1) = 2008
Pap an
Tadats = x +y vaxy = p, p va s thude N". Liic d6 phuong trinh tr§ thanh
3s® = 4p + 664 (1)
Ta thdy s® phai la s6 chin
e Néu p = 1 thi s’ ¢ N' (mau thuén)
eVivayp>2va3s?>672 2572224 (2
e Mat khdc tir didu kién s®> 4p, ta c6 3s® — 664 < s®. Vi vay
s? < 332 (3)
Tt (2), (3) tacé  s° e {256; 324}
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a)s’=256this=16vap=26=>x ¢ N,
b)s? =324 this =18 va p = T7va (x,y) = (11, 7); (7, 11) _
Pép sb (x, y) = (11, 7); (7, 11)
Céau 3:

Goi ABCD Ia mpt ti gide 16i v6i AB = BC =CD, AC # BDva E la
giao diém cGia hai dudng chéo cia n6. Ching minh rang AE = DE khi
va chi khi BAD + ADC = 120°

' ' Pdp an

Truéc hét ta dat BAC BCA = o, CBD = CBD= B
TH 1: Gia s AE = DE

Xét tam giac EBC, ta ¢c6 AEB=DEC = o + B nén trong tam giac

ABE cho ABE = 180° - (20 + P) va tam gide CED ta co .

DCE = 180° - (a + 2B). Ap dung dinh 1y sin trong hai tam gi4c nay:

AE AB _ CD _  DE
sin(2a + B) - sin(o +B)  sin(o + P) "~ sin(a -+ 2p)

Vi vay sin(2a + B) = sin(o + 2B).
X4y ra hai truong hop:
a)2a+B=a+2Bhaylaa=8 diéu nay s& cho ABAD = ACDA tu
dé AC = BD, mau thuan.
b) 20 + B + o + 2B = 180° hay 1a o + B = 60°, tir d6
BAD + ADC = a + EAD + B+ EDA
= o + B + EAB = 120",

TH 2: Gia s BAD + ADC = 120°. S
Goi S la giao diém cia dudng thdng AB va DC
Nhu chd § trong TH1 cé AEB = a + B, nhung AEB= EDA + EAD
Vi vay: 2AEB = o + B + EDA + EAD = BAD + ADC = 120°
Tdc 1a: AEB = 60° nhung § = 60° vi véy ti gidec SBEC noi ti€p

Do d6: BSE = BCA = a = SAC. Vi vay EA = ES 1)
Tuong tu: ED = ES (2)

Tu (1) va (2) suy ra AE = DE (dpcm)
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Cau 4: 7
Pat xp =0 va x; > 0 vdi i=1,n sao cho in =1.
4 i=1 :
Ching minh ring
c X; n
< —
S lex+ et X X+t X

n
Dap an
Pat xg = 0 = sin0 = a,
Xo + X; = Sinay; Xo + X; + X = Sinag; Xy + X; +... + X; = sina;; ...
Xo + X1 +... + X, = sing, (hay a, = 7/2)
Véi ay=0<a; <...<a, =n/2

B4t déng thdc tré thanh

. : :
sina, -sina,_, -3 2 2
iiJl+sina,  /l-sina,, &= cosa,_,

Ap dung tinh chat quen thude: x (0; 7/2] ta c6 ham s6 y = cosx
gidm va sinx < x. Vi vay:
. a, —a
n 2cosak_1.(—"~—]ﬁ n

VT < 2 =>{(a, ~a,_ =E(dpcm)
g Cosak_l k=1( k k l) 2
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PE THI BE NGH] MON TOAN 10
TRUONG THPT CHUYEN HUYNH MAN DAT - KIEN GIANG

Cau 1: (3 diém)
Gidi hé phuong trinh sau:

X, = l[xz + 2008) (1)
2 X,

X, = —1-[)(3 + 2008] @
] 2 X,

1 2008
Xao0s = -Z-(XI + ) (2008)

X,
Pap an

Do sy biéu dién cda cdc 4n 1a tuong tu nhau nén ta cé thé gid su
X1 2 Xg 2 ... 2 Xo008

Ta ¢6 X;X; ,1 = %(xf+1 +2008) > 0, Vi = 1, ..., 2007 nén ta luén cé
cdc x; cing ddu véi moi i =1, ..., 2008

Mt khdc, x,, + 22°8 5 9./2008 = %> /2008, Vvi(1)

i+l

Trit ting v& 1an lugt phuong trinh (1) - (2), ..., ta duge:

1 2008
X, ~ X, = E_(XZ - xa)(l - ey ]
1 2008
X, — Xy = E(x3 —x4)(1 - iy ]
: 1 2008
Xg008 — X =~(x_—x)(1— J
2008 ~ X1 =S¥ Xy .,
Vi X1 2 X2 2 ... 2 Xgp0s N€N 1 - 2008 > 0, 1- 2008 > O,
XqXg X3X,
ey 1———%—998-—20 va 1—2008 <0
X007 %2008 ‘ XX,
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X,X, > 2008

Suyra { (2)
Xg007X 2008 2 2008
X, X, < 2008
Két ho’p (1) va (2) ta du’(_)’c X1 = X9 = ... = Xgp0s = V2008 .

Cau 2: (4 diém) Tim tdt cd cdc nghiém nguyén cia phuong trinh:
(x2 —y)(y2 —x) = (x—y)3 z.
Pap én
Ta cé: (x2 - y)-(yz - x) = (.x -y)’
o xty? —y® —x® + xy = x% - 3x%y + 3xy® - y®
2% - x%y? —xy - 3x2y +3xy2 =0
=N x<2x2 + (—y2 - 3y)x—yj 3y2) =0

Néu x = 0 thi y bat ki thudc Z.
Néux#Osuyra

2%+ (- - 3y)x -y +3y°=0
Coi day 1a phuong trinh 4n x, ta c6:

A=y +3y’-88y"-y) =(y- 1Py(y +8)
Pé phuong trinh c6 nghiém nguyén thi truéc h&t A phai 1a s6
chinh phuong tic 1a
yy+8) =alo(y+4)?-a’=16
oS (y+4+ay+4-4) =16(aeN)

Viy+4+axy+4—-ava(y+4+a)+(y+4-a)lachin,
y+4 +a,y+4-achin ta cé bing:

y+4+a 8 4 -4 -2
y+4-a 2 4 —4 -8
2y + 8 10 8 -8 -10
y 1 0 -8 -9

X 1 0 10 6
Loai .21

Tif bang trén ta thay tat cd cdc nghiém nguyén cta pt da cho la:
(1, 1), (10, -8), (6, -9), (21, -9) va (0, k) v6ik € Z
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Cau 3: (3 diém) 4
Cho A;, A, ..., Agoos 12 2008 di€m tiy ¥ trén mit phing. Ching
minh ring trén mét dudng tron bat ki ban kinh bing 1 ludn tim duge

mot di€ém M sao cho:
2008

D" MA, > 2008.
i=1

DPéap an
Gid sit M;M, la mdt dudng kinh cia dudng tron bdn kinh bing 1.
Ta cé
MA; + MoA, 2 MM, = 2,1 =1, 2, ..., 2008.
Cho i chay ti 1 d&€n 2008, 14y téng ta dugc:

2008 - 2008 2008
2 MA +) MA; > 2008.2. Tir day suy ra > M,A; > 2008
i=1 i=1l i=1

2008

hoge ) M,A; 2 2008. D6 chinh la didu phai ching minh
i=1 '

Cau 4: (4 diém) .
Cho hai s a, b khong 4m thod: a + b = 1. Ching minh ring véi
moi m, n nguyén duong ta c¢é: (1 — a®)™ + (1 - b™)* >1
Dap éan
Tu gid thi€t suyra:0<a<1;0<b<lvia=1-b;b=1-a
Taco: 1-(1-a”)=[1-(1-a1+1-2a"+(-a"+
++(l-aY=a"[1+(-a)l+a+a’+..+a" ")+
+(1-aQ+a+a’+ .. +a N4
+ (1 -a)™'1+a+a+..+a" ) |
=a"[1+b(l+a+a’+...+a" ) +b¥(1l +a+a+
4o +a™) e b1+ a+ a4 2™l
<al+a+a’+.. +2a V"1 +b+b%+.. +b™) (1)
Tuong tu ta c6:
1-(1=b™*<b™1+b+b%+ .. +b™ )1 +a+a’+..+a" ) (2
Nhaén theo v& (1) va (2) ta c6:
1-@1-a"1-@1Q-b""
<ah™l+a+a’+..+a" A +b+b%+ ... +b™)"
o l1-0-a"n"-1-bd™"+(1 - a" ™1 - b®)®
<[a@d +b+b%+ ... +b"HP b1l +a+a’+..+a" )™
=[(1-bYL+b+b*+ .. +b™HP[1-a)(1 +a+a’+..+a* )"
=(1-b")"1-a"H"
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Cau 5: (3 diém)

, N ¢ s . 2008 o
Ching minh ring c6 vd s6 s6 chia hét cho 29* ma trong ciach
vi€t thap phan cda s d6 khéng chita cic chif s6 3, 0, 4, 8.

Pap én
Goi a € N ma trong cdch viét thap phan cia a khong chda cédc chit
$6 3, 0, 4, 8. Ta c6 vd s& sd a nhu vay.

Xét 2942008 sb c6 dang &, aa, aaa, ..., aa..a gi4 si déu khéng chia
hét cho 20** khi d6 c6 hai 8 chia cho 294" cung s du va hiéu cia
hai s8 d6 chia hét cho 294" . Hiéu c6 dang aa..a.10® : 294"
= 10% : 204 |

Vay trong 294" 6 trén phai c6 s§ chia hét cho 994*"* (dpcm)

Cau 6: (3 diém)

Cho parabol: y= —x* (P) va dudng thing y= -mx —1 (d)

Chiing minh riing khi m thay d8i dudng thing (d) luén cdt parabol
(P) tai 2 diém phén biét M va N. Hay tim quy tich tdm dudng tron
ngoai ti€p AOMN khi m thay ddi (O 1a gdc toa d6).

Déap an
Phuong trinh hoanh d¢ giao diém cta (P) va (d)
x*- mx -1=0
C6 A=m?+4>0; Vm

Vay (d) ludn cit (P) tai 2 diém phan biét M va N & dé6:

+ =
M(Xl, mxi + 1); N(Xz, mx; + 1) Vé'i {x]_ X2 m
XXy = -1

vo H.

Goi I 14 trung diém cida MN thi I[I; m 2+ 2}

Mit khéc ta lai c6: OM.ON = x;.x + m?x;xp + m(x; + Xo) + 1
=-1+m’(-1)+mm+1=0
= OM L ON hay tam gidc OMN vudng tai O Hay I 1a tam duong

m
X=—
tron ngoai ti€p AOMN =1 2 2.9 khi m tit hai phuong trinh
m? +
== |
ta di dén quy tich tdm dudng tron ngoai ti€p AOMN la Parabol y

=2x%+ 1.
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BE THI PE NGH] MON TOAN LGP 10
" TRUGNG THPT HUYNH THUC KHANG - QUANG NAM

Cau 1: (3 diém)

Gidi bat phuong trinh x +

X
Jvx? -1 12

Péap an

+ Diéu kién: |x| >1. Néux<-1thi x+--——<0

vx? -1

=> b4t phuong trinh v nghiém

x>1
+Bat phuong trinh <4 , x*  2x* 1225 1d
7 X'+t - >0.
. -1 -1 144
x>1 (1)
.« 2 4 2
Bién doi & 2x co X 1225 )
x° -1 Jx? -1 144
x2
bit t = ——==>0.
) vxf -1 :
Khi d6 (2) c6 dang t? + 2t — 2220 5 0 = ¢ » 20 1d
144 12
Vay tir (1), (2)
x>1 x>1
= x? 25 <9 x* 625

—.__) e -
Je-1 12 (¥-1 144

x>1
=3
144x* - 625x% + 625 > 0

x>1

s .
x2 <= hay x*<=
9 16

Pay 1a nghiém cia bat phuong trinh. 1d
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Cau 2: (4 diém)
2x% +1

a) Tim gid tri nguyén cla x dé biéu thic y = 5 nhan gia tri la

mdt s6 nguyén
b) Tim cdc s3 nguyén x, y, z thod man déng thoi cac ding thic

X-y+z=2 6}
2x% ~xy+x-22=1 (2)

Pap an
2x2 +1 2x* —-x+x+1 x+1
a)y= = =x+
‘ 2x -1 2x~1 2x -1
=x+l(1+ 3 ) 1d
2 2x -1

Suy ra néu x, y nguyén thi 2x, 2y cung nguyén

Khi d6 2y =2x+1+ 8 nén 3 14 s6 nguyén 1é
2x -1 2x -1

2x-1==1
2x —~1=13
b) Tit (1) ta c6 z = 2 + y — x thé vaoe (2) ta duge
2x’ ~xy+x-4-2y+2x=1
o 2P+ 3x -5 =y(x +2)
Do x = -2 khéng thod méan phuong trinh trén
=2x2+3x—5 3 1d

=2x-1-
x+2 x+2

Tt d6 = [ = xe{0 -1 2} 1d

y nguyén <>x + 2 1a u6e cda 3. Suy ra:
| x+2=4%1

< x e{-1,-3 1,-5}

Xx+2=143

Tit d6 suy ra nghiém nguyén cta hé la:
x=1 x=-3 [x=1 [x=-b
y=-6;qy=-4;{y=0; {y=-10 ' 1d
z=-3 y=1 z=1 |z=-3
Cau 3: (3 diém)
Chiing minh ring néu cac gée cia AABC thod diéu kign 2A + 3B ==

s 2 ” 2 5 ~ 5
thi c4c canh cGa n6 thod man a + b < Zc.
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Dép 'én-

Do 2A+3B-= n:A-g—%@ miA+B+C=n

5c=n_(£_§§)_A:£+§
2 2 2

2
Do d6 s1nA~sm(~1£--—\-cos§§—cosg(ficos 5—3]
2 2 2 2 7 2

(Theo cdng thic cos3x = 4cos’x — 3cosx vé’i X = g)

| va sinB=2sin-§cosE; sinC=sin(—7E+§)=cosE
2 2 2 2 2

Theo dinh ly ham sé sin ta c6:

a b ¢
sinA sinB sinC
o a N b _c
cos -]2%(4 cos’ g— — 3J 2005% sin g cos g
o a __b__ c
4cos2§—3 Zsin}}—-
2 2 |
Theo tinh chit ti 1é thiec ta cé
co a+b o a+b

4c052E—3+2sin§ 4 l—sin"’E —3+"2sinE
2 2 2 2
:>a+b=c(—4sin‘2242sin—g-+1)
Vi2A+3B=ntaco
2 B
= 1< 4sin? §+231n +1<—

Vay a+b < -ilc (dpcm)

Cau 4: (4 diém)

1d

1d

1d

Cho a, b, ¢ 14 3 canh cia mét tam gidc, con x, y, z 13 3 s6 thuc thoa

diéu kién ax + by + ¢z = 0. Ching minh xy + yz + zx <0 (1)




Pap an

Tt ax+by+cz=0 :>z'=—ax+by—
c
ax + by '
(1) & xy - (x+y)<0
c

< exy - (ax+by)(x+y) <0
o ax?+xy(a+b+c)+by” 20 (2) 1d
1. Néu y = 0 thi (2) < ax” > 0 (2) ding '

2
2.Né’uy¢0thi(2)c>a(§] +(a+b—c)§+b20 (3) 1d
y y .

Xét tam thdc bac hai
2
f(§]=a(ij +(a+b~c)§+b (a>0)
y y Yy
C6A=(a+b—c)—4ab=a+b?+c’— 2ab - 2ab - 2ac 1d
3. Do a, b, ¢ 14 3 canh tam giac
= la-b| <c=>a?- 2ab +b* < c?
|b - c| <a=Db?-2bc+c*<a’
le—al <b=c®- 2ac +a® < b?
= a? + b? + ¢ < 2ab + 2bc + 2ac
:>A<O:>f(-!E
Y
= (3) ding = dpem
Ddu bing xdy rakhiy = 0. Khidé trax’ >0 =>x=0dod6z=0 1d
Cau 5: (3 diém)

Trong mit phing cho 6 diém. Céc diém dugc ndi véi nhau ting cap
mdt bdi cdc canh xanh hodc d8. Ching minh ring ludn ton tai tam
gidc c6 cac canh cing mau.

)‘>0(doa>0)

Péap an
+ Chon diém P bt ky tit 6 diém tit P c6 5 canh ndi dén 5 diém con lai.
Nhu vay theo nguyén 1y Dirichlet c6 3= [g] (Ix] 1a s6 nguyén nho
nh4t > x) canh cung méau PPy, PPy, PP, - 1d
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+ Gia s d6 12 mau xanh. ‘
— Néu cédc canh P,P,, P,P;, P;P; mau dé thi ta c6 AP,P,P;, cung

mau 1d
— Né&u mot trong cdc canh P,P,, P,Ps, PsP; ¢6 mau xanh, gid su
dé 1a P;P; thi APP;P; cing mau xanh 1d

Cau 6: (3 diém) :

Cho duong tron (C): x* + y* = 1. Pudng tron (C) cdt truc tung & A(0;

1) va B(0; -1). Pudng thdngy =m (-1 < m < 1, m 2 0) ¢t (C) tai J va

*S. Pudng thdng qua A, J cit dudng thing qua B, S tai P. Tim t4p hop
cdc diém P khi m thay d3i.

. Pap an Cya

+ Gid st S(xo; yo) = J(- Xo; yo) 1d P

SelC) >x2+y:=1 A

JA = (x5 1-y,) J//

BS = (%05 ¥0 + 1)

S
R 2 , N o ;x
Pudng thang JA ¢é phuong trinh: \ y

ﬂzl*l 'Q(l“YO)X_XOY‘*'Xo:O

y=m

x, 1-y, B(0;-1)’
Budng thidng BS c6 phuong trinh:
x-0_y+l

= = +1)x-xy-%,=0
X, Vo +1 (y() ) oY — X,

Toa db giao diém P cta JA va BS thod mén hé phuong trinh: 1d
(1-¥,)-%y+%,=0 (1)
(yO+1)_XOY‘xo=O. (2)

Ldy (1) trit (2) = —2y,x + 2x, = 0 = x = 22 thay vao (1)

Yo »

Q(I_YO)[;_OJ_XOY"'XO =0

0

oﬁ’——xo—xoy+x0=0:>y=~1—

Yo Yo
Ti  xj+y; =1 chia 2 v& cho y? 1d
2 _ 2 2
<:>—)f—‘2’—+1=i2¢:>x2+1=y2c>x2—y2=—1 oY X
Yo Yo 1

2

J 2
Véy tap hop P 1a Hypebol (H) ¢6 phuong trinh Xl— - 51— =1
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PE THI BE NGH] MON TOAN 10
TRUGNG THPT CHUYEN LE QUY PON - BA RIA VONG TAU

Cau 1: (3 diém)

x(4 - y?) =8y
Giai hé phuong trinh: { y(4 -2z°) = 8z .
z(4 — x%) = 8x
Pap an
* %, y, z 1a nghiém thi x, y, z khac 2. 0,5d
. 8x 8z 8y
*Tach: z= ;Y= ; X = 0,5d
rE T YT g * 4-y*
* Pat x = 2tana v6i a € (—E;—T-t-)
2 2
= z = 2tan2q; y = 2tana; x = 2tan8a. 0,5d
* Din dén tan8a = tana = o = %kn. 0,7d
* Chon dugc k e {0; +1; +2; +3} va kiém lai, ta dugc nghiém cia hé.
0,7d
Cau 2: (4 diém) «
Cho a; b; ¢ 1 ba s8 nguyén duong théa mén (a; b; ¢) = 1 va 1 + % = l
a c
Ching minh: a + b; a — ¢; b — ¢ 1a céc s6 chinh phuong.
Péap én
* Ty gid thiét ta c6: (a + b)e = ab. 0,6d
e 5 / /
* Goi r 14 udc nguyén t3 cia (a + b) = r/ab = rra _ ot 2 1a
r/b r/b
* Vay r khéng 13 uée cda c. 0,5d

* Do d6 r? 1a ubc ciia (a + b) = (a + b) 12 s6 chinh phuong.  1d

* Tuong tu véi: (a — ¢)b = ac; (b — c)a = be ta duge (a—c)(b-c) 1a
cdc s0 chinh phuong. ' 1d

Cau 3: (3 diém)
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Dap an
Ta cé: A
+)ab+bc+ca$a2+b2+c2¥>fs1 . 0,5d
+) ab +c)‘>a2,b(a+c)>b2,<:(a+b).>c"’:>2(ab+_b<-:+ma)>312+k)2+c2

_—_>f>l . : ' 0,5d
2

+) Ta chitng tb f nhan moi gid tri thude (-;-;1].

x1+1.1+1x 2x +1
< =

e . 0,5d
x2+12+1% XX +2

Xét y =
Khixe (0;11=y e (%;1]. , 0,5
Khi ye (%;1], giai phu’dng trinh trén ta chon duge x € (0; 1] 1d

Vay néu f e (%;1] thi 't6n tai tam gidc canh x; 1; 1, véi x € (0; 1}

sao cho
x1+1.1+1x _
X+12+12
Cau 5: (3 diém)
Tit 2008 s6 nguyén cho trudc ta chon 21 s§ va thém vao mdi s6 do
1 don vi. Lap lai phép bién ddi d6. CMR: ta c6 thé c6 dugc 2008 sd
bing nhau, sau mdt s& hitu han 14n bién dsi. :

f. Do dé (%;1] 1a tap can tim. 1d

Pép én

Tén tai x; y nguyén duong théa 21x = 2008y + 1. 0,5d

Trude tién ta x&p cdc s6 da cho vong quanh mdt duong tron, theo,
huéng duong, sé sau khong nhé hon s& trube (trix s6 cudi cuing). Bat
dau tif s6 nhé nhat (ké sd 16n nhit vé huéng 4m) 14n Iugt thém 1 don
vi cho m&i s& trong 21 sb lién ti&p, theo huéng duong, van véi hudéng
d6 thyc hién véi 21 s8 ti€p theo, ldp lai phép bién ddi x lan, ta di
dugc y vong va mot so. 1d

Nhu viy s6 khéi ddu duge tang thém hon ding mdt don vi so vdi
céc s con lai. N&u c6 ding mét s3 nhé nhat thi (max — min) da gidm
1 don vi. - 1d

63




Néu c6 k s3 nhé nhat (bing nhau) thi sau k lan thuc hién nhu trén
(mdi 1an can xé&p lai) ta ciing ¢6 (max — min) da gidm 1 don vi. Nhung
(max — min) bi chin dudi béi 0, nén qud trinh trén phai c¢6 lic dén
dat dugc (max — min) = 0. Khi d6 c4c s biing nhau. 0,5d
Cau 6: (3 diém)
Cho F 13 mft tidu diém cia elip (E). Ba tia goc F d6i mot tao véi

1 1 1
h 6c 120° ching cit (E) 6 M; N; P. Chitng t6: —— + -—=— + —
nhau géc »c ung (E) ng té FM+FN+FP,
khong ddi, khi M; N; P thay d6i.
Dap an

Chon hé truc toa d6 sao cho (E) c¢6 phuong trinh chinh tde.  0,5d
Khong gidm tong quit, xét x> 0 va (FM; FN) = 120° + k360° 0,5d
Goi ¢ 1a géc dinh huéng tao béi tia Fx véi tia FM.

2
Ta ching minh duge FM= — 2 1d
a+ccosg
b2
Tit 6 ta c6: FN = —;
a +ccos(p +120%)
2
FP - v 0,5d
a + ccos( + 240°)
Tu d6 suy ra dpcm. 0,5d
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PE THI DE NGHI MON TOAN 10
TRUONG THPT CHUYEN LE QUY BON — TP DA NANG

Cau 1:
Vé6i a; b; ¢; d € R \ {30; 4; 14; 10} 1a bon tham sé dé6i mét phan
~ biét va x; y; z; t 12 cdc 4n s8, hay gidi hé phuong trinh:

X Y = N t -1,
a-30 a-4 a-14 a-10

X y z t

+ + +
b-30 b-4 b-14 b-10
X ,. ¥ .,z . t -1,
c-30 ¢-4 c¢c-14 ¢c¢c-10
X y z t
+ + + =
d-30 d-4 d-14 d-10
Pap an
Vé6i mdi bd (x; y; z; t) xét da thifc bic ban P(s) € Rls] duoc cho béi:
P(s): = (s — 30) s — 4Xs — 14Xs —10) — x(s — 4Xs —14Xs - 10) -
~ y(s =30) (s — IXs — 14Xs — 10) —
— z(s — 30Xs — 10) — t(s — 30Xs — 4Xs — 14).

Ta c6: (x; y; z; t) 1a nghiém clia hé di cho néu va chi néu a; b; c; d
14 4 nghiém, phin biét (theo gia thiét), caa phuong trinh P(s) = 0 (4n
s6 8); tie 13, khi va chi khi:

P(s) = e(s — a)s — bXs — eXs — d) =: Q(s), (1)

vGi e = 1 (hé sd bac 4 cia P).

Do deg(P — Q) < 3 nén diéu kién can va da dé c6 (1) 1a da thic
P — Q triét tiéu tai it nhat 13 4 diém (iy cdc diém s, = 30, s, = 4,
s3 = 14, s4 = 10): o

P(30) = Q(30), P(4) = Q(4), P(14) va P(10) = Q(10) (2)

Cudi cung: 3
-8320x = (a — 30)Xb — 30)c — 30Xd — 30)
1560y = (a —4)Xb —4Xc —4Xd —4)
640z = (a — 14Xb — 14)c — 14Xd — 14)
-480t = (a — 10Xb —10Xc —10Xd —10).

=1,

2) &
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_ (a—30)(b - 30)c — 30)d - 30)
T 8320
_(a-4)b-4)Xc-4Xd -4)
o y= 1560
,_ (a—14)b-14)c-14)(d - 14)
640
. __(a-10)b-10Xc-10Xd -10)
{ 480

Cau 2: Tim t4t ci cédc s6 nguyén duong m théa man diéu kién:

.66

Vae Z,V € Z,a*=b’ (modm) > a =+ b(modm) ™~
Dap an ‘

Ta sé chdng minh riing didu kién cdn va du dé:

Va € Z, Vb € Z, a® = b? (modm) = a = +b(modm) (1)

la: m = 1 hoic m nguyén t&, hosic m = 2p véi p 1a mt s6 nguyén t6

18. (2) .

Piéu kién can: Gia st (1) ding. Khi d6, ta cé:

B6dé 1: NSum =xyvéix;y € N \ {1}, thi x = 2 hodc y = 2

Chung minh: Véi m = x.y; trong d6, x; y € N'\{l}data:=x +y;

b:=x-y e Z, ta cé:

AZ _ b? = 4xy = 4m : m = a = b? (modm) = a = +b(modm) (theo (1))

2y =(a—-b):m =xy 2:x x=2
[2x=(a+b)§m=xy:>[2§y:>[y:2.

B6 dé 2: m khéng chia hét cho 4.

Chung minh: Gia s n = 4a véi a € N". Pat b := 0; a := 20 € Z,

ta c6: _

A? = 40® = O(mod4a) = b*(modm) = a = +b = O(modm) (theo (1))

= 20 =a:m=4a,

v6 1j! Cé hai b§ dé déu da duge ching minh.

Tré lai bai todn, gid st m 12 mét hgp s8. Theo B3 dé 1, m = 2p véi
p e N'\ {1}). Néu p = a.p véi o; B € N'\ {1}, thi m = (2a).B v6i 2a = 2,
nén - van theo B dé 1 — ta ¢6 p = 2 = m = 4a, mau thuin véi B3 dé
2! Mau thuin dé6 ching té riing p 14 mét s6 nguyén t3; hon nira, p 1é
(lai do B8 dé 2); tic 1a, (2) dung. .

Didu ki¢n di: Gia si da 6 (2). Néu m = 1 hofic m nguyén t5, dé
thdy (1) dung. Chi con phdi xét trudng hgp m = 2p vdi p 1a mot s6




MA + MB + MC + MD + ME = (x + )MO
¢ (4 -x)OM = OA + OB + OC + OD + OE. (3)
i. Khi x # 4, v1tr1 duy nhit cia diém M théa (3) duge cho béi
OM = H(OA+OB+OC+OD+OE)
ii. V6i x = 4, moi diém M déu théa (3) néu tim ngoai ti€p O cia
ngii gidc ABCDE ciing 1a trong tim cia né (tfc la néu
OA +OB + OC + OD+OE—O),_va khong c6 diém M nao théa
(3) néu O kh(“mg phdi la trong tim c(’la ngi gidc ABCDE.
Cau 4:

Timglamldnnhatvaglatnbenhatwabxeuﬂu:A 6xy — 6yz zx
khlbasothltcx,yvazthaydornhlmgluonthoamandleuklen
x2+y2+z =1 .

'Dépfén
I. max A
x2+y?+=l
Truée tién ta tim cdc sd thu’cMsao cho o
A<M+ +2) (D
o My? = 6(x—z)y+M(x2+z2)+zx>0 (2)
~ v6i moi sd thue x; y; z (khéng nhat thiét phdi théa x* + y* + 22 = 1)
"R6 rang, cAn c6 M # 0 vi viy, v& trai cda (2) 1a mét tam thie bac
hai déi véi y; tix d6, ta c6 didu kién (tuong duong) d6i véi M la:.
M>0vaA,=9x-2z>-MMx?+z)+2zx]<0
S M2E-9)x® + (M + 18)zx + (M2 - 9)z2>0v01m01sothchz
Vin theo cdch trén, diéu nay ding khi va chi khi:
M > 0 va A, = [(M + 18)* — 4(M? - 9P°]2® < 0 Vz

< [M+18+2(M*-9)]-[M+18-2(M* -9)] <0

& M(1 + 2M)Y2M? M -36) > 0 <> 2M2 -M - 36> 0

S M+4X2M-9)>0M>9/2 (> 3). _
Pic biét, (1) cho thay: kh1x2+y2+z =1tlnA<M = 9/2; dau “=”
x4y ra khi va chi khi:

( M+18)z |
X=——p——
2M?-9) [x=-z
=3(x—z) ey —4z
+yts =1




Vay, max A= 9/2.

x +y2+ =1

II. min A
eyt =1

Truéc tién ta cung-dl tim cac s6 thuc m sao cho
A>mx2+y +29) Q)
o my® — 6(x — z)y + m(x®> +2%) +2x < 0
vmmmsothdcx,y;z Dleuklen(t\xmgdwng)dmvmmla m < 0 va
=9x -z - m[m(x2+zz)+zx]<0
<:>(m ~9)x% + (m + 18)zx + (m* - 9)2° > 0
v6i moi sé thue x; z. Gidi ra ta duge m < —4

Pic biét, (1) cho thay: khi x> +y* + 2° —1th1A>m = —4 diu “=”
xdy ra khi va chi khi
| (m +18)z
x—__.____—-

2(m2f9) x=-z
_3x-12) 3z

Sy =—
m y 2

2+y?+2%=1
L : | J_

Viy, min A =-4.
Z+ye=1

Ghi chi. Thay vi sit dung phuong phap tam thifc bac hai, hoc sinh
¢6 thé 1am theo phuong phap khic; ching han, ding bt ding thdc

aP < %(cz2 +P?) (ddu “=” xay ra khi va chi khi o =P)vaco:
. . _ , ,
A= —2-(4XX3y) + §(3y)(—42) +(-2)x *

< L +@yP1s i@y + (42814 S0 4 1)

1
4

9 _
_—(x2+y2+z2)=

- NS

4x = 3y -4z
daubﬁngxayrakluvachlkhl .
+yt+22 =1

Tir d6, max A=9/2.
x’+y’+z’—l




Cau 5: ,
V6i x; y; z 1a ba s6 thuc duong bat ky, dat P = (xyV3 + yz + zx)?

va a=\/x2+y2—xy-;B=\/y2+zz+yz\/§ ¥y =z + x% + zx3.

Hay tim mét cong thitc cho phép tinh true ti€p P theo o B y khéng
thong qua x; y, .

Dap an
Trén m#t phing (da duge dinh huéng) 14y ba tia Ou, Ov, Ow théa:
(Ou, Ov) = 60°%mod360°%), (Ov, Ow) = 150%mod360°) (1) _
(= (Ow, Ou) = 150°(mod360°)); va lan luqt trén ba tia dé, 1dy cac

diém A, B, C sao cho OA = x, OB = y, OC = z (dvdd). Theo (1), dinh
ly cosin trong cac tam gidac OAB, OBC, OCA cho ta: AB a, BC = B,
CA =y (dvdd). ‘

R6 rang O nim trong tam giic ABC nén
S = Sagc = Soas + Sosc + Soca

= %(OA.OB.sin(Ou, Ov) + OB.OC.sin(Ov, Ow)

+ OC.OA sin(Ow, Ou)) = i_ JP (dvdt)

Vay, dp dung cong thdic Hé-réng, ta cé:
P=16S%=(a +BXB+7— o)y +a— Bla+B—1)

Ciue: =
Cho ABC la mot tam gidc nhon c¢6 dinh A ¢6 dinh; cic dinh B va C
_ di dong trén dudng thing A c§ dinh, khéng di qua A. Goi H va O l4n
lugt 13 tryc tdm va tim dudng trdn ngoai ti€p cia tam glac dé. Hay

tim quy tich diém O d€ tam gisc AOH c4n tai A,

Dap an

Liay K = hcy(A) (hinh chiéu cia A trén A) va M = he,(O) M 1a
trung diém ctia BC). Goi N va P 14n lugt 12 trung didm ctia CA va AB.
Phép vi taf v6i tAm 12 trong tdm G ca AABC tf s8 vi tu k = -1/2, blén
AABC thanh AMNP va bién H thanh O; do dé:

AH = -2MO = AH = 20M = 2d(0, A) o




Trén mit phing chida A va A, xét hypebol (H) nhén A lam dudng
chuén tng véi tidu diém A va c6 tim sai e = 2. (H) gdm hai nhanh; ta
goi (HY 1a nhdnh ndm trong nita mét phing (o) chda A va c6 bo 1a A
(nhanh kia nim ngoai (o). Trung truc A'(/ A) cia AK cit (H) tai hai
diém X, Y (d6i xing véi nhau qua AK). Trén (HY, xét cung (C) dugc
giéi han béi hai ddu mit X, Y (khong k& hai ddu mat nay).

Ta thay: AAOH can tai A khi va chi khi

OA = AH < OA = 2d(0, A) (do (1))
< 0 eH) '

Vi AABC nhon nén K phdi nim & gidta B va C, suy ra (OA = OB =
OC > OK. B4t ding thic OA > OK chimng té réing O ndm trong nua
mit phing (B) chia A va ¢6 bo 1a A'. Mzt khac, mot tam gidc la
nhon khi va chi khi tdm ngoai ti€p cda tam gidc thi ndm trong
tam gidc d6; vay, O € (). Cudi cing, O € (o) N (B), nén O chi chay
trén (C).

Pio lai, dng véi mdi O e (C), dé thdy dudng tron (O; OA) cit A tai
hai diém B, C phan biét (OA = 2d(0, A) > d(0, A)) ma diém O (tam
‘ngoai ti€p cia AABC) nim trong AABC; suy ra, quy tich phai tim
14 cung (C). : '

Ghi chu. Khi O trung véi giao diém cia AK va (C) thi AOH la
mét tam gidc cin suy bién: H= 0 (AABC déu). '




DE THI DE NGHI MON TOAN 10
TRUONG THPT LE QUY DON — TINH KHANH HOA

Cau 1:

Cau 2:

72

Tinh s3 do céc gbc cia tam gisic ABC c6 dién tich S va c6 do dai

cac canh la a, b, ¢ va théa man hé thic:

(V2-1Xa® + b?) + ¢ = 4S
Dap an
Ta ¢6 (a + kb)? > 4kab > 4kabsin(C + 45°)
(D4iu biing xiy ra < a = kb va C = 45%)
<> (a + kb)* > 2kab ¥2 sinC + 2kab 2 cosC
= 2Aa’ + k%) > 4k V2 S + kv2 (@ + b*— &) (do (a + kb)* < 2a® + kP
S 2-kvV2)a®+ (2K —kv2h? + kv2c? > 4k 2 S
Chon k = 1 ta c6: (V2—1)a® + (VZ—1)b? + ¢ > 48
Hay (V2-1Xa® + b*) + ¢* = 4S, déiu biing xdy ra <> a = b va C = 45°.
Tic 13 tam gidc AABC cin tai C = 45°, A = B = 67°5.

Cho 2 diém A, A’ ¢ dinh, AA’ = a va 2 duong thing d, d’ song song

cich déu A, A’ mét khoang biing h. .
a) CM: VP e d (P khong thube dubng trung truc AA’thi 3 P’ € d’ sao

cho PP’ 14 ti€p tuyén chung ciia 2 duiing tron (PAA’) va (P’AA’)

b) Chitng minh tich cidc khodng cich tir A, A’ dén duong thing PP’ 1a

khéng déi.

¢) Tim quy tich hinh chiéu ciia A trén PP". '
“ Dip an Kk\
d p
a) V6i moi P € d ta dung dudng tron

(AAP) rdi dung ti€p tuyén voi BAL * XA
(AA’P) tai P, tiép tuyén nay cit (d)
tai P. Lai dung dung tron (AAP) 7
Goi M = AA'~ PP’
Khi d6 M la trung diém PP” va

| MP*? = MP* = MAMA’
Suy ra PP’ ti€p xiic vdi dubng tron (AA'P’) tai P’.
Hay PP’ 1a tiép tuyén chung cia 2 dubng tron (AA’P) va (AA’P).




b) Do: APPEH ~ AAHM ~ AA’KM

Ta co: AH:é——M~ :>AH=E.AM—
EPf MP 2 MP'
; ” 2
va AK_AM xR AM amak-R
EP' MP 2 MP’ 4

2
c) Dat AH = x, A’K =y, theo cdu b ta c6: xy = h?
Goi I 1a trung diém AA’. Khi dé:

2

i - x* +HK? +y® a

2 1 |
2 2 2 2 2 . 1.2
:>2IH2=(x—y)2+h—+HK2-a—=a2 h® a° _a +h
2 2 2 2 2
2 2
S 2R
4
' [.2 2
Vay tap hop diém H 1a dudng tron tdm I, ban kinh R = _aT+h_
Céu 3:
Giai bat phuong trinh:
2x + 1+ xVx2 + 2+ (x + DYx2 +2x+3 < 0
Pap an :
Pita = Vx*+2>0va b = Vx> +2x+3 > 0 khi dé bat phuong
trinh viét lai la: ' |

b2 —a%+ —;—(bz—az— 1)a + %(bz—a2+1)b<'0

osb-aa+b+12<0 <obca

o Jx*r2 >VYx?+2x+3 o x<— %
Vay nghiém cia bat phuong trinh la: x <'——;—.

Cau 4:
Cho ham: fix) =3+ x + V6 - x - B+ )6 - %)
a) Tim m dé€ phuong trinh f(x) = m ¢6 nghiém duy nhat
b) Tim m dé bat phuong trinh fix) < m ¢6 nghiém
¢) Tim m dé bat phuong trinh f{ix) < m ding Vx €[-3, 6]
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Pap an

a) Dé y ring: xo 1a nghiém phuong trinh thi 3 — x, cing 14 nghiém

phuong trinh.
Phuong trinh ¢6 nghiém duy nhit thi xp =3 — xp < x5 = g, thay

vao phuong trinh > m = 3J§——Z—. ‘
Lai thay m = 32 ——g vao dé gidi phuong trinh ta thiy phuong

trinh chi ¢6 diing m6t nghiém lax= g.vaygiétdm= 3\/5—% la

théa man yéu cau dé bai.

b)Patt=v3+x+V6-x >0

7a

2 B} )
= JBT 6% = %. Vi: 2B+ 26 —x) <9 (BDT Cosi)

>9<t?<18 =t e [3,3V2]

Bit phuong trinh fix) < m viét lai 1a: t? - 2t > 9 — 2m

Xét ham g(t) = t> — 2t d6 thi la parabol, ham y = g(t) c¢6 bang bién
thién la: '

t | 1 3 3J2 4w
g | 4o — '/l/vm
\

=3<g(t)<18-642
T d6 dé thda yéu ciu cau b thi:

9_2m <18 - 62 <:>3s/§—§Sm.

vidé thdayéucducaucthi: 9-2m<3 o 3<m.




PE THI BE NGHI MON TOAN 10
TRUONG THPT CHUYEN LUONG THE VINH — PONG NAI

Céiu 1:
Giai he: {Sxa‘y t+27=18y"
T 4xP’y+6x=y®
Pap 4n
Tupt(l) >y=0

8x*+ 20 =18 2w’ + Oy =18
Hé P 2 . P 3 y 3 .
4x 16521 (2x2.@x+9)=3
y y y y
a=2x
Pat 1, 3
y
. a’+b’ =18 a+b=3
Heé =
ab@+b)=3 ab=1
3-6 3++5
Do dé: v
b=3+\[5_ b=3—\/§
2 2
Hé ¢6 nghiém 3"/5; 6 ;3”;‘/5; 6
3+J56 4 3-J5
Céau 2:

Giai phuong trinh: x? -2x-3=x+3
Pap én

Pt <:>x2——x+%=(x+3)+\/x+3+%




<:>(x-1:\/x+3)v(—x:\/x+3)

c>x=3+£/ﬁvx:l—\/1—3

Cau 3: Cho a, b, ¢ >0. Ching minh .
a®+b’+c® +2ab + 1 > 2(ab + be + ca) )
Dap an .
Ta chiing minh bing phuong phap tam thidc bac hai
(1) @ f(a)=a’+2bc-b-cla+(b-c+1>0 (2)
* Tam thife bac hai fla) c6 A’ = be(b - 2Xc ~2) - 2
Xét ciac trudng hop
Néub.c - b- ¢ >0 = (1) ding (dpem) .
Néubc—-b-c<0(nghiala (b- 1Xc-1)<1)
Chia lam hai trudng hgp
Trong 2 s6 b, c ¢6 1 s§ 16n hon 2; 1 s& bé hon hoic biing 2; ta ¢6
ngay A' <0
b(2-b)<1

A<0
2-c)<1

Cé2sé'b<2véc<2,khidé‘{

Vay: fa) > 0 (dpem)
Cau 4:
Cho tam gidc ABC; diém M tiy y trong tam gidc ABC. Goi A; B;;
C, lan lugt 1a hinh chiéu vudng géc ciia M trén BC, CA, AB. Ching

oh: L, 1,1 11 1 1
MA MB MC 2(MA, MB, MC,

Dap an
(Sit dung bat dang thic Erdos)
MA + MB + MC > 2(MA,+ MB,+ MC;) (1) -

Goi A;, By, C; lan luot 1a cdc diém nim trén tia MA,, MB,, MC,
$ao cho: =




1 ;MB, =———1 ;MC, = ——

MA, = MA, MB,

Goi A, B;, Cs 14n lugt 1a cic diém
nim trén tia MA, MB, MC sao cho:
1 mc. -1
MB’ °® MC’
Ta cé: tam gisc MB,A dong dang
_tamgiécMBzAa(do_gécMchung)

1
ma=m;m3=

CMB, MA, o ook o
va MA‘=E:>MA,B2=MB1A=90°.

Cm tuong t c6 MA,C, = 90° suy ra B, As, C; thing hang.

Cm tuong tf ¢6 Cs, B;, A; thing hang va A;, C;, B, thing hang

Ap dung bit ding thic Erdos trong tam gidc A;B;Cs, ta co:
MA; + MB; + MC; > 2(MA; + MB; + MC;3)

Suy ra:- 1+1+122(1+1+.1).
MA, MB, MC, MA MB MC

. T d6 suy ra dpem.




DE THI DE NGHI MON TOAN 10
TRUONG THPT CHUYEN LUONG VAN CHANH - PHU YEN

Céu 1: (3 diém)
Tim tat cd cic cip s6 thuc (x; y) thod méan bat phuong trinh:

x—|y|—,/x2+y2—l >1
*  Dap an

Ta co: x—|y|—\/x2+y2—1 _>_1<:>\/x2+y2—1 <x-ly|]-1 -

¢

xX*+y>-120
<:>4x—|y|—120

Ax2+y2-—ls(x—|y|-1)2

(x2 +y2>1
oix2|yl+1

x* +y* -1<x* +y® +1-2x|y| - 2x + 2|y]

(3 +y?>1 x*+y’ 21 (1)
x|yl +1 - o {x2ly|+1 (2)
2x(|y| +1)-2(]y|+1) <0 2(ly|+1)(x-1)<0 (3)
Tu(2)suyrax>1
TuB)suyrax<1
Dodéx =1, khidé (2)suyray=0
Véix =1,y = 0 thoa (1). '
Vay c6 duy nhdt mét cip s8 thue (x; y) thod man bat phuong trinh
lax=1y=0.
Cau 2: (3 diém)
X4c dinh tat cd cdc nghiém s§ nguyén ciia phuong trinh vé dinh:

x* + X’y + xy® + y° =8(x2+xy+y2+1)
Dap an
L+xy+x7+y7 =8 +xy+y2 + 1)
o x(x* +y*) +y(x* +y*)=8(x* +y*) +8xy + 8




co(xﬂ+y2)(x+y—8)=8xy+,8 1)
Suy ra x, y ¢6 chung tinh chdn lé vax +y -8 1a chén.
. ,
___(x+y) Zlfli>4
2 2
Suyra(x2+_y2)(x+y—8)26(x2+y2)22(x2+y2)+8xy>8+8xy,
phuong trinh (1) khong thoa.
*+Néux +y— 8<-4thi C+yP)x+y-8)<-4x*+y)<8xy<8
+ 8xy, phuong trinh (1) khong thoa.
*Né'ux+yv—8=4th‘1(1):'4(x2+y2)=8xy+8<:>(x—y)2=2,PT
.khong ¢6 nghiém nguyén.
*Néux +y-8=2thi(1):x* +y = 4xy +4
x=2" [x=8
y=8v{
+Neux+y-8=0thi(1:8xy+8=0cxy+1=0,
PT khong c6 nghiém nguyén vix +y =8
*Néux+y-8=-2thi(1):’+y’ +4xy+4=0
Khi d6 x + y, xy = —20: khong c¢6 nghiém nguyén.

*+Néux+y—-826thi x>+y° 2

Khid6x+y:10,xy:16<:>{ 9
y:

. ) . . . =2 =8
K&t ludn: Nghiém nguyén cia phuong trinh 1a {X va {x

y=8 y -2
Cau 3: 3 diém) .
Cho A, B, C 1a ba géc clia mét tam gidc ABC théa min diéu kién: -
1 1,1 1 1 1
.:A . .,B _.,C B .A . B .C
sinf> sin’— sin*— .|sin— sIn— sIn_
-2 2 2 2 2 2
Ching minh riing tam giac ABC déu.
o Pap 4n
Ap dung bat ding thic Bunhiacopski ta co:
\2
1 N 1 N 1 S 1f 1 N 1 N 1
sA . .B . ,C 3. . C
sin® — sin”— sIn® — ksm— sin— Ssin—
2 2 2 2 2)
1 1 1 1 1 1 1
3 sin——+sin§—+sin— . sin—+sin§+sm9 @
2 2 2; -2 2 2 )




Mat khac bat ding thie Cosi, ta cé:

1 + 1 + 1 > 3 : 2)
sin A sin B sin—  alsin A sin B sin Y
2 2 2 2 9" 2
Ta lai ¢6 bat ding thic quen thudc: smésmE smg < 1 3)
» 2 2 2 8
X - 11 1 1 1 1
Tiu (1), (2), (3) > sin2é + Sin2§+sin29 >2 siné+sing+ —C
2 2 2 2 2 2

Péng thitc xdy ra khi va chi khi cdc bat ding thie (1), (2), (3) xiy
~ ra ddu bing, suy ra R :
A=B=C
Do d6 tam giac ABC la tam gidc déu.
Cau 4: (4 diém)
Cho x, y, z 1a cdc s thuc khong am bat k1 Tim gii tri Ién nhat
cda biéu thic

2 2 2
Z

= 43 - : t13 z 1
4x" +3yz+2 4y’ +3zx+2 42 + 3xy+ 2

Dap an
Ap dung bat dang thic Cosi ta e6:
4x’ +2=2(x" +x* +1) 2 2.3¥x° .1 = 6x°(1)

Néucd basdx,y,zdéublingOthiP=0 A
Néu ¢6 hai trong ba s x, y, z biing 0, chdng han y = z = 0 thi
: A x? 1 ' '
= <=
4x*+2 7 6
Néu c6 mdt trong ba s6 x, y, z bang 0, chiang han z=0,thi
® L,y 1.1 1
A 4XS-+2 4y*+2° 6 6 3

Péng thdc xdy rakhi x =y = 1.
Xét cd ba sd x, y, z déu duong.

2 ) 2
Tu (1) suy ra:

X

< -
4x® +3yz+2 ~ 6x% +3yz
yz ' < ' 'y2 zz < z:
4y’ +32x+2 6y’ +3zx 42 +3xy+2 62 + 3xy

Tuong tu ta c6:




xz y2 z2

Suy ra P<-—— +—— +—
6x% +3yz 6y’ +3zx 6z +3xy
1 1 1 1
"3, vz, xy
. 2+;§ 2+y—2‘ 2+?
Bata:-j%,b=£§,c=£z— thia,b,c>0vaabc=1
x y PA o

Khidépsl( 1 ., 1, 1)
3l2+a 2+b 2+c

[(2 +b)(2+c)+(2+a)(2+ c)+(2+a)(2+ b)]
=3 ,

(2+a)(2+Db)(2+¢c)
_l 12+4(a+b+c)+ab+bc+ca @)
3l9+4(a+b+c)+2(ab+bc+ca))
Ap dung bat ding thiic Cbsi ta co: ab + be + ca > 3¥ab.bc.ca =3 (vi
abc = 1)
Do dé 9+4(a+b+c)+2(ab+bc+ca) o
>12+4(@+b+c)+ab+bc+ca 3)
Tix (2) va (3) suy ra: Ps%

Ping thic xdy rakhivachikhia=b=c=1, hayx=y=2=1
Vay gia tri 16n nh4t cta P bing l , dat duoc khi trong 3 s8 x, y, z

¢6 hai s& biing 1 va sd con lai béng 0, hoic ca 3 sd déu bang 1.
Cau 5: (3 diém) :
Cho 1005 so nguyén thudc tap hop {1; 2; 3; -..; 2008].
Chitng minh ring trong 1005 sé nguyén trén ludn ton tai hai s& dé
s6 nay chia hét cho so kia. :
Dap dn

Goi 1005 s& nguyén d6 1a a,, as, ..., a1005
Ta phan tich méi s6 theo uée sd cia 2:

a, =2™b,, a, =2™b,, .., Ay05 = 27" by
trong d6 m; va b; 1a cdc sd 1é thudc tap hop

{1; 2; 3; ...; 2008} (i = 1,2, ..., 1005)
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Trong tap hop {1; 2; 3; ...; 2008} ¢6 1004 s5 1&, nén theo ngﬁyén it
Dirichlet ton tai i, j € {1; 2; 3; ...; 1005} d&'b; = b;.
Nhu Vay a; = 2m bi, a; = 2m,- bi
Gia st a; > aj, suy ra a; : a;
Cau 6: (3 diém)

Trén doan AD c6 dinh dung hinh binh hanh ABCD sao cho
% = % Tim quy tich diém B. -
Dap an
~ Chon hg tryc toa d9 sao cho A, D nim trén truc hoanh va A(0; 0), D(1; 0)
bit B(x, y), thi Cx + 1; y)

:g ig < (AC.AB)® = (AD.BD)’
o [x+1) +y? (= +y?) = [(x-1)" +¥?]
o (2 +y?)(x* +y* +2x)=1-2x y A
o (2 +y?) +(x*+y?)2x-1+2x =0 Boxy) o
o (x+y* +1)(x*+y* +2x-1)=0 |
exX+y+2x-1=0 hG0) DLO) x

o+ 1) +y =2

Vay quy tich cia B 1a dudng tron tdm I(-1; 0), ban kinh R = V2.

Hay quy tich cia B 1a dudng tron tam I 1a diém d6i xdng cia D
 qua A, bin kinh R = V2 .AD. -
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PE THI DE NGHI MON TOAN 10
TRUONG THPT LUU VAN LIET - VINH LONG

Cau 1: (3 diém)

Cho k 12 mét s thue khac 1, giai hé sau:
(x+y+2z)0kx +y+2z) =k*+2k®
(x+y+zXx+ky+2z) =4k + 8k
x+y+z)x+y+kz)=4k + 8"

Pép én
6Dats=x+y+z,tl‘xhéphucnghinh(l)suy.ra:v
s(kx+2x+ky+2y+kz+2z)=k3+6k2+12i(+8
osx+y+k+D=k+2P o>sik+D=(k+2?Q) Id
eNéus=0thik=-2vanéuk=—-2thitacox=y=z=0

Gidsis=Ovak#—2tacos=+k+2)(do(1))

kx +y+z=k?

)s=k+2:(I) ©{x+ky+z=4k
'x—‘i-y+kz=4

-2 +D k-2 k-2

Ta duge x = y Y=——-,2= 1d
aE T T T Y Tk k-1
kx4 y+z=-K
)s=—(k+2):( <{x+ky+z=-4k
x+y+kz=-
TadtIQCx:—g(—_—M,y:—E;k—z,z=k_'2 1d
k-1 k-1 k-1
Cau 2: (4 diém)
Cho p 12 mét s& nguyén t5 théa man p = 1 (mod3) va dat q= 2;
Chiing minh: Néu —1—+ 1 V+ 1 _m véi hai s6 nguyén
12 34 T @-Da =n g

m va n thi p/m.




Pap én

OTa'c():psl(mod6).})atp=6k+1,suyraq'=[2?p124k 1d

m 1 1 1
Khidé: — = — +~—+...+
* n 1.2+3.4 (-Daq
1 1 1
- ‘fz“LE{Z“L'"“L (4k — 1).4k

1 1 1

~ PR 1d
gk+1 T ok+2 T ax

—[1 +L+['1 +1]+~+L+1]
12k +1  4k) (2k+2 4k-1) T |3k 3Jk+1
= P + P, 4P
2k +1)4k) (2k +2X4k —-1) @Bk)3k +1)
=>p/m o co 1d
Cévu 3: (3 diém) | L
Cho tam gidc ABC c¢6 AB < AC, sd do cdc géc A, B, C 1an luot 14 a,
B, 7. Trong doan AC ldy diém D sao cho AB = CD, géc CBD c6 sé do

1a m. Biét ring %: % = 152 Tim s6 do cac géc trong tam gidc ABC.

Pap 4n

o Dat 9’—:—7————% = x, ta c6: a = 4x,

4 3

'y=3x,m=5xvz‘10<x<g

Vi0<m< n)
sinC _sinCBD . sinA _ sinBDA
BD CD BD  AB
- sin3x _ sinbx va sin4x _ sin8x
"BD AB BD AB
sin8x  sinbx
sin4dx sindx

Khi dé

(vi AB = CD)




- 2sin3x.cos4x = sinbx (vi 0 < x < g) (1)

o Giai (1) v6i 0 < x < —~, ta duge X = —=
5 18
e Vay sé do cac goc trong tam gidc ABC la
2n 111:
a -_———— .
9’ g P= )

Cau 4: (4 diém) :
' Cho a, b, ¢ 12 ba s thuc duong. Ching minh ring:
a® + abe '+b3 + abe +c + abe

> a’ +b’+c
b+e c+a ~a+b

Pédp dn

eGidsita>b>c, tacé:

E= a (a-—b)(a—c)+—b—(b—a)(b—c)
+c . . c+a
+ ¢ (c—a)e—-b)=20
a+b : .
e Mt khéc: do —2— > —— va (a— bXa—¢) >0, nén
. b+c c+a
ba (a—b)(a—c)+—"—’—(b—axb—
(a— b)(a—c)+———(b a)Xb—c)
c+a
> (a=~bP* >0
’c+a

. e Tuong tu ta cé € (c—alc—b)>0
a+b ,

e Vay: 4 (a—-b)a-c)+ b (b—a)Xb—-e¢)+
b+c c+a

¢ _(c=aNe=b)=0
+b

a®+abe b®+abe ¢ +abe
o + 412
b+c c+a  a+b

>a? +b®+¢?

0,5d

0,5d

1d

1)

0,5d

1d
1d

d

0,5d




Cau 5: (3 diém)

Cho hai s§ nguyén duong k va n, v6i 1 < k < n. Xét tat ci cdc tip

ho’p con cia M = (1, 2, ..., n}, mdi tidp hop con c6 k phan tid. Trong
mbi tip hop con ta chon s bé nhit,

Ching minh riing trung binh céng ciia cic sé dugc chon la n :i

Dap én
e Céc tap hgp con cia M ¢6 phan tit dugcchon1a 1,2, .., n-k + 1
va céch cdu tao cdc tip hgp nay nhu sau: néu ldy A c M \ {1}, A
¢6 k — 1 phan ti, thi {1} U A 1a tap hop c6 k phén t, trong d6 s6
1 1a phan td bé nhat. 1d
Do @6 cé:
C*! tap hgp con cé s6 bé nhat 1a 1 7
C:~; tap hogp con (c6 k phin t&) c6 s6 bé nhit 1a 2

....................................................................................

Chtax.1y t2p hop con (c6 2 phin ti) c6 s3 bé nhat lan -k + 1 1d

e Ta cian ching minh:

; n+1
C.‘ ICH] +2C7 +--+( -k +DCL, )] = g

o 1Ck! +ZC::;+---+(n—k+1)0: =Cx!' (1)

n+l

0,5d
+Tacs: CE, =C'+Ct & C:,‘+l C:k = C:‘,‘ .

+ Ggi VT la vé trdi cia (1)

VT = 1(C; -Ct,) + 2(C:,-C:) +...+ (@ - K)(Ck,, —C)+

m-k+1)Ck
—Ch 4 Ch, et Oy s € = OO 0,54
Céu 6: (3 diém)

Cho4sda,b,c,dthéaa’+b’+1=2a+b)vac®+d®+36=12c +d)
Tim gia tri 16n nhait, gi4 tri nhé nhit cia bidu thice

F= J(a—¢)2+(b—d)2




eTacé:a?+b2+1=2@a+b)

s@-12+b-12%=1 1)
+d2+36=12(c +d)
< (—-6)2+(d-6;=36 Q) : 1d

o Trong mit phéng Oxy, xét hai diém M(a; b) va N(c; d). Ta c6
F=(a—cf+(b—df = :

M va N luu dong trén dudng tron (C,) ¢6 tdm I(1; 1) va ban kinh
R; = 1 va duong tron (Cy) c6 tam J(6; 6) va ban kinh R, =6

(do (1)) _ 1d
o Vay: max(F)=IJ + (R, + Rp) =542 + 7,
min(F) =1J - R; +Ry) =52 — 7. 1d
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PE THI PE NGH| MON TOAN 10

TRUONG THPT CHUYEN LY TU TRONG - TP. CAN THO

Cau 1: (3 diém) .
Trong cdc nghiém thuc (x, y, z, t) cia hé phuong trinh:
x*+y* =1 4
22+t =2
xt+yz2> \/_2_
Hay tim nghiém sao cho téng y + t nhé nh4t.

Cach 1: Theo bdt

Pap dn
B.C.S: xt+yz<|xt+yz| J(x +y2)(z +12) =J2

Tir d6 hé da cho tuong duong:

(x?+y% =1 2 3
zZ+t2=2 x4y =1
Z+t2=2
Ixt+yz=v2 o & ™
t=kx - t=v2x
Z:ky Z=\/§y
Taco: Y+t =y +?+2t=3-x*-22+2x2=3-(x-2P<3

= -J3<y+t<3 ,
Ddu déng thie xdy ra khi x = z. Khi d6 két hop véi (*) ta duge:

2
x2+y?=1 y =3 J3 J6 23
2 2 y=—3X=2=—3t=——
z+t° =2 o x—z—ﬁyo 3 3 '3
x=z=\/é_y t_2y \/§ \/6 2J§
t=2y 3 3 3
Suy ra _1/_—@, Jﬁ, ‘/6, 2J— 12 nghiém cda hé théa
3 3 3’ 3
(y+t)m=_\/-3_

€éch 2: Gia i hié da cho c6 nghiem. Khi do t3n tai cde géc o vh B
840 cho: x = cosa, y =sina, z = V2 cosB, t = J2sinp




Tir bat phuong trinh thid ba cia hé, ta cé:
sina.cosP + cosa.sinP > 1 < sin(fa +B) 21 < sin(a + B) = 1

<:>a+|3=%+k21t keZ)

Suy ra sino = cosf3, cosa = sinf} va
y+t=sina+2sinp =sina+V2cosa > —/3

Diu ding thie xdy ra khi:

sina cosa sino \/§cosa sina + J2cosa J3
= <> p— _ e —
1 J2 1 2 3 3
L 3 - s |
- sina =———, €COSQL = ———
3 3
Tu dé: x= —?;y = _g;z= —"Jg;t = 2J— . Thi lai ta thiy théa -
hé da cho.
Vay J_ o J_ ﬁ; 2J§ 12 nghiém cia hé dé y + t nhé nhat.
3’ 3’ 3 3
Cau 2: (3 diém)

Tim t&t ci céc nghlem tu nhién cia phuong trinh:
4x? + 5y° + 6z° = 2008

Dap an
Ti cach cho phuong trinh ta suy ray =2m va z = 2n (m, n € N).
Phuong trinh tré thanh: x* + 5m” + 6n® = 502 _ (1)
Ta ¢6 % = 0,1 (mod 3), 5m® = 0,2 (mod 3), 6n® = O(mod 3),

502 = 1(mod 3) > m = 0(mod 3) | _ (2)
Do(l)nén m2$5_gg<84 3)
(2) va (3) cho ta m € {0; 3; 6; 9}. Vay x, n chi c6 th€ 1a nghiém tu
nhién cia:

x? + 6n? = 502 ’ 4)
x? + 6n? = 457

x> +6n’ =322

x2 +6n® =97




Xét phuong trinh (4), ta c6 n® < %g <84 =n=1,9. Phép thi truc

tiép cho nghiém x =4,n=9.

Tlro‘ng tu cac phuong trinh con lai cé thém cac nghiém (x; n) 1a (19;

4) va (1; 4).

Vay phuong trinh c6 tit ca 3 nghiém: (4; 0; 18), (19 6; 8) (1 18 8).

Cau 3: (3diém)

Ngii giac 16i ABCDE c6 mdi canh ctia n6 song song véi mot dudng
chéo va AB + BC = a, trong d6 a 12 mét s6 thuc duong khong ddi cho
truge. Tinh gia tri 16n nhat c6 thé c6 cia dién tich ngi gidc ABCDE
va hay chi ra mét cich dung ngi gidc thoda gia tri dy.

Pap an

Goi A’=CE n AD,

BA-CA -4,BC=AA =b

T gia thiét ta ludn cé:

A"D=kb, AE=k'd (k>0 A
=>ED=AD-AE=kb-k'da (1)

AC=BC-BA=b-a (2)
Vi ED va AC ciing huéng nén (1) va (2) cho tak = K’
Lai c6: ‘
AE = AA' + AE = BC+A'E b+ka 3
BD=BC+CD=BC+CA'+A’D.
=BC+BA+A D=(k+1b+a 4)
‘'Vi AE va BD cung huéng nén (3) va (4) cho ta:
k+1=lc>k=J5_1-
'k 2

Tir 46 E:E+ﬁ=§é+ﬁ=(k+1)ﬁf)=‘/§2ﬂﬁﬁ

: BC 2 5-1
\/—+1 2 :
Goi S 1a dlen tich ctia ngii gidc ABCDE, ta c6:
S = Sapc +Saca + Scpe + Saar = 3Sapc + Saar

(do Scpg = Scoe = Scap = Scaa) A




Mit khac:

B C
Sux  Smz  AA° BC _J5-1
Sac Sase DA AD 2
o
Tt d6: S—5+J—SABC—5+4J—ABBCsmB ) D

4
<5+‘[5 (AB+BC) a(5 + Jb) F/
-4 2 16 | |
2 _
S‘Wmsm=§(—51+6—£5——) datdt{gckhiAB:BC:%vhB:Q()o_

Ta c6 mét cich dung ngi gidc théa gia tri trén nhu hinh vé.
. AN _CA' _5-1
AD CE 2

(J day ABCA’ 1a hinh vudng canh %
Cau 4: (3 diém)
Cho ba sé thuc duong a, b, ¢ thda:
1 N 2007 c_Ct 1
a+2 2008+b 2007+c
Tim gi4 tri nhé nhat ciia bidu thic P =(a + 1Xb + 1Xc + 1)
Pap an
Patx=a+1l,y=b+1l,z=c+1
Bit ding thitc da cho tuong duong: _
1 2007 Z 1 2007 - 2006
+ < < + +
x+1 2007+y 2006+z x+1 2007+y 2006+z
Tir (1) va theo bat ding thic Cosi ta c6:
x 1 .. 2007 _ 2006 [2007 2006
=1 > >

<1 (1)

=1- > + >2 .
x+1 x+1 2007+y 2006+z v2007+y 2006 +z -

y _,_.2007 1 o[ 1 2006
2007 + y 2007 +y x+1 2006+z \lx+1 2006 + z
z___, 2006 _ 2007 1 o[ 2007 1

20062~ . 9006+32 > 20074y x+l- 20074y z+1
Nhiin vé theo v& cic bat ding thic trén ta duge:
xyz > 8. 2006.2007 = 32208336
Déu ding thitc xdy ra khi
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x=2 a= 1
‘ z =4012 c=4011
Vay P = 32208336 dat duge khi a = 1, b = 4013, ¢ = 4011.
Cau 5: (3 diém)
Cho ham sb6:

- ,
f(x) = ) (k — 2008x)*Chpoex“(1 - x)™®*
k=0

Tim gia tri 16n nbhit cia ham s8 trén doan [0; 1].
Dap an

Taco A= (k-nx)’Cix*(1-x)"* =(mx)*) Cx*A-x)"* +
k=0 : k=0 _
+ Y K2 (1 - 0% - 2nx) kCExk(1 - x)*
k=0 k=0

Xét: A, = i kCix*(1-x)** = i kCix*(1-x)**

k=1
= nZC“ x*(1-x)* —nxz: Cix*'(- x)“"‘
. k=1 k=1
=nx{x+(1-x)I*" =1
A, = Zk’C“ *1-x)* Zk’C"x“(l x)“-k
k=1
= nz kCElx*(1-x)*™* : =
k=1 i

= nicn_lxk(l x)ll +nZ(k ek ixka - x)“_"

k=1 k=1

= hx + nZ(k DCELek (1 — )™

k2
-nx+n(n I)ZC“ 2% - x)""—nx+n(n 1)x*
Ay =3 Cix(1-0"* =[x+ (- P =1
k=0
- VéyA:(nx)’+nx+n(n'—_1):2_—2(ni)z=nx(1—i)




Ap dung két qua trén ta duge f(x) = 2008x(1 — x)
Do xe [0; 1] nén x, 1 — x > 0. Tu’dotheobatdangthu‘cCom

£(x) < 2008.(’-*—%—"9) - 502

Déiu dang thic xay ra khi x = % Vay maxfix) = 502 dat dugc khi x

=3
Cau 6. (3 diém)
ChohmhvuongABCDcanhbéng2 Goi M 1a trung diém cia canh
CD, N 1a diém di dong trén canh BC saocho BN=n (0 <n < 1)vaP
la diém nim trén canh AB sao cho DP song song v6i MN. Ching
minh dudng thing PN luén ti€p xic v6i mot duong tron cd dinh.
' Pap dn
Chon mp toa d9 Oxy sao cho A(0; 0), B(2; 0), IXO; 2)
Suy ra C(2; 2), M(1; 2), N(2; n).

- Pudng thing PN di qua IX0; 2) va y
song song vo_ﬂl]N nén c6 vectd D2 Ma2) L, 2)
chi phuong MN =(1; n - 2) ‘
>ptPD:(n-2x-y+2=0.
9 N(2;n)
= P(——-—;O) >
n-2 jacor P oBEZO) x

=> pt PN: n(n — 2)x + (2 - 2n)y + 2n = 0.
Goi I 1a tam cta hinh vuéng thi I(1; 1), ta cé:
In(n-2)+2-2n+2n| pn-2)+2]
Jn’@-2F +@-207 +n(n-2)+2F
Chitng t4 dudng thiing PN luén tiép xic dudng tron ¢ dinh tim
I(1; 1), bén kinh R = 1 (dpem).

d(@;DN) =




BE THI BE NGH] MON TOAN 10

TRUONG THPT CHUYEN NGUYEN BINH KHIEM — QUANG NAM

Céau 1: (3 diém)
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Tim cdc bd 50 (x, y, 2z, t) théa man hé phuong trinh:
X+y+z+t =12
X +y? +2% +t2 =50
L +y* +2° +t° =252
x*t? + y’2® . = 2xyzt

Pap an

- = Ta viét lai hé da cho duéi dang:

[x+y+z+t=12

x+t)P +(y+2)°-2xt-2yz =50 -

3 : , 1d
(x+t)[(x+t)2—3xt]+(y+z)[(y+z)2—-3yz] = 252
((xt —yz)*> =0 ., '
* T phuong trinh (xt — yz)* = 0, suy ra: xt = yz
bPitx+t=a,y+z=Db, xt = yz = c. Khi d6 hé trd thanh:
a+b=12 : a+b=12
a® +b®-4¢c =50 ' < {(a+b)*-2ab-4c =50 0,5d
a(a® - 3c) + b(b® — 3¢) = 252 a’® +b® —3c(a + b) = 252
a+b=12 v a+b =12
< {ab + 2c = 47 ' < Jab +2c =47
(@a+b)(a+b)’-3ab]-36c=252 |ab+ec =41
(a=5 a=17
< 1{b=7 hogc{b=5 ' 0,5d
c=6 c=6 7
= Viy hé phuong trinh di cho tuong duong véi hé:
x+t =5 x+t =5
y+z = Thodciy+z =17 0,5d
xt:yz = 6 xt=yz =6




Vay hé phuong trinh da cho c¢6 nghiém (2; 1; 6; 3); (2; 6; 1; 3); (3; 1; 6; 2)
- (3;6;1;2);,(1;2; 3, 6); (1; 3, 2, 6); (6, 2; 3, 1);(6; 3, 2; 1) . 0,6d

Cau 2: (4 diém)

Tim céc s6 nguyén x, y, z théa min phuong trinh:

) 3x* + 6y” + 227 + 3x%y* — 18x — 6 = 0.
Dap an
« Ta c6: 3x° + 6y” + 22% + 3x%y% — 18— 6 = 0
o 3(x% - 6x +9) + 6y° + 22° + 3y°z® = 33
 3(x— 3) + (3y% + 2)(22 + 2) = 37

Dé dang ta thdy: 3(x - 3 <33 & (x - 3)2 < 11 , 0,5d

Suy ra (x — 3)* nhén cic gi4 tri {0, 1, 4, 9} 1d

« Véi (x - 3)% = 0 suy ra: (3y® + 2)(z® + 2) = 37.

* Nhan xét: 3y2 +2) > 2, (z2+2) 22 (*)

Viy trong trudng hop nay phuong trinh vé nghiém. _ 0,5d

= Véi (x — 3)> = 1 suy ra: (8y* + 2)(z° + 2) = 34 (1)

Do (*) nén (1) @{33'2 Y221 e {33’2* 2=2

z° +2=2 z° +2=17

(khéng ton tai gid tri nguyén x, y)
Vay trong truong hgp nay phuong trinh v6 nghiém. - o 0,5d
« V§i (x - 3)* = 4 suy ra: (3y® + 2)(z° + 2) = 25 (2) ’
3y>+2=5

2

5 (kh(‘)hg tén tai gi4 tri nguyén x, y)
2 +2=

Do (*) nén (2){

Viy trong truong hop nay phuong trinh vo nghiém. - 0,5d
= V6i (x — 3)* = 9 suy ra: (3y* + 2)(z® + 2) = 10

. 2 = : 2 =
Q{ay +2=2 hoic {3y +2=5

z2+2=5 Z2'+2-=2
=1 = -

o y hoic y 1
z=0 . z=0

* Vay phuong trinh da cho c6 4 nghiém nguyén: (6, 1, 0); (6, -1, 0),
0, 1, 0); (0, -1, 0) . 0,5d
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Cau 3: (3 diém)

Cho hinh vuéng ABCD canh biing 1. Trén canh AB va AD l4y hai
diém M, N sao cho chu vi tam gidc AMN bing 2. Hai tia CM, CN chia
dudng chéo BD thanh ba doan thing. Goi S la dién tich cda tam gidc
c6 do dai bang dé dai ba doan thing do.

s 1
Ching minh rdng: S < ———_
& & (2 +V2)
Dap an
* Dung hinh vudng CDPQ, trén DP ldy diém M’ sao cho: BM = DM".
Suy ra: CM = CM’. (1)
Ta c6: NM’ = ND + DM’ = ND + BM = AD + AB - (AN + AM).

=2-(2-NM)=NM 2) 1d
* Tt (1) va (2) suy ra: CN la dudng trung truc cia MM’. "
Vay M, M’ d6i ximg nhau qua CN.
+ Ldy H trén doan NM sao cho NH = ND.
Suy ra: H d6i xiing D qua CN.
Ta lai ¢c6: F € CN = FD = FH. v @3
MH = DM' = BM
CH =CD =CM )
Suy ra: CM 1a dudng trung truc cia BH
Ta lai c6: E € CM => EH = EB. (4)
+ Tu (3) va (4) suy ra: 8 = dién tich tam gidc EFH.
Ta c6: Iﬁﬁ“z_lﬁl\C+C/I—ﬁ‘=ﬁﬁ3+éﬁ\F

= 45" + 45° = 90°

Vay A EHF vuéng tai H. Pat x = HF, y = HE.

Hon nita ta cé: {

Suyra: S = %xy 1d

= Ap dung bat ding thirc Cési ta c6:

X+y 22Jx_y = 228
Jiay? > f2xy =28

Tit d6 ta c6 bat ding thic sau:

X +y+ 2432 > 201 + V2WWS (%)




Tacé: x +y + x*+y° = HF + HE + EF (do A EHF vudng 'tai H)
=FD+BE +EF =BD = 2
Vay tu (*) suy ra:

1
J2 > 204+V2)VS = VS < VNG

1
Hay S<—— = dpem. ' 1d
(2+ \/5)2 - :

Cau 4: (4 diém)
Cho cédc s6 thuc khong 4m a, b, ¢ thod mdn a + b + ¢ = 3.
Ching minh ring:
a b c 1
2 t 3 t 3 s 5
a‘ +2b+3 b +2c+3 ¢ +2a+3 2
Dap an
*Tacé:a?+1>2a,b?+122b,c®¥122c suyra 0,5d
a b c
2 + 2 + 2
a‘ +2b +3 b* +2c + 3 c° +2a+3
a b c
< + + 0,56d
2(a+b+1) 2(b+c+1) 2(c+a+1) _
1

a b c
= + +
2[a+b+1 b+c+1 c+a+1J
1 b+1 c+1 a+l
=3 - + +
a+b+1 b+c+1l c+a+1l

0,5d

0,5d
2

= Theo bat ddng thic Bunhiacopxky, ta cé:
b+1 . _CF 1 , a2t 1
a+b+1 b+c+1l c+a+1l
(b + 1)° (c+1® (a+1)°
+ +

T b+D@+b+l)  +Db+c+D) (a+Dc+a+l)
(a+b+c+3)? ’

b+a+b+)+C+Db+c+)+(a+1)c+a+1)

= Ta lai cé:
b+la+b+D)+c+1)b+c+)+@a+1)c+a+1)
=3(a+b+c)+ab+bec+ca+a’+bZ+c®+3
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=%(a+b+c+3)2(V‘1a+b+c=3) 1d

b+1 c+1 a+1

* VA + _ > 2 0,5d
'ya+b+1 b'+c+1+‘c+a+1 °
T 3 « b+ 1 c+1 a+1 ,
Tu dé s a: |3~ . — <1
oS { ('a+b+1+“b+c+1 c+a+1)}
b . c 1 .,
Ha, -+ +. ' < = (dpcr
V2 +20+3 b +2%+3 2+%a+3 z(pcm)
®* Diu“="xdyrakhia=b=c=1. 0,5d

Cau 5: (3 diém)
Cho n 12 $6 ti nhiéh < 2. Chithg minh ring Vx, ta 6 hé thic:
Closx (1~ )™ 4 2C%5x* (1 - x)™ + ... + 2008.C2%x™" = 2008x
Pap an
& Truéc hét t4 chang minh b8 dé sau:
vk, 1 e N, (k <n)tadducé : k.C5, = (n+ 1)C-!

n+l

| | " L+ 1)! ~ (n+ 1)
That vay: kC* . =k O* = '
AL vay n+1 (n +1_k)1k! (k—l)'[n—(k—l)]!

n! »

= (n+ 1)(k—1)![n—(k—1)]! = {

i + 1)Ck 1d
» Ap dung b8 dé trén ta c6:

VT = Cloex (1 - 2)™ + 2C2ex* (1 - %) + ... + 2008.C2%8x™"

= ZOOS[Cgoo,x(l ~ %)™ 4 Clogyx® (1-%)"" + .. + cggg;x%ﬂ

= 2008x| Clo (1 - %)™ + Chopyx (1 = %)™ + .. + CHTx"" |

2007

= 2008x[(1-x) +x]  =2008% (Theo nhi thic Newton) I1d
- Vay
Cloosx (1 - %)™ 4 2C%,x (1 — x)™

+ ... ¥ 2008.C208x2%8 — 2008x 1d

g8




Cau 6: (3 diém)

Trong miit phﬁng cho duong tron Cq g tam I ban k1nh R va mot
dudng thing A. Goi d la khoang c4ch tir tam I dén duong théng A
(d > R). Lay ha1 diém M, N trén ducng thng A sao cho dudng tron
duang kinh MN ti€p xidc ngodi v6i dudng tron Cg gr. Ching minh
ring ludn ton\tal diém A trong mit phdng sao cho tir d6 nhin cdc
doan thdng MN duéi mét géc khong déi.

Pap 4n
* Chon hé truc Oxy, truc Ox
chita dudng thing A, truc Oy
di qua I va vudbng géc véi A.
= Bidu dién c4c didu kign dé

bai da cho bing phd’ong

phédp toa dé: Chon I(O; d)

J(x,; 0) 1a trung diém MN

JM=r>0.

» Piéu klén dé C(I’ R va C(JL r)
ti€p xicla: IJ=r+R
SIP=r+RFe x +d=(r +R)?
* Do tinh d6i xtng nén néu A tén tai thi A phai ném trén .
truc Oy. Pat A(0; h) : 0,5d
Tacé: M(x, + r; 0), N(x, — r; 0)

AM =(x, +r; -h),

0,5d

o 0,5d
AN = (x, -1} —h)co’sMANz@'A,N
xZ-r 2 4 h?
\/(x0+r)2+h2 (%, —1)? + h?
_ x? -r? + K®
= 0,5d

\/(xf - r2)2 + 2h? (xi +1?) +h*
R? + 2rR - d? + h?
\/(RZ + 2rR—c12)2 + 2h? [(r +R)?-d% + r2:| +h?

99




R? + 2rR-4d% + h? 0,5d
\/(Rz + 2rR —d2)2 + 2h? [(r +R?-4d% + r2] +h!

R? + 2rR-d® + h? 7
= 0,54
J® - & +h? + 2rR)" + 4b%

4h’r? N
——— =1+ ; = (%)
cos’ MAN (R2 ~d?2+h?+ 2rR)

Suy ra:

» Biéu thitc (*) 1a mot hiing s6 khi:
RZ-d°+h?’=0 < h%=d?- R?
Suy ra: toa d¢ cia diém A (0; ++vd*® -R?).

2 2 2 2
K:hldé. ———-—i;\-‘-‘=1+—1:1-—§—:1+£d———TR'——=—d—2~
cos? MAN R R R

S 2
~ Suy ra: cos® MAN = %, khéng déi.

= Vay ludn tdn tai diém A trong mat phéng sao cho tir d6 cdc nhin
doan thing MN duéi mot goc khong dai.
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PpE THI BE NGHI MON TOAN 10
TRUONG THPT CHUYEN NGUYEN DU - DAKLAK

Cau 1:
Cho a, b, ¢ 12 cdc s8 thye khong 4m. Ching minh rang:

a’® b? \f c
>
\/a3+(b+c)3+\fb3+(a+c)3+ ¢t +(a+b)®

Pap 4n

Theo Cosi v6i x = 0 ta ¢6:
2

2
J1+x° :\R1+x)(1—x+)(2)s(lJrXH(l—XJrX):1+x

2
Ap dung:
a® . 1 1 1
a® +(b+c) - b+c =1 b+022 b? + ¢?
\ﬁ+(-—)3 1+§( ¥ 14—
a a -a
2
2 )

a?+b*+c?

b? b? |
Tuong tu: > 2
ng W \/b3+(a+c)3 a?+b?+c? @)
c? c?
— 2 - 3
Ve +(@a+b) &’ +b’+c” ©®

Cong (1), (2), (3) v& theo v& ta dugc biéu thic can ching minh.

Dau “=" x4y rakhia=b =c.
Cau 2:
X+y+4xy=6

Giai hé phuong trinh:
2X2 +8 = 3y +7x
Pap an
? 2 4 = 6 1
Hé phuong trinh tuong duong véi: { . > 1)
: 4x* +16 =6y + 14x  (2)

Cong (1) va (2) ta duge:
5x% + y2 + 4xy — 6y — 14x + 10 =0
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S Ex-12+2x+y-37°=0

x=1 x=1
c:>{2);+y=3‘i’{y=1
Ddp s6: (x; y) = (1;1)
Cau 3:
Cho da thitc P(x) = x'° — 2009x" + 2009x™® — ... — 2009x + 2009x.
Hay tinh P(2009)? ,
Pdp an
V6imbin e Z*
Ta c6: x™2 — 2009x™" + 2008x" = x"(x — 1)(x — 2008)
Do dé:
P(x) = (x'* - 2009x™ + 2008x"®) + (x'* — 2009x'? + 2008x'))
+ o + (x 2009x +2008x) + x.
= P) = (x°+ x4 .t )& ~ 1)(x ~ 2008) + x
= P(2008) = 2008.
Pép sd P(2008) = 2008.
Céau 4:
Xéc dinh tt cd cdc ham f: R — R thod man:
- yfx +y) - (x+ yx - y) = 4xy(x* ~ y») (1) v6i moi x;y € R.

Pap dn
Louty
Dit u—x+y:> 2 :>(x;y)=(u+v;u—y)
V=X-Y¥% _u-v _ 2 2
2

Thay vao (1) ta duge: vf(u) — ufiv) = (u? - v3u.v
f(u) f(V) 2 2

—_— -V
u v
o 1 e IV e o) v v v # 0.
u v
f(x)
bat ()——————x thi tr (2) ta duge:

glu) = g(v) v6i Vu; v # 0 = g(x) = a hiing s6
= f(x) = ax + x° v6i a hiing s6
Thy lai: Khi fix) = ax + x°. Thay vao (1) thod man.
Viy f(x) = ax + x° v6i a hiing s6.
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Cau 5:
Tim t&t ca céc s§ nguyén x; y thod man phuong trinh:
X+ 9xy + 127 = y° ‘
) Pap an
Cho x = y + z thi phuang trinh trd thanh:
(32 + 9)y® + (322 + 92)y + (2° + 127) = 0 (1) 1a phuong trinh bac 2
theo y ¢6:
A= (3z + 9222 — 4(3z + 9)(Z° + 127) = ~(3z + 9)(z® — 92% + 508)
Ta lai c6: z° — 92° + 508 = z°(z — 9) + 508 khdng am néu va chi néu
z#-5(z € 2)
Vadz+920e22-3
Ta c6 A2 0 <>z = —3; —4; -5 ma ta cb: 7% + 127 = 0 (mod3) nén chi
¢6 z = —4 va khi d6 phuong trinh (1) la:
y=17

—3y-2+1,2,Y~%63=—3(¥—7)(Y+3)=0@[ 3

Vay nghiém cita phuong trinh 13 (x; y) = (3;7) hodc (=7;-3)
Cau 6:

‘Cho tam gidc nhon ABC ndi ti€p dugng tron (O; R). M 1a di€m trén
canh AG; N 1a 1 (iém tréx canh BC. Pudng tron ngoai tip clia ACAN
va ABOM c&t nhau tai 2 diém C va D. Chipng minh ring duong thing
CD di qua tam O khi va chi khi duong trung truc ciia doan AB di qua
trung diém caa MN. ' '

Dép an
St dung 2 bg dé sauw:
BS dé 1: Goi M, 1a hinh chi€u vudng géc cia M 1én AB; N, 1a hinh
chigu vudng goéc ctia N 1éh AB, ching minh riing trung tryc (A) cia AB
~ di qua trung diém ciia MN khi va chi khi AN, = BM;

" B6 dé 2: Td gidc 16 PQRS c6 SR, RQ, QP, PS c6 0 dai lan lugt 12
a, b, ¢ va d. Chiing minh ring: Hai dudng chéo PR 1 QS khi va chi
khi,az+02=_b2‘t@2-

Goi Oy; Oz 12 2 tam dudng tron ngoai tiép ACAN va ABCM cf ban
kinh R;; R; Suy ra Oe CD & CO 1 0,0;.

Xét tit gidc: C00,0; ta suy ra:

o
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¢ CD qua O < CO 1 0,0,
» CO L 0,05 & 0,C? + 00?2 = 0,C? + 00
¢ AN, = BM, < (A) qua trung diém cia MN
Ta ching minh: 0,C* + 002 = 0,C* + 00? < AN, = BM,. (a)
Theo dinh ly ham sé Césin:
00? = 0,C? + OC? - 20,C.0C. cos 0,CO
00? = 0,C* + 0C? - 20,C.0C.cos 0,CO
= 0,C? + 00 = 0,C? + 00? - 20C(0,C.cos 0,CO - 0,C.cos 0,CO) (b)
Ta lai c6: 0,CO = NAB (1) va 0,CO = MBA (2).

Theo dinh Iy ham s6 Sin: 2R, = -2 =
sin sinC

= 0,C.c0s0,CO - 0,C.cos0,CO = 0 (tif (a) va (b))

- < R,cos MBA - R, cos NAB = 0 < MBcos MBA = AN cos NAB (c)

Ma MBcos MBA = BM, va ANcosNAB = AN, nén (c)

< BM, = AN,

Viy dudng thdng CD qua O khi va chi khi (A) di qua trung diém
cia MN. ‘




PE THI PE NGH| MON TOAN 10
TRUONG THPT CHUYEN PHAN NGOC HIEN - CA MAU

Cau 1: (3 diém)
Tim tat ca cdc cip (x; y) v6i x € R; y € R thoa phuong trinh sau:

x{Jy—-1 +2yvx—-1 = gxy
Pap an
xJy-1+2yvx-1 = -gxy (*)
Cdch 1:
x>1
y=>1
Ta c6: VT =x\y -1 +2yvJx—1

=X l(y—-1) +2y \ll(x.—- 1)

1+(y-1 1+(y—1)}
2

biéu kién [

< X.

+ 2y

Xy 3
<L +xy= —xy=VP
g T =W

. 2 —‘1:1 :2
D4u “dang thic” xdy ra < y o 1F

x-1=1 y=2

Cdch 2:
x21

DPiéu kién {
y=21

Phuong trinh (*)
c-»zg:—x\/y—l +xy—-2yvx—-1=0
¢:>%(y-2\/y—1)+y(x—2\/x—1)=0
PN —’25[(y—1)'—2 T -1 +1+yl(x=1)=2Jx~1 +1]=0

PN _)2{( [y -1 =17 +y(Vx -1 = 1)% = 0 ()
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\ >1
Do diéu kién {XM’ va({y-1-17%20;(Jx—-1 -1)*20
ly '

SWy-T-1=0 _ [x=2
y(Wx-1-2)*=0 ly:Z
Vay cép (2; 2) 14 nghidm cia phuong trinh d4 cho.
Cau 2: (4 diem) _
Tim t4t ca cdc bd (x; y; z) v6i x; y; z 1a nhiing s6 nguyén théa mén
hé phuong trinh:
x+y+z=3
*+y*+22=3

(x%) &

Bdp an
Taco: (x+y+2)° - +y° +2%=3x+yy+2)z +x)
©27-3=3x+y(y+2)(z +x)
S+ yNy +2)(z +x) =8 (%)

x+y=ceZ
bat ytz=ack
z+x=beZ

Khi d6 (*) < abc = 8
= a, b, ¢ € {£1; +2; +4; 18}
Vi cdc 4n s6 %, y, z ¢6 vai trd binh ddng trong hé phuong trinh da
cho,gid shx<sysz=azhbzc
Khidétacé:a+b+c=2x+y+2)=23=6=>a22

b+c=4 [b=2
=

Xéta:Z,tacé:{ oOxXx=y=z=1

bc =4 c=2
b =2
Xét a = 4, ta co: [b e (khong ¢6 nghiém nguyén)
c=
|x=-5
b =-2 b=-1 ‘ ‘
Xét a = 8, ta ¢6: te < < {y=4
bc=1 c=-1 4
z =

Vay hé da cho ¢6 bén b nghiém:
(1; 1; 1); (4; 4; -5); (4; =5; 4); (=5; 4; 4)
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Cau 8: (3 diém) |
Cho tam gidc ABC. G mién trong cia tam gidc da cho c6 mét diém
G. Céac dudng thdng AG, BG, CG cit c4c canh BC, CA, AB cia tam
gidc lan lugt tai cdc diém M, N, K théa diéu kién: '
AG BG CcG
+- + =
MG T NG T KG
Chdng minh ring G 12 trong tdm tam gidc ABC.

DPdp an
Goi S 1a dién tich tam gidc. Goi dién tich cdc tam gisc GBC, GCA
va GAB 14n lugt 12 S;; S; va S;. Khi dé tac6: S =S, + Sz + Ss

va 8 _58+85+85, _AM -
S, S, - GM
<1+ i + §3- = ;Al\—/l
S, S, GM
AG _5 5
GM S, S
G S S
Tuong tu: — = =+ + =2
"W NG TS, TS,
G sa ss
_, AG BG _1_] ~
< MG T NG KG S 8,

[S + - ] [ ] 2 6 (BDT Cosi) (**)
3
Tir (*) va (**), ddu ddng thic xy ra
&8 =5=8= g < G la trong tdm tam gidac ABC

Chié %: C6 thé ding dinh ly €éva d€ ching minh.
Cén 4: (4 diém) .

Cho biu thie S = 91+ x* +13J1-x*)véi [x]| <1
Tim gid tri 16n nhat cda S.
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Pap an
Taco: S = x%91 +x* + 13x%V1 —x* véi x| <1

2
= 6[%1{2] Ji+x' +926 52—] J-xt

e 4 s
=6 /%x“(l—l» x!) + 26,/%(1 —x%)

Vi |x| <1, 4p dung bdt ding thic Cbsi, ta co:

9 4 4
i +1+
X X

X4

414 x*

2

S <6 + 26

= 3—1§x4 +1)+1301 - éx“) =16
4 4

VAy Spax = 16 <

o xt= é <:>|x| = i/g (thoéa |x| <1).
5 5

Cau 5: (3 diém)
Mot thi€u nit muén xau 50 vién ngoc c¢6 mau sic khac nhau thanh
mot s¢i day chuyén deo ¢d. Hdi c6 bao nhiéu cdch xau?
Pap an
S6 hoan vi thang clia 50 vién ngoc la 50!
Ung v6i mdi hodn vi tron c6 50 cach chuyén d8i vi tri lién ti€p ma
k&t qua nhan dugce 14 nhu nhau, nén s6 hodn vi tron cda 50 vién ngoc
sé giam di 50 14n so véi s6 hodn vi thang.
'

Vay s6 hodn vi tron cia 50 vién ngoc sé la: %—%—

Mat khdc, mbi hodn vi tron dugc xdc dinh & trén ta cé thé lat
ngugc lai sgi ddy chuyén d€ nhan dugc mdt hodn vi tron khac, do dé
¢’ 2 hodan vi tron tuong ing chi duge tinh mot 1an xau.

0!

Két luan: vay c6 cdch xau 50 vién ngoc c6 mau sic khic

“nhau thanh vong deo ¢d.
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Cau 6: (3 diém)
Cho tam gidc ABC. Chitng minh rang:

J3 (cos2A — cos2C) + cos2B <

b | Ot

Pap éan
Goi O 1a tam dudng tron ngoai tiép tam gidc ABC va dat
OA=0B=0C=R
Ta ludn c6 bat ddng thuc:
(wOA +B()T3 —aOC)Y®>0véia;BeR
(do cos2A va cos2C c6 hé s§ doi nhau)
o o’R? + PPR? + ’R? + 20BOA.OB - 20>0A .OC -
— 2¢pOB.0OC 20
o R%(27% + B?) = 2R%aBcos2A — 20fR%cos2C + 2R%0%cos2B
o 202 +p% > ZaB(coséA — c0s2C) + 20%cos2B
Chon «; B € R thoa:

1

o =—=
20B = 3 V2 i a6 2a? + pP = 2
20° = J3 2

Vay J3 (cos2A — cos2C) + cos2B < g (dpcm).
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PE THI PE NGHI MON TOAN 10
TRUONG THPT PHAN CHAU TRINH — DA NANG

Cau 1: Giai bat phuong trinh: |

) %2 2 > 2x;

+
J-x* +6x-5 -
Pdp dn

PK:1<x<5 | ’
Ta ¢6: 0 < v—x* + 6x—5 <2 (B4t ddng thic Cauchy)
2

= —>1
J-x*+8x -5

2

— 1> 2x.
V—x°+6x-5 v

Mt khde x> + 1> 2x (v6i x > 1) va

VAyBPT & x® + 1 +

2

~1>0
J-x* +6x—5

Két iuén: Nghiém la: 1 <x< 5
Cau 2: Gidi hé phuong trinh
x4 — Py +xPy’ =1
X’y -x*+xy=-1
Pap 4n
Trir héi V€ ta c6:
(x2 —xy)2 —}-(x2 —xy)—2—_- 0
sxl-xy=1 xzf—xyz—2
Khi);y=x2—1thi:x4—x2=0<:>§i=0;x=il
Vay nghiém cta hé phuong trinh: (+1; 0)
Khi xy = x*+ 2 thi x* + 2x* + 3 = 0 v6 nghiém.
K&t luAn: Nghiém cta hé 1a (1; 0)
Céu 8: Cho a, b, ¢ > 0: abc = 1. Tim GTLN cta

1 1 1
P= + +
28 + b +c*+2 a*+2b°+c*+2 a4+ b +2¢ +2
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Pap dn
1 1

Taco: (@ +b3+1+a%+c3+1 — + >4
( )a3+ b+ 1 &+ 2+ 1
- 4 < 1 n 1
98 + b*+c®+ 2 " at+ b+ 1 at+ cf41
, 4 1 1
Tuong tu: < +
e 283 + b+t + 2 ~a*+ b+ 1 b+ P+ 1
4 1 1
‘ - < +
A+ b¥+2+ 2 " al+ b+ 1 at+cl41
1 1 1
>P< = +
2a°+b%+1  at+ct+1
Mat khac:

+Taco:a®>+b3>aba+b)
— a® + b3+ 12>abla +b) + abe

—a+b®+1>abla+b+ec)

1 1
= <
a+Db®+1 " abla+b+e)
Tuong tu: — 13 < !
: b’ +¢°+1 " be(a+b+e)
1 1
: ~ < - .
¢ +a*+1 " cala+b+c)
- 1 < 1
b®+¢®+1 " be(a+b+e)
1 1 1

= + + <
a®+b>+1 b +cf+1 E+at+17
SuyraP$~1—
2
~ Diubing xdyrakhia=b=c=1

Vay MaxP = %
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*Cau 4: ,
Cho AABC khong can tai A. Goi AH, AM, AD lan lugt la dudng
cao, dudng trung tuyén va dudng phan gidc trong cta tam gidc ABC di
qua dinh A cda né. Ching minh ring biéu thdc: 2cosA + cos(B — C)
khong d6i khi D la trung diém ciia doan thing MH.
Pap an

* Goi A’ 1a giao diém clia AD vé6i dudng tron ngoai tiép AABC, ta c6.

AD _ DB
CD DA’
DH = DM

A
AD DB __ sinC 5"y

= & Ao
CD DA sin2 sinB

eTacé DA=DA &

¢ sinBsinC = sinz—g—

—cos(B + C) + cos(B — C) = 1-cosA
< 2c0sA + cos(B - C) = 1 khong d6i.
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PE THI DE NGH| MON TOAN LGP 10
TRUONG THPT QUOC HQC HUE - TINH THUA THIEN HUE

Cau 1:

+~‘1—+}—§+X~ —x+~—1—+1§ *
Y Tle Y x 16

a1 A R s 9 97

Gidi hé phuong trinh <x* +y 256
x<0
y>0
Pap an

Ap dung bat ding thic tri tuyét d6i ta c6 hé

y+120,1—3—+x——y20
X 6
97
x* 4+ y? = ——
Y
x<0
y>0
1 13
—20,— -y =20
Tw{¥ X" TFTY suy ra 6x> +13x + 6 < 0.
x<0

T 0<y<13/6 +xsuyrax’+y><x’+ (13/6 + x)?

Do d6 97/36 < x* + (13/6 + x)? hay 6x>+13x + 6 > 0.

Vay 6x*+ 13x + 6 = 0.

Do dé x = -3/2 ho#c x = -2/3.

Tém lai (x = -3/2, y = 2/3), (x = -2/3, y = 3/2). Thir lai thoa man hé.
Cau 2:

Cho dudng tron (O). AB la day cung khong phai 14 duong kinh. H
12 diém trong doan AB. Pudng thing qua H vudng géc véi AB cit
cung 16n AB tai K. I thugc doan HK. IA cit lai (O) tai C. IB cit lai
(0) tai D (C khac D). Goi d 1a dudng thing di qua trung diém AD va
BC. Chitng minh ring dudng thing d6i xing cia CD qua d di qua mot
diém cé dinh khi I thay d6i.

113




Pap éan
Ki hiéu nhu hinh v&. T la hinh chidu
cia I trén CD; M, N 1a trung diém IA,
ID; P, Q 1a trung diém cda BC, AD.

+ MQ =IN =TN, QN = IM = HM va
. goc (HMQ) = géc (TNQ) (Vi géc (HMI) =
2 goc (BAC) va goc (TNI) = 2 goc (BDC)).

Do d6 QH = QT. Tuong tu PH = PT.
Vay T va H ddi xing nhau qua d.

‘Két lugn: Khi I di dong thi dnh d6i xing cia DC qua d ludn qua
diém cd dinh H.

Cau 38: _ .
Xét a, b, ¢ > 0 tuy y. Tim gid tri 16n nhat cha:
_ vabe
T (1+a)l+a+b)l+a+b+c)
Pap én
bat u-= a ,V = b
l+a (1+a)l+a+Dhb)
c 1

v =(1+a+b)(1+a-+b+c)’8: l+a+b+c -
Tacou+v+w+s=1vaT?=uvws.
Tt bat ddng thic Cosi, ta c6 T < 1/16. Dau bang c6 duge khi:
a b N c 3 1 1
l+a (1+a)l+a+b) (l+a+bl+a+b+c) l+a+b+c 4
Gidihé tacéa=1/3,b=2/3,c=2.
VAy gia tri 16n nhat cda T 1a 1/16.
Cau 4: _ . v
Cho tam gidc ABC ndi ti€p dudng tron (O) tam O ban kinh R,
A = 30°, C < 90°. Téng khoang cach tit O dén AB, AC la 2 va
AB + AC =2 + V3. Tinh R.

Pap an

Xét 3 truong hop:
1) B =90% Lic dé O la trung diém cia AC nén
BC=4>AB+AC=2+3.Voly.

114




2) B <90% Tacé AB + AC =2 + /3.
Suy ra 2R(cosx + c_os(30°— x)) = 2 + /3, R(sinx + sin(30° - x)) = 2
Hay 4R(cos15%o0s(x — 15°) = 2 +4/3, R(sin15%os(x - 15°) = 1.
Suy ra tan15° = 4/2 +/3) > 1, Vo ly.

3) B > 90°% 2R(cosx + cos(30° + x)) = 2 ++/3, R(sinx + sin(30° + x)) = 2
Hay 4R(cos15%os(x + 15% = 2 ++/3, R(sin(x + 15°)c0s150°) = 1.

1+ (2+\/—
Suy ra R? = _ 4 23+4\/§.—_> _1 M
cos’15°  4(2 ++/3) 2V 2+43 -
R = 34 — 15J§
A

\97
S

C
Caiu 5:

Trong mat phidng cho T la tap hgp hitu han diém. Giita hai diém
nao dé cia T c¢6 ndi nhau bdi cung tron c6 hai mit 12 hai diém dé.
Mot cung nhu vay ta goi 1a mdt canh. Ki hiéu s(A) 1a s8 canh c6 duge
¢6 hai di€m mut thudc tap A. Biét ring vdi moi tdp con A khdc rong
cia T thi s(A) <2/A|-2.Cho A; véii=1,2,.., k (k>1)1a cdc tap
con khéc rdng cia T d6i mdt giao nhau khéc rong.

NéusA) =2/Al-2v6ii=1,2,..,k

k k
Ching minh rﬁngs(__UlAi)=2| Ua, |- 2
Pdp an
Quy nap:
+ Néuk = 2, goi A, B la hai tap va a, b, ¢ lan lugt 1a s8 phéan ti cia
A B AnBthi|/AUB|za+b-c.

+ Gid st s(A U B) < 2(a + b — ¢) — 2, Suy ra s8 canh hai ddu mat
trong A U B nhung khéng dong thdi thuéc A nhé hon

2@+b-c)-2-s(A)=2a+b-c¢c)-2~(2a—2)=20b - ).
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. + Mot canh c6 hai mit trong B thi hodc hai muat thu@c-B\A hoac hai
muat thudc A N B hoéc hai mit thudc hai tdp B\A, A n B.

Do d6 s& canh c¢6 hai mit thuge B\A hosc hai mit thudc hai tép
B\A, A n B nhé hon 2(b - ¢).

Suy ra sS(An B)>s(B)-2(b-c¢)=2b -2 - 2b + 2¢ = 2¢c — 2 (méu
thudn). : '

+Neus(UA) =2 UA, |- 2va s(Au) = 2| Apr |~ 2 thi tir gid thidt
i=1 i=1

=1

A N A, # D nén ti trudng hop k = 2 ta ¢6
1

n+l - n+l .
s(UA)=2| U A |- 2.

i=1
Cau 6:
Chuing minh #ing phuong trinh 2* + 3* = yx® ¢6 v6 han nghiém
nguyén duong x, y. v
Dap éan
Nhén xét: Néu x, y nguyén duong, m 1a s6 nguyén duong 18 va x +y
chia h&t cho m thi x™ + y™ chia hé&t cho m(x + y). That vay

m-1
P +y® =(x+y)) (-1 xm Ity
1=0

m-1
z (_l)lxm—l—lyl — Inym—l +xm-l _ym—l _(Xm~1 + ym—l )y
=0

+ (Xm—3 _ ym—3 )y2 e (X2 _ y2)ym~3 _ (X + y)ym—z
Do d6 x™ + y™ chia hé&t cho m(x + y).

2% 4 3%
Xét day u; = 1, u,; = —————. Bang quy nap ta ching minh
Uy

Uk uk .
&—23—— e Nva day la tang.
Uy

+k=1 hién nhién.

Uk U Uk Ui
g——%eN va -2—+23——>1. Suy ra 2" + 3% =TuZ, [
u’ - u, .

+ Gid sa
1éval>1.
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2% 4 3%

Theo nhén xét trén (2%)' + (3")L: (2% + 3™) v6il = ———— thi
Uk 1 Uy 1 Uk 41 Uy 1
2+ 3 ) 2SI oy
Uy _ Uy

K&t ludgn: Phuong trinh c6 vo s6 nghiém nguyén duong ¥, y.
Cau 7:

Cho tam gide ABC, R 1a béan kinh dudng tron ngoai tiép tam gidc
d6. Ching minh rang

BC? < AB? + CA? + R’ (.
‘Dép én
Bat ddng thite (1) tuong duong véi
AR%sin?A < 4R%in’B + 4R%in’C + R’

o 4sin?A < 4sin?B + 4sin®C + 1

o 4(1 — cos?A) < 2(1 — cos2B) + 2(1 — ¢0s2C) + 1

<> 4cos®A — 2(cos2B + c;)sZC) +120

> 4c0s°A + 4cosAcos(B-C) +12>0

o (2c0sA + cos(B — C)? + sin*(B - C) 2 0
D4&u bing xay ra khi sin(B — C) = 0 va 2cosA + cos(B - C) = 0.
Do d6 B = C va cosA = —% hay tam gidc ABC can tai A va

o~

A = 120°.
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DE THI BE NGH] MON TOAN 10
TRUONG THPT CHUYEN THANG LONG — PA LAT

Cau 1: (4 diém)
X+y-z=1T
Gidi hé phuong trinh: {x® + y2 - 22 = 37
: Xy’ oz =1
Pap édn
bit {u - x Y gidu kién: u® — 4uv > 0.
vV=xy ,
u-z=Y 1)
Hé tré thanh {u® -2v-2z° = 37 (2)
u-3uv -z =1 3)
Tu(l)suyra:z=u-7. Thay vao (2) duge: v = Tu — 43
Thay z va v vao (3) duge: 18u = 342 > u = 19
Do d6:v=90,z=12
x =10

Véi {u =19 tim duge {x =9 hosc {y _9

v =20 y=10
Viay hé ¢6 2 nghiém (9; 10; 12), (10; 9; 12).
Cau 2: (¢4 diém)
Cho s§ thyc a # 0. Chitng minh:

\/a2 +yat+..++ya? < % + %(\/1 +16a° + V9 + 16a’ )

(n diu can)

Dép én

Pat x_ = \,/a2 +VaZ+..+Va® (n ddu cin)

2 _ .2
=> X =a"+x,,.

Chung minh (x,) 1a day tang bang quy nap. Do d6:
A x: <a’+x, © x’-x -a’<0

<:>%(1—J1+4a2)< X, <%(1+\/1+4a2)
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=X, <—;~+\/—1_+432 1
Ap dung bat ding thiec:
\ﬁal +a,)” +(b, +b,)? < \[af +b? + Ja + b} (al,az,b b, € R)

Taco: 1+4a® :\/GJr—gj +(a+a)’
g\[ilg+az+\/%+a2 :i(\/1+’16a2+\/§+1632) (2)

Tir (1) va (2) suy ra diéu phai ching minh.
Cau 3:
Cho a, b, ¢ 12 céac s6 thuc khong am thod diéu kién a +b + ¢ = 3.

Chdng minh: Ja + b ++Jc = ab+bc +ca.
Pédp an

Ta ¢6: 2(ab + be + ca) = (a+b+n:)2 —(a® +b% +c?)
Ta ching minh: a% +b® +c* + 2Ja+vb+Je) =29
Ap dung bat déng thdc trung binh cong va trung‘binh nhéan:

a?++a++a > 3a

b%+vb +vb=3b

¢+ e > 3¢
Vay: a?+b+c?+2Wa+vb+Jc)23@+b+o)=
Péng thic xdy ra<>a=b=c =1
Cau 4: (4 dzém)

X4c dinh da thie P(x) ¢6 b4c nhé nhat, véi cac hé s6 nguyén khong
am nhé nhat, sao cho v6i mdi s6 nguyén duong n4” + P(n) chia hét
cho 27.

Dap an
T4t ca dong du thic = sau day déu theo mod 27.
Tacé: 4" =(1+3)7 =1+C3+C28% +...+C13" =1+3n+ _____9“(‘;" b
- Nén ti: 4” + P(n) = 0 suy ra: :
P(n)=-1-3n- ?_n_(_%:—ll =98(-1-3n— gn(f;’l)) _
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=—-126n® + 42n — 28 = 9n® + 15n + 26
9n® + 15n + 26
Vay da thidc phai tim la:
P(x) = 9x® + 15x + 26
Cau 5: (4 diem) )
Cho tam giac ABC, vé cdc trung tuyén AM, BN, CP va cdc phan
giac AD, BE, CF. Cédc diém X, Y, Z thudc cac canh BC, CA, AB sao
cho ZMAD = #XAD; «NBE = .YBE; /PCF = /ZCF .
Chiing minh: AX, BY, CZ dong quy.
Pap an
Lay C;, B, tuong ting thudc AB, AC sao cho
AC, = AC, AB, = AB.
D& thiy D e B,C,.
Goi M; = AXN B,C,, dé thdy M, 14 trung diém cda B,C,

il

Ta c6: AM, = l(A_c‘1 +AB1) = l(EATnEKC) (1)
2 2 ¢ b ;
Nho phép chiéu phuong AM, 1én dudng thing BC
Ta cé: 0= %—(EXE+%)TC) = b2XB+c2XC =0
c

XB__¢
XC b
_ \ ,
Tuong tu: L_C-=~32-; Z__é:_hz_
c ZB a
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PE THI PE NGHI MON TOAN 10
TRUONG THPT CHUYEN LE HONG PHONG — TP HO CHi MINH

Cau 1: (3 diém)

Giai phuong trini. \/2’507 2008v2007 _ 55008 %2 = 2008
X

Pap an

Dé thdy ring phuong trinh khéng c6 nghiém am ho#c nghiém 0 va
ta gid s a 1a mdt nghiém duong caa né.

a__ 20082007  fooos -
2007 a

a V2007 20077

/—b— 2
= + + -142008 —-a
J2007  a  aJ2007
Ta c6 a + /2007 >2
V2007 a
2007% 2007? 2009 —a?
V3 —_——— 1 V2008 -
2 av2007 q :»gOQZ 2
2

_ 2007%.2 . a® + 2007
a® + 2007 2
Suy ra a=+/2007 (théa phuong trinh da cho). Vay nghiém cuaa
phuong trinh 1a x = /2007
Cau 2: (4 diém) _
Tim tdt cd cdc s6 nguyén t6 p ma véi né ludn tdn tai cdc so nguyén
duong x, y va n sao cho p" = x® + y%.

- 2008 > 2.2007 - 2008 = 2006

Pap an
Tac6 2' =1° + 1° va 3% = 1° + 2° nhuvay tanhdnp =2 va p = 3.

Bay gid ta sé& ching minh rdng p chi c6 thé nhan hai gig tri nay
ma thoi.

Gia si v6i s8 nguyén t6 p > 3 ludn ¢é céc s6 nguyén duong n, x, y
théa man p” = x° + y* (¥).

O day ta c6 thé gia st bo (n, x, y) théa (*) 1a bo ¢é s6 n nhé nhat.
Taco p* =x"+y° = (x + P)x* - xy + ¥
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Do p la s6 nguyén t6 16n hon 3 nén x khdc y, td d6 x +y > 3 va
X —xy+y’=x-yl+xy=3

= X +y va x° — xy + y° déu chia hé&t cho p.

T (x +y)* — (x> —xy +y?) = 3xy tasuy ra 3xy : p

= x : p hogcy : p (vi 3 khong chia hét cho p)
—>Caxvaydéuchiahftp=p">2p°=>n>3

n 3 3
=53] (3]
P p p
Nhu vay bd (n -3, x/p, y/p) ciing thda (*) mau thuln véi gid thiét n
l1a s6 nhé nhAt.
Cau 3: (3 diém) - A
Cho AABC c6 trung tuyén AD va 2 dudng cao BE, CF. Goi P la giao

BCV3

thi P la

diém cta AD va EF. Ching minh ring néu AD =

2

trung diém cda AD.
Ddp an
a? ‘
Ta ¢6 b% + ¢ = 2AD? + 5 = 232

b?+c?*-a* a*

= cosA = =
2bce 2bc
Ta c6 S, = Sppc cos” A = lbcsinA.—ai—.cosA
2 2bc -
_a’sin2A
- -

a’sin2(90° - A) a’sin2A
8 8
= Saer = Sper = P 1a trung diém cia AD.
Cau 4: (4 diém) -
Cho ba sd duong a, b, c. Chiing minh ring:
(a+b+c) ,a+b b+c+c+a
ab+bc+ca a+c b+a c+b

S, = %DE.DF. 5in EDF =

Dap an

BBT a2+b2+c2—abebc'—ca2b—c+c—‘a+a—b
ab + bc +ca ‘a+c b+a c+b
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2 z 2
(a-b)Y+(b-c)+(c-a) >b—c+c—a+a—b

2(ab + bc + ca) “a+c b+a c+b
<:>(a—b)[’ a-b 1 ]
2ab+bc+ca) c+b

+(b-c)[ b-c 1 }

2(ab+bc+ca)—a+c

+(c—a)[ c-a - }>Oi
2ab+bc+ca) b+a]

@(a~b)[—b—a— 2bc]+(b—c)[—c-b« 2ac}
b+c

a+c
+(c—-a)[—a——c— 2ab }20

a+b
@(a—b){—b—a_ Zbc}—(a—b)[_c_b_ 2ac}
b+c a+c
+(a—c){—c—b— 2ac]—(a—c){—a—c— 2ab]zo
a+c a+b
2 2
<:>(a—b) c—a+m +(a__c) a._b_*___z_a_gb__c)__ >
(b +c)a +c) (a+c)a+b)

2¢%(a - b)* . 2a’(a - e)b-c¢)
(b+cXa+c) {a+c)Xa+b)
B4t dng thic cuéi cung ding khi ta chon ¢ 1a s§ nhé nhat.
Cau 5: (3 diém)
Cho 9 s6 thuc bat ki. Ching minh ring giita ching c¢6 thé chon

1+x—y+xy<\/§,
l+xy

dugce 2 s8, chdng han x va y sao cho 1<

Pap én
Céc s6 da cho ki hiéu 1a x;; Xg;...; Xo.
Bidu didn moi s6 dudi dang x; = tana;, & didy o; 12 mot s6 trong

khoéng(—g;%),i =1,2..9. Ching ta chia doan nay ra thanh 8 doan

-

nhé ¢6 d6 dai biing nhau, nghia 13 c¢6 4% dai —g—

D& dang théy ring it nhdt c6 hai s8 trong ai,...e9 cing nim trong
mot doan con nao d6. Néu chung ta ki hiéu cdc s0 46 1a o; va o thi tu
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désuyra O<a; -0y <

Vi ham s6 tang 1a ting trong khodng (——g—;%) suy ra

tana,; - tana; X; ~ X,
= - < tan —=J2-1
1+ tano tana; 1+ XX,

1< L+ — %, + XX, <2,
1+xx;
Cau 6: (3 diém) ,
Trong mit phing véi hé toa do Oxy cho ba dudng thang:
di:3x—-y-4=0;da:x+y~-6=0;d3: x + 3y — 3 =0. Tim toa do
cdac dinh cta hinh vudéng ABCD biét ring A va C thude ds, B thude d;,
D thudc ds.

0 < tan(a; —a;) =

Pap an
Bed; = B(b;3b-4)
Ded;, =»D(d;6-d) -
Suy ra DB =(b-d;3b +d -10) va toa do tam I cta hinh vudng la
I(b+d;3b d+2)
2 2
Do DB 1 d3 va I € d3 nén ta c6 hé phuong trinh
5b +3d = 20 b=1
{5b—d=0 @{dzs
= B(1; -1), D(5; 1) va I(3; 0)
Toa do A va C la nghiém cta hé phuong trinh

6-3V2 6432

(x+3y-3=0 e T

{(xm3)2+ o5 @ N

¢ yo= _v2 _ V2

2 2

Vay toa do caa Ava C la ‘

Al 8-3V2 V2 V2) (64342 -2 .

2 2 ) 2 2 :

hoac A(6+§\/§;_\2/§j;0[6_§\[2-;—\/2—§—] '
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PE THI PE NGHI MON TOAN 10
TRUONG THPT CHUYEN LE HONG PHONG — TP. HO CHi MINH
Cau 1: (3 diém)
Tim m dé phuong trinh sau ¢6é nghiém duy nhat:
Vx +V1-x +2m Jx(1 - %) -24x(1-x) =m®.
Pap an

Ta thay: Néu xo 14 nghiém cta (1) thi (1 - x,) cling la nghiém caa (1).
Do d6, (1) ¢6 nghiém duy nhat thi ta duge:

x0=1—x0c>x0=% 0,5d

V6i x0 = %;thayvéo(l)sz \g +m-2 4L —md.

22
om=m’om=0vm=1lvm=—1. 0,5d
" Kiém tra diéu kién da: -
*m=0;(1) & Vx+/1-x-24x1-%)=0

2
<:>(‘\‘/;c_—x/41—x) =O<:>x=~;— 0,5d
*m=1L (1o Vx+V1-x+2Jx0-x%) -24x1-x) =1
Phuong trinh nay c6 it nhit 2 nghiém: x = 0; x = 1 0,5d

*m=—1; (1) <:>(‘\‘/§—\4/1—x)2+(\/_—\/1—x)2 =0

1
x-1-x=0_ |*73
1

= = ' 0,56d
Vx-J1-x=0 X =~
' 2

Két lugn: m = 0 v m = — 1 théa mén yéu cdu dé bai. 0,56d

Cau 2: (4 diém)
Cho n 1a s6 nguyén duong. Biét riing (2n + 1) va (3n + 1) 13 hai s6
chinh phuong, hdy ching minh n chia hét cho 40.

Pap an
*Taco2n +1=m? ma2n + 112 mot s6 18, vy m 16: m = 2k + 1,
suy ra

125




2n +1=(2k + 1 = n = 2k(k + 1) Vay n chén. 0,5d
* Dong thoi 3n + 1 = p?, ma n chdn, vay p1é: p = 2t + 1, suy ra
3n+1=2t+1?=3n=4t(t + 1)

T day suy ra n chia hét cho 8 1d
*Ta cé: 5n = 2n + 3n = 4[k(k + 1) + t(t + 1)] (1)
= k(k + 1) + t(t + 1) chia hét cho 5 ' - 0,5d

* That vy d€ y rang néu u va v déu khong chia hét cho 5 thi:
u(u + 1) = 1 hoac 3 (mod 5)
v(v + 1) = 1 hodc 2 (mod 5)

=ulu+1)+v(v+ 1) = 0 (mod 5) 1d
* Do vay tir k(k + 1) + t(t + 1) chia hét cho 5 = k va t déu chia hét
cho 5
= n chia hét cho 5 0,5d
* Vi n chia hé&t cho 8 va 5, nén n chia hét cho 40 - 0,5d

Céau 3: (3 diém) .
Cho tam gidc déu ABC ngoai ti€p dudng tron (O) trén AB va AC
14y hai di€ém M, N sao cho MN luén tiép xic véi dudng tron (O).

. . AM AN
Chiing minh: M—ﬁ+ﬁ6 =1
Dap an
bat AB=2a,IM =m, JM = n.
Ta c6:
WE NG L om el
2a? - 2mm _1
a’+m+n+mn
< a’=m+n+3mn | 0,5d
AAMN cho: MN? = AM? + AN? — 2AM. AN.cos60° 0,5d

< (m+n)f=(@-m?+(a-n’-(a-mia-n)
<a’=m+n +3mn
Vay: Bai toan da dugc chitng minh 1d
Cau 4: (4 diém) _
Cho x, y, z 1a ba s6 thuc khong 4m thod mén didu kién: x +y +z = 1
Tim gid tri nhé nhat va gid tri 16n nhat caa biéu thite:
P =yz + zx + xy - 2xyz
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) Pap éan
* Ta co: P =xy(l —z) +xz(l-y)+yz>0

X,y,2

nenl-z>0val-y>0) 1d
x+y+z=1 .

(Do gié thiét {
Dau déng thdc xay ra khi trong ba s8 x, y, z ¢6 hai s bang 0 va
mot s6 bang 1 ,
Vay Min P =0 0,5d
*Ta cod (1 — 2x)(1 — 2yX1 — 2z) :

c=1-2x+y +2z)+4(yz + zx + xXy) — 8xyz
max+y+z=1= (1 - 2x)1 - 2y)(1 — 22)

=~ 1+ 4(yz + zx + Xy) — 8Xyz

:>P=i—[1+(1—2x)(1—2y)(1—22)] 1d

Ap dung bat déng thitc quen thudc cho ba s6 x, y, z khong am ta co:
(y+z—x)(\z+x—y)(x+y—z)<xyz

3
X+y+2z 1
= (1 - 2x)(1 - 2y)(1 - 22) < < | 2222 = —
( X) yX1 - 22) < xyz ( 3 ) o
3P<ll+_1__:|:_7_. ] 1d
4 27 27
. 2 » . = = ZO
D4u déng thuc xay ra khi {x y=2 SX=y=2z= 1
_ x+y+z=1 3
Vay Max P = 7 0,5d

27

Cau 5: (3 diém)
C6 5 difm nim trong mot hinh vudng canh a = 36,7 (don vi do dai).
Chung minh ring ton tai it nhdt mot diém nim trong hinh vudng
hodc trén canh hinh vudng ma khodng céch tu diém d6 dén 5 diém
néi trén déu 16n hon 10.

Dap an
Gi4 sit hinh vuéng da cho 1a ABCD, goi H, K theo thi tu 1a trung
diém cta AB va CD. Ldy M, N trén doan HK sao cho: HM = KN =
8, khi dé MN = 20,7 va MA =MB = ND = NC =

= JAH? + HM? = 400,7225 > 20 1d
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= Trong 6 diém A, B, C, D, M, N thi khoang

cach gitta 2 diém bat ky déu 16n hon 20.

Xét 6 duong tron tdam A, B, C, D, M, N

6 ban kinh R = 10. D& thdy cac dudong A H B
tron nay ngoai nhau nén ching khong
c6 diém chung. 1d M
Vi trong hinh vudéng chi ¢6 5 diém da
cho nén s& ton tai mot dudng tron N
khong chira diém nao trong 5 diém dé.
Goi O la tdm cha dudong tron nay, khi

" D. K C

. d6 diém O thod man yéu cau dé bai. 1d

.Cau 6: (3 diém)

Trén mit phing véi hé toa dp Oxy. Cho 2 dudng thing
(dy):x-2y-2=0
(dg): 2x + 3y — 11 = 0.

Pudng thing (d) di qua giao diém cla (d;) va (dy) c4t hai tia Ox, Oy

1an lugt tai A va B.Viét phuong trinh dudng thing (d) sao cho:

1

——+ —1—2 nhé nhit.
OA® OB
Dap an
Gid sir A (a; 0) va (0; b) v6i a, b > 0 thi (d) c¢6 phuong trinh:
X, Y_ '
a b )
Goi M 1a giao di€m cda hai dudng thing (d,), (dy) thi M (4; 1).
Vi diém M e (d) :>fl-+%=1 (1) 1d
a
1 1 1

Ta c6: 1 b = s —
" 0A? OB? a? b?

Z\p dung b4t ding thic Bunhiacdpski ta ¢6:

2
(42+12)(a—15+B17)>(§+%j =1 :>ai2+312—2i17 1d
o 110 bl
D&u dang thuc xdy ra khi: {a b < 4
4a=hb b =17

Vay Min (6%2_ + é,;) = 117 Khi d6 duong théng (d) c6 phuong trfinh

l:dx +y—-17=0 1d
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E THI CHINH THUC OLYMPIC TOAN 11
TRUYEN THONG 30/4 LAN XIV - NAM 2008

Bai 1: (4 diém)
2 _9 =3y -3

Giai hé phuong trinh .
' 3 -2=8x-2

. bap an

2*-2=38y-3" (1)
(I) y .

F-2=3x-2" (2) ,

Lay (1) trir (2) ta duge: (2 -2") +(3* -8) =3(y -x) (3) (0,5 d)

Néu x > y thi (3) khong xay ra.

Néu x < y thi (3) ciing khong x4y ra.

Do x = y théa (3) nén hé phuong trinh tuong duong vé6i hé
y=X E

. (1d)

2*+3-3x-2=0 ()

Xét ham sd f(x)=2"+3*-3x-2; xeR.

Ta c6 f'(x) =2"1n2+3"In3-3 lién tuc trén R, dong bién trén R.

Ma lim f'(x) = +oo, lixp f'(x) = -3, nén f'(x) =0 ¢6 dang mdt nghiém x,.

X—»t+s

(1d)
Suy ra biang bién thién cia f(x) nhu sau:
X —o0 Xy +00
f'(x) — 0 +

flx) \ /

Suy ra rang fix) = 0 ¢6 nhiéu nh4t la 2 nghiém. (1 d)

Ma fl0) = f(1) = O nén x = 0 va x = 1 1a 2 nghiém cda phuong trinh

fx) = 0. '

Két luan: Hé da cho c6 ding 2 nghiém 1a (0; 0) va (1; 1).(0,5 d)
Bai 2: (4 d)

Cho day (u,) duge xdc dinh nhu sau:

(Vvn+1+ \/;1_)un = -—3—; n=123,..
2n +1

. . N 1004
Ching minh rang u; +u, +u, + ...+ Uy, < 1005
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Pap an
2 :2(\/k+1--ﬁ€)
(2k+1)(\/-ﬁ+f) 2k +1

Tacé: u, =

20k +1 k+(k+1) 2k +1
d Jk(k +1)
=M< 2«/k(k " 1 2

(0,5d)

=y < —\/—K_——_—m (1;5 d)
) ' 1 1 )
Do d6: u, +u, +uy +..+u, < [1——\/—;) (—\[—_———\—/—_—) (7_.—-\/1_{_1_)
+
:>u1+u2+u3+..+uk<1—\/kl_I (1,5 d)
+
il o2 o2 g 2 .k

vk +1 4k +4 JK2 + 4k + 4 "Tk+2 k+2

Nhu vay ta di dén: u, +u, +u, +..+u, <

diéu phai ching minh.
Bai3: (4 d)
Cho hinh chép OABC cé géc tam
.dién dinh O 1a tam dién vudng.
M la di€m thudc mién tam gidc A
ABC. Tim gid tri nhé nhit cda
AM? BM*®? CM?
+—+ . ‘
AO? ' BO? ' CO? | 5
Pap an
DPat OA =a; OB =b; OC = ¢ 1a cdc vectd cd sG,
OA =a;0B=b;0C=c.

O

Taco OM = xd + yb+2z¢ véi x+y+z=1 x,y,220.
AM =OM -OA =(x -1)d +yb +z¢ (0,5 d)

Suy ra AM? = (x - 1)%a? + y2b? + 222

2 2 2

Do d6 =(x—1)2+y2E2—+z2
a

C
32 32

k2' Véi k = 2008 ta co

(1d)

131




Tuong tu

BMZ 2&2 2 2C2 CM2 282 2b2 2
b2 =X B—i+(y—1) + Z E‘Z,—c?—zx c—2+y ;2—+(Z—1) (1 d)

Cong céc bat ddng thic trén v& theo vé ta cé:

AM? BM® CM _ xzaz(g,+_y)+ zbz(i+ }_)
20 T BO? T Co? = e y &l

+ZZCZ(L2+§TJ+(X‘1)2 +(y -1 +(z-1)°
a

= (;12— + T)% + Elgj(x2a2 +y*b? + z2c2)

Xy )+ -1+ (- D)+ (z-1)°

:(%chlgwulzj(xzaz+y2b2+z2c2)—2(x+y+z)+3 (1d)
a c

1.1 1 0
b? ¢* OH*

| : by N Ll b A N 1 bY
Goi OH 14 dudng cao cda ti dién thi — + a
a

x%a? + y?b? + z*c* = OM?
AM? N BM? N CM? _ oM?*
AO?  BO®* CO* OH’
D4u ding thic xdy ra khi OM = OH hay M=H va gid tri nhd nhat
can tim 1a 2. 0,5d)
Bai 4: (4 diém)

Do dé +1>2 (1d)

Cho phlfo'ng trinh véi n nguyén duong x + 2x* + ...+ nx" = 2—

Ching minh ring v6i moi n nguyén duong, trén khoang (0; +wx),
phuong trinh trén ¢6 nghiém duy nhat, ki hiéu 1a x,.

Ching minh ring day (x,) c6 giéi han hiu han khi n — +o0. Tinh gi6i
han dé.

Pap an
Xét ham sé fn(x)=x+2x2+...+nx“—i—, lién tuc trén R va c6

f(x) =1+2°x+...+ 0’ va fi(x)>0,Vx e (0,+x) nén ham s& fi(x)
ting trén (0; +) (1)
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Ma f (0) = —2— <0,f (1) >0 = phuong trinh f,(x) = 0 ¢6 nghiém trong

’on

khodng (0; +x) (2)

Tit (1) va (2) suy ra phuong trinh fi(x) = 0 ¢6 nghiém x, duy nhat
trong khodng (0; +) (1 d)

n--1
Ta cé 3fn(l)=1+2.l+...+n.(l) _9
3 3 3

£, (%j - % . 2.(%)2 ot n(%) _

Trit v& theo vé

n-1
2fn(lj=1+l+...+(l) _£_§=§(1_i)_£_§=_2f‘+3<o
3 3 3 3r 2 2 3) 3" 2 2.3"

Do dé: xn>—;—,‘v’neZ+ ' ‘ (1d)

4
3
4

Ap dung Lagrange, ton tai y,_ € (%;xn) sao cho:

%n + 3 1 1 . . 1 .

n = = fn(xn)—fn(—é) = Xn’g'lfn (yo)| > xn'—g‘ vi fi(y,)>1
véiy,>0. - (1d)
Mit khac lim 2253 -0 = limx, =+ o ad

x2xn 4.3 X—>® 3

Baibs:(4d)

Tim t&t ca cdc ham s6 f xdc dinh trén tap hop cac s0 nguyen Z va lay '
gia tri trong tap s6 thuc duong R* sao cho

flm — Df(m) + fm)fim + 1) # 2flm — Dfm + 1), vm € Z.
Péap é4n |
Gia s& ham s6 f théa
f(m- 1)f(m)+f(m)f(rn+1)<2f(m 1)f(m+1) vm e Z (1)
1 1 .2 ‘
+ <
fm+1) f(m-1) fém)’
1 1 1 1
= - < -
fm+1) f(m) f(m) f(m-1)’

VvmelZ (05d)

vm € 7.
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11y
f(m) f(m-1)

Tacé:gim+1)zgim),Vme Z (2) | (0,5 d)

bit g(m) = me2.

Né&u film) khong 12 ham hang thi ton tai k € Z sao cho gk) # 0. (0,5 d)
» Xét trudng hgp gk) < O
Véi pnguyén duong ta cé

gk+1)+g(k+2)+...+g(k+p)=

(@) (@ wr) (e wse)
T\ fk+1  fk)) \fk+2) fk+1)) = (f(k+p) flk+p-1)

N SRS

" f(k) f(k+p)

L1 1
f(k+p) f(k)

(do(2))

< s + pg(k)

+gk+1D+gk+2)+..+gk+p)

Ta cb

> 0, ta sé chon p nguyén duong sao cho S pgk) <0 (*)

1
f(k +p) f(k)

- d€ phat sinh mAu thuin.

. Ro rang ta luén chon dugc sé
f(k)g(k)

Ma vé6i gk) < 0; (1) ©p>

nguyén duong p théa (*).
1 1 .
Khi d6 0 < k) <0, vo ly. 1d
idé <f(k+p) f,(k)+pg( )<0,voly. (1d)

» Xét trudng hop gk) > 0:
Véi q nguyén duong ta cé
gk)+g(k-1)+...+g(k-(g-D) =

_( 1 1 )+( 11 )+ +( 1 1 )
k) fk-1)) \fk-1) fk-2)) 7 {f(k-q+1) fk-q)

_ 11
fk) f(k-q)
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1 1
= - =
flk-q)  f(k)
do(2) 1
T £l

+ gk +gk —D+.+gk -q+1)

+qg(k)

flk -q)

Ta cé < 0, ta sé chon q nguyén duong sao cho

1
- k 0 (**
f(k)+qg( ) > 0%

dé phat sinh méau thuln.

1 .
Ma véi gk) > 0; (2) < __ . Ro rang ta luén chon dugc so
X a voi gk) > 0; ( )‘ q> Fi0g®) 6 rang ta ludn chon gc sO
nguyén duong q théa (**). ‘
-1 1 ’
Khi dé6 0 > >~ +qg(k) >0, vo ly. (1d)
k- ) E d

Vay fim) phai 1a ham hing = flm) = C, Vv m € Z v6i C la s6 thuc
duong tay y.

Nguoc lai: Néu flm) = C, Vm € Z v6i C 1a s0 thg’c duong tuy y thi (1)
thoa. ,

Vay fim) = C, V m € Z véi C 1a s6 thyc duong tuy ¥ 1a ham s6 phéi
tim. (054
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PE THI BE NGHI MON TOAN LGP 11
TRUONG THPT CHUYEN LE HONG PHONG - TP HO CHi MINH
Cau 1: (... diém)

Giai phuong trinh
x! B [ x* 2% 1976

.
ZX[——X-§+1)+————3+1 . 2008 197%
1975 1975 1975° 1975 1975

1 X - 2—3(24—4»)&-3275S
+ (x - _____) 920081975° 19757 .. 1975
1975

Dép 4n

bata = 19175 ta duge (1) tré thanh
(2°x" +2a°%* +2x + 1) =
(a’x* +2a°x” + x + 2.+ 1)2008*" + (x — a)2008" ' 12 et
< (a’x" +2a°x® +x+a%1) =
(a“’x4 +2a%  +x+a+ 1) 2008 + (x —a)2008 *2* K arl (5 _ x)
& (agx4 +2a’%* +x+a+ 1)(2008"‘a —~ 1) +
+ (x - 2)(2008" = xwd 1) =
= f(x)(2008"* - 1) + (x - a)(2008™ -1) = 0

véi fix) = a’x* +2a®x* +x+a+1
* Néu x = a hoac f(x) = 0 thi (1) thda.
20087 -1 . 2008 — 1

*Néuflx)rOvax#athi(l) o P =0 (2).
X—-a X ’

. t

Datg(t)=399§t_i_1..

Nhan xét: Néu t > 0 thi g(t) > 0 va néu t < 0 thi g(t) > 0.
Suy ra v6i moi t # 0 thi g(t) > 0 = (2) vd6 nghiém.
x=a

f(x)=0 (3)

. Tac6 (3) < a’x"+2a’x" +x+a+1 =0

Vay (1) @[
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o a‘x? +2a%°k® +ax+a’+a=0
Patt=axtadugct’ + 2at? +t+a’+a=0
ocaZ+@+Da+tt+t=0

ot -14(2t-1) [a:~t2+t—1 {tz—t+a+1:0(4)
<> a= < <

9 a=-t? -t t?+t+a=0 (5

*(4) c6 A = —4a — 3 < 0 nén (4) vd nghiém

*(5)c6A=1-4a= 1971 > 0 nén (5) c6 2 nghiém la
1975 ‘
4 1971
¢ - 1975

2

1975 -1+ |21
\1975

1975 -1+ [127)

1975

1
y X = =
1975 2

Suy ra (3) ¢6 2 nghiém la x =

Vay (1) ¢6 3 nghiém 14 x =

Cau 2: (.. diem)

Cho n 12 s6 nguyén duong. Tim s@ cdc da thic P(x) b4c n v6i cac hé

s6 thudc tap hop
E = {0; 1; 2; 3; 4; 5; 6; 7; 8 } va thoa P(3) = n.
bap an ‘
Xét P(x) = > a,x* véia, e EvaP@)=n
k=0

Do a, € E nén c6 thé viét a, dudi dang a, = 3by + ¢, v6i by va ¢

thude F = {0; 1; 2} '

— P(x) = 3 (3b, +c,)x* = P(3) =33 b3 + 3¢, 3"
. k=0 " k=0

k=0
batt= Y b 3" tacot e Nvan=3t+ 3 23t =>te N sao
) k=0 k=0

choO0<t< [P—}
: 3

Nguge lai, véit e Nva 0 <t < {g}, ton tai duy nhat cach viét
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t= 3 b,3" véiby e F.
k=0
(khai trién dang co s6 3 cia t)
va ¢6 duy nhdt cach vi€t n — 3t = ) ¢, 3 vdi ¢x e F (khai trién
k=0
dang co sd 3 ctia n — 3t).

. .
Khi d6 da thic P(x) = ) a,x* v6i ax = 3bg + ¢, ¢6 cdc hé s ax € E
k=0

va théa P(3) = n.
Nhu v4y: Ton tai song 4nh giita t4p hop cac da thic P(x) théa didu
kién dé bai va tap hop

n

G=1{0;1;2;.; [—}).
3

.
Do d6 s8 da thic P(x) théa yéu ciu bai toan la [%J + 1.

Cau 8: (.. diém)

Trong céc ti dién cé tdng do dai cdc canh bing 6, hay tim t¢ dién
c6 thé tich 16n nhat.

Pap an

Gid st ABCD la ti dién cé téng do
dai 6 canh bang 6. Goi a;; as; ag; a4; as
va ag 1an lugt 1a dé dai cdc canh AB,
AC, AD, BC, CD va DB.

Ta dung hinh hép AB'DC.A'BD'C
va dit Vy; V 1an lugt 1a thé tich cua
hinh hop va caa ti dién ABCD.

Ve AH L (ABD'C) tai H, AE L A'B
tai E va AK | (BBDD) tai K.

o, 1
Ta ¢6: Vgpap= Vcepa= Vasrc = Voorc = EVI
1 .
=>V=2-V; (1)
3 : .
* V; = Spypc.AH = %a3a4 sin (AD; BC).AH < %a3a4.AH (2)

Tuing tu ta c6 Vi < %a2a6.AK 3)
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Tit (2) va (3) suy ra
V2 < i—aaa@QaG.AH.AK < i—aaa4a2a6.AB'.AE

= %(fjl_,@l‘taz.ae.SA.BB.A = %aSaA,az,aﬁ.al.a5 sin(AB;A'B")

1 : 1 a1v+az+...+a6 !

< §a3a4a286.a1 8y < —8— 6 = -é
=V, < {2— > V< il—l—z_z— Diu "=" x4y ra < ABCD la tir dién déu c6
canh bing 1. A

Vay tir dién déu c6 canh biing 114 ta dién can tim.
Cau 4: (... diém) ‘
Cho aj, ag, as,..., aze0s 12 cdc s6 thuc khong 4m thay ddi sao cho:
a, + 8z +... + 008 = 2
Tim gid tri nhé nhat cta biéu thic:

a a, a a
F = = 1 + - 2 + ..+ 5 2007 + 220048 .
a;+1 az+1 aje+1l a;j+1
Pép an

Xem aggg = a1, ta cb:

2008 2008 2
a, a.a;
= ! = it bt L2 Y
F Z 2 11 - Z [ai 2 ]

!

Z
i1 24 i=1 a;, +1
2008 2 2008
_ 28, a;8;,;
=2- ) StEL 2o ) (1)
-1 iy t i1
2
a;a;,, a;a;,, 3 2 2
Wi A <=0 @ aag, Ay >2aa’, < aa, (a, -1) 20)

i+l
B8 d@&: Néun >4 thi V aj, as,..., a, = 0 ta luén c6:
(a; + g +... + 8y)° 2 4(a185 + @83 + .. + 8 18n + And1)
Chiing minh b6 deé:
Dat flay, as, .., 8,) = (a1 + 8 +... + &) — 42182 + 8283 + ... + &n- 130 + a,a;)
ta ching minh f(a, a,, .., a,) 2 0 (*) bang quy nap theo n (n = 4)
+) n = 4: fla;, ag, a3, a4) =(a; + az + az + a,)? — 4(a1ag + aga; +asay
+a4a2;)20
o [(ay + as) + (az + a9l — 4(a; + az)az + a4) 2 0
o [(a; + ag) — (ag + a,)1% > 0 (ding)
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+ Gia st (*) dung v6i n = k (k > 4). Ta ching minh (*) dung véi
n=k+ 1.
Théat vay: Véi ay, ag, ., ai, axa 2 0 ta c6 fla;, ay, .., ay, ax,;) khong
ddi qua phép hodn vi vong quanh cdc bién nén c6 thé gia s
ax, 1 = min(a,, a,,.., ax,1). Theo gid thiét quy nap ta cé:
f(al, Qg, .., 8k-1, Ak + Ak + 1) > 0.
Mat khac:
f(a, ag,.., ak-1, ak, axa) — flay, ag,.., a1, ax + ag.)
= (a; + 8 + .4 +ap+ ap)? — Ada,8; + asas +...+ Ap_13k + Ak,
+ A,181) — (a1 + 82 oA +H@x + A1)]? + 4[aja, + asag +
+ .o+ Apg(ax + 8g) + (@ + age)a) ’
= 4[ax 18k + 218k — Ax8k] = 4[ax 18k + ax(ar— ax)] 2 0
Vay fla,, ag,.., a1, 8, ax1) 2 flay, as,.., 1, ax + ay,1) > 0. BS dé
dugc ching minh.
Ap dung B§ dé vao bai toan dang xét ta c6:

2
4 = (a1 + as + ... + 32008) > 4[3132 + agas + ... + Q909789008 + 3.200331]

2008 2008aa 1 3
= Za,am < 1 (ag0e = a1) = 2 ~ Z Sl 92 = 2 (2)

) i=1 2 2 2
Tu(l)va(2):>F2S‘Lgyal=az=1;3-3=3~4=...=3.2008=0tacé
F=3

2

Vay gid tri nhé nhat cha F 1a g

Cau 5: (.. diém)

Ching minh rdng v6i mdi sé nguyén n 16n hon hay bing 2, phuong

trinh 1975(x" - x) = 2008 trén (0; +«) ¢6 nghiém duy nhit x,. Ching

minh day (x,) , hoitu vé 1va tim limn(x, -1).

Pap an
Phuong trinh 1975(x" — x) = 2008 (*)

a) V6i moi n € N, n > 2 xét ham s8 f(x) = 1975(x" — x) 2008.

Ta cé:
* f.(x) lién tuc trén R
*NeuO0<x<lthix"-x<0=fx)<0,Vxe [O 1]
* £,(2) = 1975(2" — 2) — 2008 > 1975(22 — 2) ~ 2008 > 0




¥ £1(x) = 1975(nx" "' = 1) > 1975(n - 1) >0, Vx> 1= f,(x) tang
trén (1; +o)
SuyraVneNvanz22 trén (0; +o) phuong trinh () co nghiém
duy nhat x, va 1 < X, < 2.
b) Véi moin € Z va n > 2 ta co:
(%) = Fu(x) = 1975(x" "1 = ) = 1975(x" - %) = 1975x"(x — 1)
= £,,1(%n) — fu(%Xa) = 1975 5] (X0 — 1) > 0

= £..1G) > fu(xn) = 0 = foa(Xni)
Ma f, , (%) ting trén (1; +0) = Xu > X+ 1, vneN,n>2
= (x,) gidm, ¥V n > 2.
* K&t hgp v6i 1< x, < 2,V n €N, n > 2 ta suy ra (x,) hoi tu vé a va
9>x%x,>a>1vneN,n>2
Ta ching minh a = 1:
Gii st a > 1 khi d6 lima" = +onén 3m € N* sao cho a™ > 4
— 0 = f(xm) = 1975( x5 — Xqn) — 2008
> 1975(a™ — 2) — 2008 > 1975(2) — 2008 > 0 (vd 1i)
Vay a = 1 nghia la (x,) hdi tu vé 1.
c)Datynzxn—13yn>0,\7’neN,n22vé\limyn=O(doxn> 1va
Iimx, = 1)
V6i moin € N, n > 2 ta co:
0 = f,(x,) = 1975(- x,,) — 2008

. 2008
- X =X +—-—
1975
' 3983 - 3983
= (1 "= hadithutud In(1 -1
Ay =3, + 1g7p = P10y =InGa+ g0
3983
In(y_ + )
_ 7" 1975
= ™ Ty, |
Yo
‘ lm(1 +y.)
= limn(xn —1)=1imny“ :1n%§§ (do __l_nl_(_i_y_“_zl)

5 Va

Cau 6: (.. diém)
Tim tit cd cdc ham sd f xdc dinh trén tdp hgp céc s0 nguyén Z va
14y gid tri trong tap s6 thyc duong R’ sao cho
fim — Df(m) + fm)fim + 1) < 2fm - Dm + 1), vm € Z.
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Pap an

Gia sirham sé f thoa _
flm — Dflm) + fm)flm + 1) < 2flm - Nfim + 1), Vme Z (1)

1 1 2
= + < ,VmeZ.
fm+1) f(m-1) f(m)
= 1 . < LI 1 ,Vme Z.
flm+1) f(m) f(m) f(m-1)
bat g(m) '= f(:n)—f(ml— TR Vme Z Tacéo: glm + 1) < glm),
VmeZ (2)

Néu flm) khéng 1l ham hing thi ton tai k € Z sao cho g(k) # 0.

» Xét truong hop gk) < 0:

1

1
K
i~ fan T Pek) <0

LAy s6 nguyén duong p sao cho p > -

Ta c6 f(k1+p) :f(1k)+ gk + 1) + gk + 2) + . + gk + p)
(do(2)) k 0
|
F) TP <

mAau thudn véi gid thiét flk + p) € R*.

» Xét truong hop g(k) > 0:
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L4y s6 nguyén duong q sao cho q > 1 +qgk) >0

S 1
- g(k)f(k) f(k)
-1 1
f(k -q) f(k)

(do(2n

1
> —— k 0
f(k)+qg( ) >

mau thuan véi gia thiét filk — q) € R*.

Vay fm) phdi 1a ham hing = flm) = C, V m e Z véi C 1a sd thuc
duong tuy y.

Nguge lai: Néu flm) = C, Vm € Z véi C 1a s6 thuc duong tuy y thi
(1) théa.

Vay flm) = C, vm e Z va C 1a s8 thuc duong tiy ¥ 12 ham s6 phai tim.

Ta cé: + gk) + gk -1 + . +gk-q+1)




PE THI BE NGHI MON TOAN 11
TRUONG THPT TP CAO LANH — DONG THAP

Cau 1: (3 diém)
x-3z-382°x+2> =0
Gi4i hé phuong trinh: ¢y - 3x - 3x°y + x*=0
z—3y—3y2z+y3 =0

' 1
Hé pt & 1-3x2)=3x-x* (DK x,y,z2t—F
p y( ) y Nz

3
< = 3z~ z2 D
3x - x° :
(D y 1~3x‘( ) )
3y -y’
= 3
z2= 1" 3y 3
bat: x = tana, a € [—E;E) (4) va tana, tan3a, tan9a # i—l: 5).
2’9 J3

Khi d6 tu (D) ¢6: y = tan3a; z = tan9a; X = tan27a. Tu 46, (x,y, z)
la nghiém cta (II) khi va chi khi: x = tana; y = tan3f;
z = tan9o v6i a duge xdc dinh bdi (4), (5) va tana = tan27a (6).

Ta c6: (6) < 260 =kn, k € Z < a = —1252—; o théa déng thoi (4), (6)
o o= 12‘_2-, K e 7: 12 < k < 12. T4t ca nhiing gid tri nay déu théa (5).

Vay hé ¢6 25 nghiém:

(x = tan—lﬂ;y = tan3—k—75;z = talnglﬂ -k = 0; +1; £2;..; +12.
26 26 26
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Cau 2: (3 diéem)
Cho 6 s6 X3, Xg, X3, X4, X5, Xg 520 cho X;XpX5X4X5Xg = 1;
6

& 1 1
X, =y —; XX = — (%)
; ; X; 1s§s6 ! 15%56 XX,
Ching minh réang khi dé cde sd (x; )?:1 dugc chia thanh 3 cap, tich

hai s8 trong méi cip bang 1.

Pap an
6
bat S = in S, = z XX,
i=1 1<i<j<6
S, = Z XXX, Si= D X X X X
1<i<j<k<6 1gi<j<k<l<6
S, = Z XXX XX, Sg = X XXX X5 Xy

1gi<j<k<l<ms<6

Theo dinh 1y Viet x;, x5, X3, X4, X5, X6 12 6 nghiém cla phuong trinh

x® - S)x° + Sox* - S$3x® + Sx2—Ssx+1=0 (1)
. S, =S
Tu gid thiét (*) ta dugc { v
Sz = S4

Do d6, néu x¢ 1a nghiém cta (1) thi 1 cing la nghiém cda (1).
. X
Véy tap nghiém cda (1) duge phan thanh 3 cip ma tich hai so
trong moi cip bang 1. '
Cau 3:

Cho hai dudng théng x, y c¢6 dinh. Hai diém M, N thay déi trén x
va hai diém P, Q thay d6i trén y sao cho MN = a va PQ = b, trong d6
a, b 1a cdc do dai cho truée.

Hay xac dinh vi tri cia M, N, P, Q sao cho bdn kinh hich cdu noi
tiép ti dién MNPQ 1a 16n nhAt.

Pap an
Goi'V, S va r 1an lugt 1a thé tich, dién tich toan phan va ban kinh
hinh cdu néi ti€p ti dién MNPQ. XY 14 doan vudng géc chung clia hai
duong thdng x, y, X trén x va Y trén y, XY = d, (x, y) = o.

Ta c6 r:S—Y-
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V= %MN.PQ.XY.sin(x, y) = %abd.sinq) - const.

Tiu d6 suy ra rmax < Smin
Ha MM, Ly=M; NN; Ly=N;; PP, Lx=P;; QQ: Lx=Q,

Ta c6 2S = MN(PP; + QQ,) + PQ(MM,; + NN;) = 25, + 2S, trong d6
2S; = a(PP; + QQ,); 25, = b(MM,; + NN;) ,
Ta chiing minh S, = min va S; = min < S = min. That vay, chiéu
toan bd hinh vé 1én mp (P) nao d6 vudng géc véi x ¢ diém O. Goi
y’ 1a hinh chiéu caa y 1én (P), trong dé6 O, H, P’, Q lan lugt 1a hinh
chi€u cua X, Y, P va Q trén (P).

Dé thay: OH //= XY = d’' P'Q’ = PQsing = b’ = bsing (hang s0), ciing
vay: PP, //= OP"; QQ, /= OQ’

Tu dé ta duge, 25, = a(OP’' + OQ'). Suy ra: Symin <> OP' + OQ’ = min
ViOH L P'Q =H, OH = d,
P'Q = b’ = bsing nén tam
gidc OP'Q’ c¢6 dién tich
khéng déi. Tu dé dé thay
tam giac OP’Q c¢é chu vi
nho nhat, tac 1la OP' +
0OQ’'= min, khi va chi khi
noé la tam gidc can & O, tuc
la khi va chi khi P’ va @’
d61 xing nhau qua H, va do
dé P va Q do6i xing nhau
qua Y.

y

Chung minh tuong ty, S; = min <> M va N d61 xiing nhau qua X.
Tém lai, ban kinh hinh ciu ndi ti€p tt dién MNPQ 16n nhat khi
va chi khi dudng vudng géc chung XY ciia hai dudng chéo nhau x
va y 1a truc d6i xing cia ti dién MNPQ (c6 canh MN = a trén x va
canh PQ = b trén y), nghia la: XM = XN = -;. va YP = YQ = g.
" Cau 4:

Cho m 1a s6 nguyén 16n hon 4. Tim gid tri 16n nhat, gid tri nhé
nhat cda biéu thize: P = ab™ "' + a® " 'b, trong d6 a, b théa:a + b = 1

va 0<abs B2
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Dap an

Tac6P=ab® '+a™ 'b=al-a)™ '+a” '(1-a)

=a"’"1—am+(1—a)m"l-—(1—~a)m,——sasm‘z
m m
Xét ham sé f(x):x'"“—xm+(1—x)m_l«(1—x)mxé{~2—;—¥l—:—%}
‘ m m
Tacé: f'(x) = (m - 1x™ 2 - mx™" ! -
—m-1DA-3""2+mA-x""" (1)
- —2 m-3 2
f(x)=m(m-1 m“—n———] ~1)(1- {———]
(x)=m(m-1)x [m x|+m(m-1}1-x)""|x —
Vi xe [%—,m _2] nén f "(x) > 0 = f '(x) ddng bién.
m .

Vdi—12-<xsm :>f’(x)>f’(-;—)=0

s

= f(x) déng bién trén [1’_19_:3}
2" m

Véi —2—<x<—;—:>f’(x)<f’(1):0:>f(x) nghich bién trén [-2—,%}
m

m 2

Do d6, f._ = f(%j _gim

e GRS

Chimg minh ring véi mdi s nguyén duong n cho trudc phuong
trinh: x*®* ' - x - 1 = 0 c6 ding mot nghiém s8 thyc. Goi nghiém sO
thuce ay 1a x,. Hay tim limx,,.

Pap an
Ta thdy x < 1 khong phai 1a nghiém cia phuong trinh.
That vay x> *! - x=x(x* - 1) =1
Néu x < -1 = x* > 1. V& trai am.
NéuO<x<1thix*®*'<0cOnx+1>0.

Néu-1<x<0thix**'<0<x+1.
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Xét ham fx) = x* = x - 1¢6 f'(x) = (@n + x™ - 1> 0 veix>1
ma f(1) = =1 < 0 nén tén tai duy nhdt 1 <x, dé fix,) =0

A In+x +1 2n +1
Theo BDT Cosi: =2“+\1/ +1<c=———"0 o x < =
€0 O8I %o *n 2n +1 " 2n
Vil<x, < 2n +1 ma limz—nilzl nén: limx, = 1.
n 2n
Bai 6:

Tim céc da thic f{x) ¢6 tat ca cac hé so déu 1a sé nguyén khong am

nhé hon 7 va théa: f{7) = 2008.
Pap an

Xét da thac fix) =a x" + an_lx"‘1 +..+aXx+a, VOl a,, a1, -, 81, &

déu 12 cac so nguyén khong 4m va nho hon 7.

Do f(7) = 2008 = a, 7" +a, 7" +..+8,7 +a, = 2008

0 day, a,,a,,...,a,,a,1a cic chd s6 cha 2008 dugc viét trong hé
ghi s6 co s6 7.

Thuc hién phép chia 2008 cho 7 dugc du a, = 6, lai lay thuong chia
cho 7, lién ti€p nhu thé, ta dugc da thuc can tim la:

f(x):5x +5x* +6x+6.
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PE THI DE NGHI MON TOAN 11
TRUONG THPT CHU VAN AN - NINH THUAN

Cau 1:
Cho day s6 (x,) duge xdc dinh béi cong thie:
X, =5
Xy =17
X, =X +6x_, +3.29%

Ching minh ring x, khong thé biéu dién dugc dusi dang téng cla
ldy thira bac 6 cia ba s6 nguyén duong.
Pap an
Xét A =a® +b® + c° .
Theo dinh 1y Fermat: x' = x (mod13)
< x(xP -1)(x*+1) =0 (mod 13)

x=0
. 1d
| xb =1 {mod 13)
x% =-1

Vay bo thiang du cia A mod 13 la:
S = {0, +1, +2, +3}
Tacé 2" =1 (modl3) = 2*" = 1(mod 13) (do 2004:12)
Nén: 2" = 2' 2" = 2'(mod 13) = 3
= 3.2°% = 9 (mod 13)
Nén: x,,, = x> +6x, , +9 (mod 13) _ 1d
X, = 382 =5 (mod 13)
x, =176 =7 (mod 13)
hoan véi chu ki 2.
&> X, = X,9 (mod 13)

Ta cé6: { => S6 du cha x, khi chia cho 13 tuan

=x, =7 d13 =5
o {Fm =% (mod13) — | ®n (mod 13)
X, = X, =5 (mod13) x, =17
mab 7¢8S .
Vay x, khong thé biéu dién duge dugi dang tong cua lay thua bac
sdu cla 3 s6 nguyén duong. | 1d
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 Cau 2:
Cho ham s f: IN" - IN” thoa:
f,,(x) + 503 f(x)=504x + 1560
V6i ky hidu f,(x) = £ (F(£(...(x)))). Xdc dinh f(x).
————
17 lan f
Pap an
Tu  f,(x)+503f(x) = 504x +1560. Ta c6:
503f(x) < 504x + 1560
x + 1560

503 1d
o f(x) < x+4:Vx <452

o f(x) < x+ 3 Vx < 452 (%)
bat: fx) =x+3 +t
Xét x e [1,48] '
f(x)<x+3<48+3=51<452

Tit (%) = :fz(X)Sf(x)+3s51+3=54<452

c>f()£)<x+

£, (x) < fio(x)+3<99 <452
= fl,(x) <x+51;Vx <48 1d
Ta co:
f,.(x) + 503f(x) = 504x + 1560 < 503f(x) + x + 51,V < 48
< 504x + 1560 < 503(x +3 +t) + x + 51

=t20
‘f(x)=x+3+tSX.+3;\7’xs48

Ma:
= f(x) =x+3;Vx <48
Ta ching minh quy nap: f(x) =x +3;vx e N’ 1d
* n < 48 thi fin) = n + § dang chdng minh ¢ trén
*n > 48
Gia si khang dinh ding Vn < m ta cé:
f,(m-48) =f,,(m-45)=..=f(m-3)=m

— £(m) = £,,(m - 48) = 504(m — 48) + 1560 - f(m - 48).503
- 504(m — 48) + 1560 — 503(m - 45)
=m+3
Vay flm) = m + 3 S 1d
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 Cau 2:
Cho ham s6 f: IN" — IN’ théa:
£,,(x) + 503 f(x)=504x + 1560
V6i ky hiéu f,(x) = f (f(f(..(x)))). Xdc dinh f(x).
—————— ————
17 1an f
Pap an
Ty  f,,(x)+503f(x) = 504x + 1560. Ta cé:
503f(x) < 504x + 1560
x + 1560

503 1d
o f(x) < x+4:Vx <452

o f(x) < x+ 3;Vx < 452 (%)
Pat: fx) =x+3 +t
Xét x e [1,48]
f(x) <x+3<48+3=51<452

T (%) = :fg(x)sf(x)+3351+3=54<452

c:>f(x5<x+

£, (x) < fs(x)+3<99 <452
£, (x) < x + 51;Vx < 48 | 1d
Ta c6:
f,.(x) + 503f(x) = 504x + 1560 < 503f(x) + x + 51,V < 48
<> 504x + 1560 < 503(x + 3+ t) + x + 51

=t20
'f(x)=x+3+t$x+3;\7’xs48

Ma:
= f(x)=x+3;Vx <48
Ta chdng minh quy nap: f(x) =x+3;vxe N’ 1d
* n < 48 thi fin) = n + 3 dang ching minh ¢ trén
*n> 48
Gia st khdng dinh ding Vn < m ta cé:
f (m-48) =f (m-45)=..=f(m-3)=m

~ £(m) = £,, (m - 48) = 504(m - 48) + 1560 - f(m - 48).503
- 504(m - 48) + 1560 - 503(m - 45)
=m+3
Vay flm) = m + 3 e 1d
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Cau 3:
Cho 2008 s6 tu nhién bat ki. Chiing minh réng trong sé cac s8 d6, c6
mdt s6 chia h&t cho 2008 hoac c6 mdt s6 s6 ma tdng chia hét cho 2008.

Pap an
Goi 2008 s6 tu nhién d6 1a a,, a,,..., az008
bat: s, = a;
Sg = a; + ay

Sg3 = a; + &z + as

Sopo0s = &; + Ag + A& +... + Ag008

Chia tat ca c4c s§ hang cia diy cho 2008 1d
TH1: Né&u c6 mdt s6 hang cia day chia hét cho 2008
Bai todn dugc ching minh. - 0,5d

TH2: Khong ¢6 s6 hang nao ctia ddy chia hé&t cho 2008. C6 tdt ca
2008 phép chia ma s& du t6i da chi gdm 2007 gid tri ¢ thé
c6l1al, 2 3,., 2007 do d6 ¢6 it nhat 2 s6 hang clda day chia
hét cho 2008 ¢c6 cung s du.

Goi 2 86 d6 1a s;, s;

S, =a,+a,+8a;+..+4,

1d
S; =@, +a,+a;+..+a,
Véii,jeINval<ic<j<2008
= s, - s,;:2008 '
0,5d

:>4ai+l

+a,, +8,,+...F éj 2008
Cau 4:
Giai phuong trinh (log, x)* + x.1log,(x + 3) = log, x[g +2log,(x + 3)}
PK x > 0 phuong trinh 44 cho tuong duong véi:

log, x(log, x - 325) - 2log, (x + 3)(log, x - g) =0
& (log,- g—)(logz x —2log, (x +3) =0

. x »
o lOg‘2‘X—§—O (1) 1d

log,x —2log,(x+3) =0 (2)
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112 In2

Giai (1): (1) 22 =x> & == 3) .

X
Ta nhan thdiy x =2 vax =4 lé nghiém phuong trinh (3)

That vay, xét ham s f(x) = —— X 42 c6 f(x) = 1- 12nx
X X

Suy ra: f(x) > OvGi0<x<e
fx)=0vbix=e
fx)<0véix>e

Nén vé& trai phdo*ng trinh (3) d6ng bi€n (0; 2] va nghlch bién
[2; +0) trong khi d6 v& phai la ham hang nén phuong trinh (3) ¢é
nhiéu nhat 2 nghiém.

Vay (3) c6 2 nghitmx =2vax=4 1d
Gidi (2): |

Pat t =log,x > x=2"

Phuong trinh (2) tré thanh t = 21log,(2" + 3)

4 a2y oy Zo (g
<:>(?) +6(-7—) +9(7) =2 (4)

o>t=2
<o X = 22 =4
Vay phuong trinh ¢6 2 nghiém: x =2 va x =4 1d
Cau 5:
Cho mét td dien ABCD c6 thé tich V. Mot mit phing o qua trong

tam G cta td dién cit AB, AC, AD ldn lugt tai B, C’, D’. Tim gia tri
nhé nhat cia T = Vgzon + Voo + Vosen:
Péap an
Goi AB; =(ABG) n (ACD)
AC,; = (ACG) n (ABD)
AD, = (ADG) N (ABC)
AG ~ (BCD) = {H} = H trong tam ABCD
= AB + AC + AD = 3AH
AB 5 AC AD , A
:>AB AB' + KE—’AC TAﬁAD —3 3AG __4AG
Do B’, C’, I’ déng phing nén




AB4_ACq_AD::4 1d
AB' AC' AD'
. AB AC AD ABACAD
Ma + + >33 -
AB' AC' AD' AB' AC' AD
AB' AC'.AD' 27
= — >
ABACAD ~ 64
VMCD__AB'AC'AD'>gZId
Ve AB AC AD ~ 64

Maqu:mmvn+\%ﬁon+‘%ﬁﬁn

Suy ra

_v .(BB'+CC‘+DD3
ABCDEAB' T AC' AD'
AB AC AD
- Mat khéc: 4 =
Rt et ac T an
_AB#EB+AC4OC+AD#DD
- AB' AC’ AD'
BB' CC' DD
= + + +3
AB' AC' AD’
BB' CC' DD’
= + + =1
AB' AC' AD’ .
27 27
=>T=Vyep 2 &IVABCD - BZV 1,5d

Vay minT = g»V
64
biéu nay xay ra khi:
BB' CC' DD' 1 '
AB' AC' AD' 3 /5
= (B'C'D’) // (BCD)
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DE THI DE NGHI MON TOAN 11
TRUONG THPT CHUYEN BAC LIEU - BAC LIEU

Cau 1: (3 diém)

2 -2=38y-3" 1
Giai hé phuong trinh Y ' () .
¥ -2=3x-2" (2
Pap an
Lay (1) tru (2) ta duge: (2* — 27) + (3* - 3") = 3(y — %) (3)

Néu x > y thi (3) khong xay ra.
Néu x < y thi (3) ciing khong xay ra.
x =y théa (3) nén hé da cho tuong duong v6i hé

2*+3*-3x-2=0 4)
y=x

Xét ham s6 flx) =2* + 3"~ 3x -2 voix e R

Ta ¢6: f'(x) = 2*In2 + 3*In3 — 3 lién tuc trén R, déng bién trén K

(do f"'(x) = 2*(In2)? + 3*(In3)* > 0 v4i moi x).

Ma lim f'(x) = +oo, hmf(x) = -3 nén phuong trinh f'(x) = O c6

X >t s,

ding mot nghiém x,.
Suy ra bidng bién thién cua f(x) nhu sau:
X —ao0 Xo +00

frx) | 0 R

o | T—

Can cd vao béngbbié'n thién cia f(x) ta suy ra néu phuong trinh
f(x) = 0 c6 nghiém thi c6 nhiéu nhat 1a 2 nghiém.

Vi fl0) = f(l) —0nénx=0vax=11lahai nghiém cda phuong
trinh f(x) = ‘
Tém lai hé da cho ¢6 ding hai nghlem (0; 0) va (1; 1).

Cau 2: (3 diém)

‘Xung quanh bd hé hinh tron ¢6 17 ciy cau cdnh. Ngusi ta du dinh
chat bét 4 cdy sao cho khong c6°2 cay nao ké nhau bi chit. Hoi ¢6
bao nhiéu cach thuc hién khac nhau?
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Dap an
Chon 1 cay bat ki trong hang cdy, danh dau la cdy A. C6 hai
trudng hgp sau xay ra: '
Truong hop 1: Cay A khong bi chat. Khi d6 xét hang cay goém 16
cay con lai. Ta sé chat 4 cdy trong s0 16 cdy dé sao cho khong c6
hai cay nao ké nhau bi chat. '
Gia st da chat duge 4 cay thda yéu cau néi tren lic nay hang cay
con lai 12 cay (khong ké cay A). Viéc phuc hoi lai hang cay 1a dat
4 cay da chat vao 4 vi tri da chat, s8 cdch lam nay bing véi sd
cach dat 4 cay vao 4 trong s8 13 vi tri xen ké giita 12 cay (ké ca 2
dau), nén: ,
S6 cach chat 4 cay & trudng hgp 1 1a: Cj; =715 (cach).

Truong hop 2: Cay A bi chit. Khi d6 hang cay con lai 16 cdy. Ta sé
chit 3 cay trong s8 16 cay cdn lai sao cho khong c6 hai cay nao ké
nhau bi chat (hai cay ¢ hai phia caa cay A ciing khong dugc chit).
Gia st da éhat dugc 3 cay théa yéu ciu néi trén, lic nay hang cay
cdn lai 13 cay. Hai cay hai phia cay A vita chit khong duge chat.
Xét hang cay gom 11 ciy cdn lai.

Lap luan tuong tu nhu trudng hop 1, ta ¢6 s6 cdch chat cay la:
C3, = 220 (cach).

Theo quy tic cong, ta co sO cdch chit cay théa yéu cdu dé bai la:
715 + 220 = 935 (céch).

Cau 3: (4 diém)

Cho tam gidec ABC vudng cén tai A. M va N la hai diém di dong
BC

14n lugt trén cdc canh AB va AC sao cho AM + AN = 5 P la di€m

d5i xing cha A qua trung diém O caa MN. Ching minh dudng thang
qua P vudng géc dudng thing MN ludn di qua mdt di€m cd dinh.
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Pap an
Goi D 1a hinh chi&u vudng géc cia A trén BC.
H 14 hinh chiéu vudng goc cia P trén MN.
I = AD n PH, ta chitng minh I ¢8 dinh.

VA P d5i xdng v6i A qua trung diém O cia MN nén ti gidgc AMPN
1a hinh binh hanh va do dé la hinh chit nhat. (1)




BC

Do AM + AN = — = AB nén: A
\/’2‘ z
MB = AN = MP @
NC = AM = NP M s %

Tur (1) va (2) suy ra ABMP, APNC

1an lugt vudng can tai M va N.

Suy ra B, P, C thing hang.

Do d6: APC = 180° - BPM - MPA
=180" - 45" -MPA  (3)

Mat khac: MAP = HNP = MPA = HPN

— CPI = BPH = 180° - HPN - NPC = 180" — 45 - MPA

(4)

Tit (3) va (4) suy ra APC = CPI = AAPI can tai P = I d8i xing A

qua BC = I ¢ dinh.

Cau 4: (3 diém)
Cho ba s6 duong a, b, ¢ théa ab + be + ca = 6abc.
Tim gid tri 16n nhat cda biéu thie:

1 1 1
T a+2b+3c * %2a+3b+c * Sa+b+2¢
Pap an

) ’ . [ 6 1
Vé6i 6 s6 duong ai, ay,..., a ta cé: ( aij(z a—J > 36
i=1 i=1 i

1

1 1(&1
—_ < _—
Suy ra s 36 (Z J (1)

a i=1 ai

i=l

i

1 1 2 3)
a+2b+3¢c 36'a b ¢
1
1

IA

e Ap dung (1) ta cé:

IA

2a + 3b + ¢

1 2 3 1)
6\la b ¢

3
1 2 j
v 3a+b+2c 36\a b ¢
Cong ba bat déng thic, ta duge:

IA
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1(1 1 1)_1 ab + bc + ca

M<—]—+—+— . =
6la b c 6 abc
Dau dang thic xay ra khi:
1 1.1
a b C ®a=b=C=l
2

ab + bc + ca = 6abc

Vay gid tri 1én nhat cda biéu thitc da cho 1a 1.
Cau 5: (4 diem)
Cho day sé {a,} véi s6 hang téng quat théa hé thic:
An+ 2= 8ny 1 — Qp.’

Tinh téng ctia 2008 s& hang dau tién cha diy, biét ring tdng cda
2003 s6 hang dAu tién ctia day la 1897 va téng cua 1897 so hang dau
tién cua day la 2003. '

Pap an
Dit a; = a, a; = b. Ta ¢6 didy s6 da cho thanh:
) a,b,b-1,-a,-b,a-b,a,b,b-a,-a -b,a-b,a,b,.

Suy ra ddy da cho 1a diy s6 tuan hoan c6 chu ki T = 6 (ching minh
dé dang).

Ki hiéu S, 14 téng cGia n s6 hang ddu tién cha day, ta c6 Sg = O,

vV k e N.

Do d6: Sappz3 = Sagos — A200sa =0 —ag=—-(a—-—b)=b —a=1897

Si897 = Sig96 + @1897 = 0 + a; = a = 2003

Suy ra: a = 2003 va b = 3900

Vay Sao0s = Sz004 + 22005 + @2006 + 2007 + 32008
=0+a, +az+az+a,
=a+b+(b-a)+(-a)=2b-a=4797.

Bai 6: (3 diém)

Tim t4t cd cdc ham s6 f(x) lién tuc trén R théa:

.
- fix) + ngJ =-x;Vx ¢ Kk 1)
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Pap an

o ) + X = {f(-’i}r- :
3 2
Tu (1) ta ¢6: f(0) =

Pat gx) = fx) + —2:—;5, ta c6: g(0) = 0, g(x) lién tyc trén X va

g(x) = —g(%j , Vx € R (do (2)).

x)
Suy ra: g(x)= —g(z) (; (\—;—J véi n = N, ma g(x)

lién tuc trén R, g(0) = 0 nén: f(x) = 0, Vx € K.

4

Suy ra: f(x-) = - Z; ,

vx € K

Thif lai, ta thiy f(x) = __2_3§ théa (1)

Vay ¢6 duy nhat mot ham s6 thoa yéu cau dé bai.
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PE THI PE NGHI MON TOAN LGP 11
TRUONG THPT CHUYEN BEN TRE - BEN TRE

Cau 1: (3 diém)
Cho a > 1, tim t4t cd bd ba s§ thuc (x,y,z) sao cho |y| > 1 théa

phuong trinh:
8+ dz-y* 0

logZ(xy) + log, (x’y® + xyz)® + 5

”

Pap an
- [xy>0 [
biéu kién: {x’y’ +xyz # 0 < jxy(x2y2 +z)# 0
14z -y* 20 4z-y* >0

Do |yl 21néntirdz —y?>0suyraz> i do d6 xy(x*y® +2z)# 0
do xy > 0. : 0,5d
Suy ra: x°y* +z 2 x%y? +% > xy (BPT Cési) 0,5d
Tu trén suy ra:

2
log; (xy) + log, (x’y* + xyz)* + 8+ \iz-y*

2
> log?(xy) + log, (xy)* +g 0,5d
> logZ(xy) + 4 log, (xy) + 4 = (log,(xy) + 2)* = 0 0,6d
D4u didng thitc xay ra khi va chi khi
1
- 1 1
z== _ -
4 z= Z Z = Z
y =11 =1 =-1 :
3 1 < Y 1 hay y 1 0,5d
Xy = — == =_=
Y73 *7g T
log, (xy) = -2 a=+v2 a=+2
Vay * a = /2 phuong trinh v6 nghiém
* a = J2 phuong trinh c6 nghiém
(x=%;y=1;z=i) va (x:—%;yz—l;z=i) 0,5d
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Cau 2: (3 diém)

Cho 2008 diém trén mat phéng sao cho 3 diém b4t ki trong ching
khéng thing hang. Gia si cdc dugng thng néi cdc di€m ting d6i mot
cit nhau va 3 trong s6 cdc dudng thidng d6 chi c6 thé dong quy tai

" mot trong 2008 diém da cho. Tinh s& m c4c duong thing d6 va s6
tam gidc tao bdi m dudng thing do.

-

Pap an _
S¢ dudng thdng m = C3, 0,5d
Né&u 3 trong m dudng thing tao mdt tam gidc thi ¢6: C., tam gidc
| - 05d
Xét mot dinh A: ¢6 2007 dudng thing qua A; 0,5d
S& cach chon 3 dudng trong ching la: CJ, 0,5d
Tuong Gng moi ciach chon 14 mdt tam gidc bi loai. Suy ra: 0,5d

S6 tam gidc tao béi m dudng thang d6 1a C° - 2008. C,,, 0,5d

Cau 3: (4 diém)

Trong mdt hinh nén ta dit mot hinh chép cé ddy la tam gidc ndi
tiép day hinh nén, dinh hinh chép ndm trén mot trong cdc dudng
sinh cda hinh nén. Tat cd cdc mit bén cia hinh chép nghiéng nhu
nhau so véi mit ddy. P4y cia hinh chép la tam gidc can ¢6 géc &
dinh bang a. Tinh ti s6 thé tich gitta hinh nén va hinh chép.

Dap an
e Goi S va O lan lugt 1a dinh va tdm mét
d4ay cda hinh nén, S ABC la hinh chép
nhu da néi & dé& bai, véi tam gide ABC
can tai A. Goi AD 1a dudng kinh cia
duong tron day. Ro rang BC L AD. 0,6d
e V& S'1 L (ABC) thi I la tdm duong tron
" ndi tiép AABC nén I € AD. P& y ring

(SAD) la mat phédng d6i xing cha ca

hinh nén 14n hinh chép nén $’ phai nadm

trén SD hoac SA. 0,5d

*NéuS’eSD,tacéIeODnénO<a<g—

* Néu S’ e SA, taco I e OA nén -g <a<m 0,5¢
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e Goi Vva V, lan lugt ]1a thé tich cha
hirh nén va hinh chép. R 1a ban
kinh cia duong tron day va h, h’

C

R , t :; I O:
tuong Ung la chiéu cao cda hinh A .
nén va hinh chép, ta cé %
V=l 054
3 B
2
e V, = Ly S anc BEINVEDN:L sino = lh'(ZR cos 9—) sina.
3 3 2 6 2
=V, = 2h'R? cos* & sin a.
3 2

e Tt dé A =Ec0529—.sina.%.
Vv n 2 h

Vi IK / BD nén BIH = BIK = IBD, suy ra ADIB cén tai D.

Do d6: DI = DB = 2Rsin%.
e Nhu vay:
* Néule OD hay0<a<-g- thi % = -Cl%z 2sina
A 4 Lo . .o
va =L = —cos’ = .sina.sin —.
\'% A4 2 2
*Né’uIeOAhay g<a<nthi
o)
2R 1 - -~) ‘
R _ Al _ (1 szj_ 2(1~singj va:
h =~ AO 2R 2)
V,

v T
Cau 4: (3 diém)
Cho x € [-1; 1]. Tim gi4 tri 16n nh4t cia
Cf(x) = V25 + V4 - 2x% 4 X2 - x
Pap an
* Xét x e [0; 1],tacé:.x55xvéx‘°’s Jx

Suy ra:

- = écos29t—.sinon.(1—singj.
2 2

)
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V2x® + V4 -2x% < 2x + V4 - 2% < J1+ D)@K +4_2x%) = 2

(BPT Bunhiacopski) | 0,5d
- 2 / _ 2 ’

XB\/2—X+\/£\/Q—-XS\/X—+(22 x)

=1
~a*+b?
(Do BPT: vVa,b € R: ab < ~) - 0,5d
Vay fix) <1 +2V2. - 0,5d
*Xétx e [-1; 0], tacé: x° <0, x* < 0. ,
Suy ra: f(x)<vV4-2x> <4 =2<1+2J2. . 05d
Tém lai: f(x) <1+2V2, vxel[-1:1] va ta c6 £(1) = -1+2J2
Vay maxf(x) =1+ 2J2. ‘ , 0,5d
Jau 5: (4 diém)
Cho day s6 (u,) duge xdc dinh nhu sau:
(Vvn+1+ \/H)un = —2—~; n=123,..
2n +1 »
Chdng minh: u, +u, +u, +... +u,,, < 1004 , Vk e N.
" 1005
Pap dn
, 2 2k +1 - VK)
Ta c6: u, = e = -
2k + 1).Vk +1 + Vi) (2k +1)
uk(:z((Jk_ufJK) do VKD < KrkeD 2kel o
2k(k + 1) 2 2
1 1 ’
DU, < — e 0,5d
Uk vk +1
Do dé:
1 11 1 1 :
Uttty <(I-—=)+ (= - =) + o (e~ i) 0,5d
b : J2T 2 3 ko Vk+1
1 ;o
Du tu, +.tu <1 _—/f{:+_i - 0,bd
Vil- 1 . 1o <1~ 2
Vk +1 Jiik +4 Jk* + 4k + 4
=1-- 2 = - k 0,6d
<+ 2 k +2
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Nhu vay ta di dén: = ul Uy et u, < kk Thay k = 2008 ta co

+2
didu phai chifng minh. ‘ 0,5d
~ Cau 6: (3 diém) -
Tim moi da thic P(x) khong déng nhat khong théa didu kién:
(xP(x-1) = (x - 9P(), Vx.
{P(3) -6 | :
o Pap an
Gia sit Px) 1 da thue théa diéu kién:
*P(x - 1) = (x- BP(), vx (1) (1)
Trong (1) 1an lugt thay:
x = 0: —3P(0) = 0 nén P(0) = 0.
X =1:P(0) =-2P(1) nén P(1) = 0
x = 2: 2P(1) = -P(2) nén P(2) = 0. ‘ 1d

- Vay P(x) nhén x; = 0, x; = 1, x3 = 2 lam nghiém. Theo dinh li
‘ Bezgut‘thi P(x) c6 dang:

- P(x) = x(x - 1)(x - 2)Q(x), v6i Q(x) 1a da thic nao dé. 0,5d
Tt d6 thay vao (1), ta co:
x(x = D(x — 2)x - DQx - 1) = (x - Ix(x - D(x - 2)QX), Vx
Suy ra:’ , C
Qx-1=Qw),vx (@) o 0,5d

- Hé thdc (2) ching t6 Q(x) 1a ham tuAn hoan. Q(x) 1a da thic ma lai
12 ham tuan hoan nén:
Q) = C, v6i C 1a hiing s6. - 0,54
" Vay P(x) = Cx(x - 1){(x - 2), dya vao P(3) =6 suyra C = 1.
Vay P(x) = x(x ~ Dix - 2).
Thit lai thdy P(x) = x(x — 1)(x — 2) thda mén cdc yéu cdu dé bai.

0,5d
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PE THI DE NGH| MON TOANLGP 11
TRUONG THPT CHUYEN QUANG TRUNG - BINH PHUGC

Cau 1: (4 diém)

ax—by+—1—=c @
Xy

Cho a, b, ¢ > 0. Gidi hé phuong trinh: {bz —cx + 1 =a (2).
zZX

oy —az+-L=b (3)
yz

Pap an
Diéu kién: x 2 0, y # 0, z # 0. Xem a, b, ¢ nhu 1a cdc 4n, ta c6
huéng gidi quyé&t nhu sau:
1

Nhan phuong trinh (1) véi x ta duge: ax® — bxy + — = cx (4).
y

Thay cx = bz + 1 a tir (2) vao (4) ta c6:
ZX .

a(x2+1)—b(xy+z)=i——1~ (*)
ZX Yy

Nhan phu’o‘ng trinh (1) v6i y ta duge: axy — by® + 1 =cy (5).
X

Thay cy = az - 1 +b tur (3) vao (5) ta dugce:
yz

axy —z)-by? + 1) = 11 (**)
X yz
Két hgp (*) va (**) ta dugc:
a(x2+1)—b(xy+z)=i_l i)
ZX y
2 1 1 B
a(xy -2)-by*+1) =-=-— (ii)
X yz

Nhén phuong trinh (i) v6i y* + 1 va (ii) véi —(xy + z) rdi cong lai ta
dugc: ‘
2 2 2 ’
a(x®+y2 42 4= Y *Z +1 :>a=i
Xz Xz
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Tuong tu ta ¢o b=—1—,c=i:>abc=———l—2'—:>xyz=i
yz ZX (xyz) abc

Vay nghiém ctia hé phuong trinh la:
(x,y,2) = (

Cau 2: (4 diém)

b a ¢ b a ¢
Jabe Jabc x/abc) ( Jabe ' Jabe _Jﬁ]'

2008

a (o X .
Cho day s6 (x,) duge xdc dinh nhu sau: x, =1ix,,, = —~—+X,, VOl
| 2008
n 1a s nguyén duong. Tim giéi han cla day s sau: -
2007 2007 2007 2007
X X X X
u, = e 0
X, X3 Xy Xn
Pép an
: . 2008
Taco: Xp,1—Xn= 2808,Vn2 1
1 1 ' %2007
= — - = o
X, X, 2008x
n x2007 1 1
= —2008}:—— = 2008|— —
i-1 X1 = X X X X

Mit khéc: x, , 1 — X, 2 0 = {x,} ]a day s6 ting V n > 1. Neu {x,} bl
chan thi hmx ton tai.

2008

bat limx =a=a>1va a= +a (vd ly). Suy ra {x,} bi

n—x - 2008
chan trén = limx, = = lim =0
n TR Xnn
n 2007
Vay: limu, = lim Z = 2008.
n-—+x n—a ‘1 x

Cau 3: (4 diem)
Tim t4t c& cdc da thdc P(x) v6i hé s8 thuc thda mén dang thiec:
P(a + b) = P(a) + 7P(b) véi a, b € R va ab(a + b) = 2b°.
Pép an -
Phuong trinh: ab = (a + b) = 2b% ¢6 mét nghiém (1; 1), vay bo (x, x)
théa méan diéu kién: ab(a +.b) = 2b%. Thay vao phuong trinh ta thu

duge: P(2x) = @Za 20 —SZa X
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trong d6: P(x)=> a'x; .

-1 ; .
Suyra:a.(2'-8)=0,v6ii#3=>2a=0=>Px) =kx*, keR
Thi lai ta ¢6: k(a + b)® = ka® + 7kb® < (a + b)’ = a® + 7b® (diing).
Vay tét ca cdc da thic cin tim: P(x) = kx°, k € R.

CAu 4: (4 diém)

Cho x, y, z 1a cdc s8 duong thoa mén: «y? +z°=9

22 +zx+x2 =16

Tinh gid tri cia biéu thic sau: P = xy + 2yz + 3zx.
Pap an

Dung tam gidc ABC va diém I ndm
trong tam gidc nhu hinh vé _
Ta c6: Spasc = Saas + Sasc + Saiac V3 50 > B

_ %IA.IB + —12—IB.IC.sin150°

7 120° X
4
%IA IC.sin120° A ¢
1 1y 1y 1 1 43
© S84 ot Xt oxa s
s Bt B2 e
1 1
< 6= 2yz +
43" f f

AHay: 243 =xy + 2yz + 3zx. Vay P = 243.
Cau 5: (4 diém)
Cho t dién ABCD, c4c canh DB va DC vudng géc v6i nhau, dudng
vubng goéc ha tit D xuéng mit phdng (ABC) trung v6i tryc tdm tam
gidec ABC. Ching minh: (AB + BC + CA)* < 6(AD? + DB? + CD?. ’

Pdp an
Ta c6 DH 1 (ABC) = DH | AB (1)
e H 12 truc tAm AABC nén suy ra CH | AB (2)
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Ta(1)va(2) = AB L (CDH)= AB 1 CD
MaDB1CD = CD L (ABD)= CD L DA D
¢ Ching minh tuong tu DB L DA ;
AB? = AD? + BD?
Ta cé6: BC?=BD?+CD’
Suy ra CA? = CD? + AD?
AB? + BC? + CA? .
= 2(AD? + BD? + CD? - 3) B
o Mt khdc: - ;
2AB.BC = 2/AD? + BD? /BD? + CD?
< (AD? + BD?) + (BD? + CD? = AD? + 2BD? + CD?
« Tuong tu: 2AB.CA < 2AD? + BD? + CD?
2BC.CA < AD? + BD? + 2CD?
Suy ra: 2(AB.BC + BC.CA + CA.AB) < 4(AD? + BD? + CD?) (4)
o Tir (3) va (4): (AB + BC + CA)* < 6(AD? + BD? + CD?

e Diu bling xdy ra < AB = BC = CA < AABC déu = DH la truc
AABC => D.ABC 1a hinh ché6p tam gidc déu c6 3 géc § dinh vudng.




PE THI DE NGHI MON TOAN 11
TRUONG THPT CHUYEN TRA VINH - TINH TRA VINH

Cau 1: (3 diém)
Giai hé phuong trinh:

(x-y)(x2+gy+y2—z)=61 (E\/_%/—:%] O
x*-2x+1=y’ - (2)
- Péap an
(1)¢:x —2x+61n(x+\/;(‘+_)—y —2y+6ln(y+\/§_?) (*)
Xéthamséf(t)=t3—2t+61n(t+\/—t_2-—)teR

f'(t) =3t -2+ - = 3({" )
. VEE+9 Jt2+9 3

Theo b4t déng thuc Co-si:

t2+9 1 1 26 /.,
St £2+9
Jt2+9 "o 27( )
26 26 9
>1+§7(t"‘+9)>1+27 9= 5
2 2
o tP+ -=>0
Jt2+9 3

= f(t) = 0, vt € R (D4u “= ”xayrakhlt—O)
— Ham s& f(t) ddng bién trén R. Do d6:
*) & flx) = fly) © x =y, thé vao (2): ‘
L-x¥-2x+1=0 - (3 : ' o 1d
Xst haim s6 fx) = £ — x* — 2x + 1 lién tue trén cde doan [-2; O};
[0; 17; [1; 2} va: R
f(-2). f0) < 0 = (3) ¢6 nghiém x; €(-2; 0)
f(0). f(1) < 0 = (3) ¢6 nghiém x; € (0; 1)
f(1). f(2) < 0 => (3) c6 nghiém x; € (0; 2)
Viay (3) cb it nhat 8 nghlém trén (-2; 2)
Vay (3) la phuong trinh bac ba ¢6 khéng qué 3 nghiém trén R nén
(3) ¢6 dung 3 nghiém x;, Xo, X3 V2 Xy, Xp, X3 € (-2; 2) 1d
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* Goi x 1a nghiém cla 3) > -2 <x <2
= Ju e (0;n) sao cho x = 2cosu. Thé vio (3)
* - 8cos’u — 4cos®u — 4cosu + 1.= 0 (nhan sinu > 0)
< 8sinu.cos’u — 4sinu.cos’u — 4sinu.cosu + 1 = 0

u=k2n (k ez)
< sindu = sinu < . 92
:—+k——
7
Viue(vO;n)nf?:ntadu'qc:u_—.E,u:3—n;u=§E
. -7 7 7

Vay hé da cho c6 3 nghiém:
[

x=y=2cos;7;-

vx=y:200s§7£

X=y =2cosi7n—

Cau 2: (3 diém)
Tim nghiém nguyén du&ng cua phuong trinh:
' H+20+3 4+ &+ D=y (1)
Trong dé x, y, z 1a cac s6 nguyén duong.
Pap an

bat fix) =11 +2! + 3! +... + (x + 1)!

f(1) =3; f(2) = 9; f(3) =
*Vo’1x>3 ta co6 fix) = f(3)+5' et (x+ 1)
Vi 5!, 6!, .., (x + 1)! Péu chia hét cho 10 nén ta suy ra:

f(x) = f(3) (mod 10) .

= f(x) = 3 (mod 10) (vi f{3) = 33) _

Vay f(x) khong phéi 1a binh phuong cia 1 s6 nguyén.
Suy ra véi z = 1, phuong trinh (1) khong ¢6 nghiém nguyén duong

véi x > 3.
*Xét z = 1; x < 3: dé thay x = 2; y_3 z-lthoa(l) Vay(l)co
nghiém (2; 3; 1) e L 1d

* Xét z > 2 (z nguyén duang) =z+ 1 > 3
(1) < fix) = y*'
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Véix = 1.2, 3, 4, 5, 6, 7 thi khi thif truc tiép ta thdy fix) : 3 nhung
. f(x)127
Mat khac do f(x)=y"" = y=1:3
Sy y iy’ = yi27
Vay (1) vo nghiém trong truong hdp nay. 1d
*Véix > T:
f(x)= £(7)+91+ .. (x+1)!= f(7)(mod27)
Ma f(7)127 = f(x)127. Do f(x):3
- y*1i3=>yi3=>y 27
Mat khac y*'iy’ =y 127
Vay: (1) khong ¢6 nghi¢m nguyén duong trong trudng hgp nay.
Tém lai: (1) ¢6 nghiém duy nhat.
x=2y=3;z=1 1d
Cau 3: (4 diém)
Cho tit dién ABCD c6 AB = CD; AC = BD; AD = BC. Goi R, r lan

lugt 12 ban kinh mat cAu ngoai ti€p va ndi ti€p tua dién ABCD; Ry, 1o
lan luot 12 ban kinh dudng tron ngoai ti€p va noi ti€p tam gidc ABC.

Ching minh rang: 3(R* -3r*) 2R, +1,. DPéng thic xdy ra khi nao?
Pap an
Goi M, N lan lugt 1a trung diém
BC, AD va O la trung diém MN
thi O 1a trong tam td dién ABCD.
Goi D’ 1a trong tdm AABC. Ké
OH 1 (ABC) tai H.
e AABD = AACD (C.C.C) = BN = CN.
— ABCN can tai C = MN L BC
Tuong ty MN L AD
Vay MN la trung truc ctia BC va AD. Ma O 1a trung dlem MN
— O 1a tam mat cdu ngoai ti€p ABCD.
Mat khéc:
AB=CD
Do {CA =BD = AABC = ABCD = ACDA AADB (c.c. c)
AD =BC
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Pat Sasc = Secp = Scpa = Saps = S

\"/ oD 1 A"
V=VABCD,tac6:ﬂ—“—C—:———,:—_—_—>V = —
) ABCD DD 4 onRe 4
3V, 3V
d 0; ABC) = —-948C = ——
=d( )= S 45
3V
Tuong tu: d(0, BCD) = d(O; CDA) = d(O; ADB) = S
Vay O la tdm mat cdu ndi tiép ABCD - 1d
Suy ra: OH =r va OD = R; OD’ = —R:;—

Talaicé:OD'ZOH@%Zr

< R>3r (1). Do OA = 0B =0C
= HA = HB = HC = H la tam dudng tron (ABC) = HC =Ry
e OC?=0H?+HC? oR*=r’+ R}
< R =R*-r? (2) - . 1d
Tit (1), (2) suy ra: 4R* - 12r° > 3R” - 3r? | '
& 2VR? —3r* 2 JB(R - 1%) =Ro\3.

Ma R() 2rp <> rg < —R—Q-

2
' R + 1 .
Vay: 0« «/—
JR? - 3r? 2«JR2 3r
& y3R? -3r’) 2R, +1, . ,
Déng thite xdy ra khi ABCD la td dlen deu _ - 2d

Cau 4: (3 diém)
Cho tam gidc ABC ¢6 s8 do cée goc tinh bang radian. ChUng mmh rang
A.B L B.C . C.A 4
: A : B » B 2C . ,C 2

cos? —cos® — cos®—cos®°— "eos” —cos”— .
4 4 4 4 4 4

Pap an
Xét ham s6 f{x) = tgx + sinx —2x véi x € (O; %)

cOsi 1

+cosx-22 >0
X ,

f'(x) = 12
CcOoSs

‘cOS X
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= f(x) déng bi€n trén (O; g)

Do d6: x > 0 = f(x) > f{0)
= tgx + sinx — 2x >0

Suy ra: tg%+sin—‘:——A >0

= tgé[1+coséj >A
2 2

<
2 A

= AA <2tgé
cos® — 2
4
Tuong tu: B <2tg§; L< Ztgg
ZB 2 2C 2
cos® — cos” —
4 4
N - AB BC CA
Tu d6: B 2C+‘ B C N
cos” —--cos“ — cos®—-cos®* — cos’—-cos® —
4 4 4 4 4

A B B, C C
41tg—tg—+tg—tg—+t t 1
< (g2g2+g2g2 ng J()

Mat khdc: A+ B+C ==

:>cot:g9 —tg(é+ B]
2 2

k4

2
1 tgé+tg-§
- 2 2
g 1-tgAgC
€9 2 €3

= tg%tgg+ tg ]; tgg—+ tg g tg% =1 (2)
Tit (1), (2) suy ra diéu phai ching minh.
Cau 5: (4 diém) »
Cho day s& (u,) xdc dmh béi: ,
- Z(l)l'l - (n c N*) |

u, = ,
o k

1d

1d

1d

- Chiéng minh ring day s6 (up) ¢6 glérl han khi n —» +o va tinh gldl

han dé

1M




Ta co:
om (_1)<!

.Uzm:Z( ) =1 l+l—l+-- 1 -—— (m € N%)
~ Kk 2 3 4 2Zm -1 2m

1 &1 &
Lk &k &me
o Ta ching minh: In(1 +x)<x<—1n(1—x);x €(0; 1)
e Xét ham s6 flx) = x — In(1 + x); x €(0; 1)
£(x)=1-—

1+x
= Ham f(x) déng bién trén (0; 1)

>0,vxe(0;1)

Dodéx>0x = fix)>f0) >x~In(1 +x)>0. =>x>In +x)
Xét ham s g(x) = x + In(1 - x); x €(0; 1)
-1
_ 1 _
& (x) 1-x
= Ham g(x) nghich bién trén (0; 1) -

X <0,Vxe(0;1)
- X

Dodéx>0=g(x)<g0)=>x+1In(l -x)<0=x<-In(1 - x)
Vay: In(1 + x) < x < — In(1 — x), Vx € (0; 1) (*)

Ap dung (*) v6i x =
m+k

ln(1+ 1 )< 1 <—1n(1—
m+1 m+1 \ m

ln(1+ 1, ]< 1 <~ln[ ————J
m+ 2 m+2 m+2

(k=12,..,m)
1

ln(1+ 1 j< 1 <—1n(1—' 1 j
m+m m+m m+m

Cong v& véi cac bat ding thite trén ta dugc:

ln2m+1<u2m<ln2
m+ ‘
: 2m +1 '
Vi lim (ln )—ln2 nén limu_=1n2 (1) 1d
m — + « ) m+1 M—>+s -
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Mat khac:

®yy. o o= St A A _ g
s = 2775 kZ k 2m
=u = Uy ot —1—
2m-1 2m 2m
= lim u,,, = lim (um L i =1n2 (2)
m—»+> : m—res 2m Y. .
Tir (1) va (2) suy ra: limu, = In2 ' 1d

Cau 6: (3 diém)
Tim tat ca cdc ham s3 lién tuc: f: R » R théa mén dieu kién:

\ 2
. [f(f—;——xﬂ = fix)fly); vx; y € R (1y

Pap an

+ Ta that f(x) = 0, Vx € R théa man dé bai.
+ Xét ham s6 fix) # 0:
Gia sit 3 xo € R sao cho flx,) = 0.
Thé x = Xo va y = 2x — Xo; Vx € R vao (1)
fx))P=0vxe R=>flx)=0, Vx e R vo li
Vay filx) =0, Vx e R

{f (x)>0,vxe R

f(x)<0,vxeR

That vay néu tén tai a, b € R, a < b sao cho fla) < 0 va flb) < 0
— fla).fib) < 0 va do f lién tuc nén ton tai x, € (a, b) sao cho fxg) = 0:
vo li. ’ )
Vay f(x) > 0, Vx € R hodc f{x) < 0, Vx € R
+ Néeuflx)>0,vx e R ' 1d
Xét ham s g(x) = Inf(x) — Inf(0) lién tuc trén R va g(0) = 0

f(i——y—ﬂz =In [f(x) : f(y)] ,Vx,v € R
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st
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Lar
—_
<
A

<:>21n[f(

X

& Zg( ;y) = g(x) + g(y)

o[ 252) - B E0)
2 2

va g lién tuc trén R
= gx)=ax+b

g(x) =0=>b=0

g(0) = ax
< Inf(x) — Inf(0) = ax (Pt Inf(0) = ¢)

ax+c

oInfx)z=ax+e=>f(x)=e

* Néu fix) < 0, Vx € R lap luan tuong tu ta dugce fix) = —e™*°, Vx,
x e R ‘

Tht lai ta thdy cac ham s§ trén théa dé bai.

Vay

f(x)=0, VxeR
f(x)=e™"
_f(x)=—e

2d.




DE THI DE NGH| MON TOAN 11
TRUGNG THPT HUNG VUGNG - GIA LAI

Cau 1:
Gi4 s a, b 12 hai s8 thyc théa mén: -
A% - 3a% + 5a - 2008 = 0 va b®~3b®+5b +2002=0. Tinh a + b.
Péap an
bat f(x)=x* -3 +B5x=(x-1°+2(x-1)+3
Ta cé: fla) = 2008; fib) = —2002 ‘
fla)—3=(a—-1°%+2a-1).
fib) -3 =(-17°+20b-1).
Cong v& theo vé 2 déng thifc ta c6:
fla) + flb)-6=(@-1°+2a-1) +(b- 1 + 2(b - 1).
o0=(a-1P%+b-1°+2a+b-2).
oa+b-2a-1P-(a-1b-1)+®-1+2]

c>(a+b—2){[a—1+%(b—l)]2+%(b—1)2+2}=0

sca+b-2=0
Vay: a+b=2

Cau 2:
Tim s6 cdc ddy s (u,) thda mén diéu kién:
Ugp08 :'1'
2

— 12
~u,,, =u,-u, vVn21

Péap an
Viét lai uy , 1 = 4uy(1 — uy) = fluy) v6i fx) = 4x(1 - X)
Nhén xét: f(x) € (0; 1) = x € (0; 1).

Vi vay: ugos = % e (0; 1) = ugeor € (0; 1)
= uggos € (0; 1) = ... uye (05 1).

e V6i 0 <u; <1 tdn tai duy nhdt a: 0 < < g— va u; = sina. 14
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Lic d6: uy = 4sino(1 - sin%o) = sin*2a;
uz = 45in®2a(1 - sin®2a) = sin’4q.

Quy nap ta duge: u, = sin}(2* o) = (%—écos@“a}j

1 1 1 o1
® Ugppg = 2 < 5" 5008(22008(1) = 3 1,5d

< cos(22% ) =0 o 2200 =3 T oikn e o= o ——=2k+1) ke Z

- 2009

Vid<a< = nén 0<— (2k+1)<—<:>——<k< gzoor _ L
2 27 2 2

Dok € Znén: k = 0; 1; 2;...; 2207 _ 1.
Tir 46 ¢6 tat ca 2°°°7 gia tri uy théa bai todn:
'ul =sin® { 5555 (2k+1) k =0; 1; 2;...; 22997 _ 1,

Do d6 c6 tat cd 227 day s& (un) théa diéu kién da cho.

Cau 3:
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Tim tat cd cdc ham s6 f: R - R sao cho:
fiflx ~ y)) + xy = filx) - fy) + flx).fly) Vx,y € R
Pap an

Tim t4t cd cdc ham s6 f: R — R sao cho:

ff(x-y)+xy =f(x)-f(y)+f(x).f(y) Vx,ye R
Giai: bat fl0) = k, cho x = y = k ta duge fik) = (k)% — k2 (1)
Chox =y =0tacé fik) = k? (2)
Tir (1) va (2) ta c6: k* = k* — k? = k%k? - 2) = 0.
Lai cho x = k; y = 0 ta c6: f(f(k))_f(k)—a+kf(k) k* + k% - k.
thay x = y = flk) ta c6: fik) = (ff(k)))% — (f(k))?

= (f(fk))? = (fk))* + f(k) = k* + k.
k*(k*-2)=0
(&’ +k*-k)?=k* + k2
Gidi hé trén ta ¢6 nghiém duy nhat k = 0. Vay f(0) =
— Thay ¥y = 0 vao ta duge f(fix)) = f(x) ¥x € R nhu the ta c6

f(x-y)) =f(x)-f(y)+f(x).f(y) - xy Vx,ye R (3)
— Thay x = 0 hé thitc trd thanh fl-y) = fly) Vy € R = f1a ham s6 18.

Nhu vay ta ¢6 hé nhu sau: {




Mit khéc: thay x = y vao (3) ta ¢6 (fk))®? — x* = 0

2 .2 f(x)=x
> x)’=x*vxeR :[f(x)=—x

Nhanxétféngné'ucéxma‘nﬂk):Othixzz(ﬂx))z= 0=>x=0
Viy: f{x) =0 x=0
Gia sit x # 0 ma f{x) = —x. Khi dé fl—x) = ffix)) = fix)
> fx)=fx)2>2(x)=0>x=0,vd ly
Thi lai: fix) = x théa man yéu ciu bai todn.
Véy: ham s6 cén tim 1a f{x) = x v6i moi x thuéc R
Céu 4:

Cho hinh chép S.AjA,... A, (n > 2). Pay AjA,... A, ¢b tit cd cdc
canh bing 1, géc SA;A; = SAxA; = ... = SA A, = 60°. Chiing minh
S.AjA,... A, 12 hinh chép déu.

Pap an
* Ching minh ring cdc canh bén bing nhau
- DPat: SA, - x3; SAg = Xy;...; SA, = x,.
Dimg dinh 1y cosin trong céc tam giac S.A;Aq; S A0A;;...; S.AA, ta co:
x; =1+x’ - 2x,c0860° =1+ x* — x,

2 _ 2 _ 2
x; =1+x2 —2x,00860° =1+ x2 — x,

........................................................

x> =1+x2, -2x_,c0860° =1+x>, —x_,

x!=1+x2-2x,c0860° =1+ x> —x_
x; = f(x;)
x; = f(x,)

2 1 2 3 PR
o Pat f(x)=x —x+1=(x——§) +Z,taoohe: S SR

i_f(xn—l)
xt =f(x,)
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Véi x,, Xa,..., Xg € [l/—g,mo)

Trén [—ng,wo) flx) dong bién.

.
Do d6: x; # x5 thi vo ly.
That vayi néu x; < X = f{x;) < fixy)

S X< DX, <Xy ... DX, <X, Taco x;<x; (v0 1)
Tuong tu néu x, > X, ciing soy ra diéu vd 1y: x; > x,. Vay x; =X».

Do x; = x, ta duge x> =x% —-x, +1 < x, =1. Ti d6 ta duge:

x1=x2=---_=xn=1- .
e Chitng minh day AA;... A, 1a da gidc déu
Tit SA, = SA; =... = SA, = 1 suy ra hinh vudng géc H cia S lén day

céch déu céc dinh cha ddy da gidc AjA;... A, c6 cdc canh bing nhau
va noi ti€p trong mdt dudng tron nén la da gidc déu.

Vay: S.AA,... A, 1a hinh chép déu.




PE THI BE NGH] MON TOAN LGP 11
TRUONG THPT CHUYEN HUYNH MAN PAT - KIEN GIANG

Céu 1: ,
Tim m dé phuong trinh: V1 +2cosx + V1 +2sinx = m (1) ¢6 nghiém.
Pap an
Ta chi cin xét nghiém trén [-=; 1] (mdt vong dudng tron luong gidc)
2 120 ‘
Piéu kién: cf)sx * o -Taxc< 2 0,5d
2sinx+12>0 6 3 _
Ta c6 (1)
) m>0 0.5d
o ‘ ,
2 +2(sinx + cos x) + 2v1 + 2cos xv1 + 25in x = m*(*)
Dit t = sinx + cosx = Jésin(x+£) véi _EstgE
4 6 3
= ‘lgz”lsts\/i - 0,5d

tif cach dat c6: t = 1 + 2sinxcosx
Mo2+2t+2V2t2+2t-1 = m?
Xét ham s5: flt) = 2t +2 + 2v2t* +2t -1,

PH)=2+ —2*2 .o Vte[‘/gz“l;\/i] 0,5d

2t2 +2t -1

Bang bién thién: . 0,5d
ot V3 -1 -2
F(t) v +

. F(t) » 4V2 +1)
. ¥3 +1 /
Tu bang bi€n thién ta c6 két luan:
Phuong trinh c¢6 nghiém
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m>0 |
' 3 N : < J .
<:>{\/§+ISm254(\/§+1)<=> J3+1<m<?2 ﬁ+1 0,5d

Céau 2:
Cho 2003 s& tu nhién lap thanh mét cdp s§ cong vdi cdng sai bing
2008. Ching minh ring c6 mét va chi mot s6 hang cia cip sd cdng
chia hét cho 2003.

Pap an .
Gia sit cip sd cdong d6 1a a, a + 2008, a + 2.2008, .., a + 2002.2008
(ae N) 1d
Xét hiéu cia hai s6 hang bat ki H = (m - n).2008
V6i0<n<m<2002 = 0<m—n < 2002 < 2003 1d

Vi 2003 13 s6 nguyén td do d6 H khong chia hét cho 2003, c6 nghia
12 cdc s6 hang cia cdp sd cdng khi chia cho 2003 c6 s0 du khic nhau
12 0,1, 2, .., 2002. 1d
Vay ¢6 duy nhit mot s6 hang clia cap s3 cong chia hét cho 2003 (dpcm).
Céiu 3: ' ' ,
Cho a;, i = 1,2008 1a @6 dai cac canh clia mot da gidc 161, goi S 1a

2008
dién tich da gidc. Ching minh ring: ) a’> 4Stan 2(;‘08.
i=1 -
Péap 4n
Ta chilng minh bai toan trong trudng
_ hop tdng quat da gidc 16i n canh.

Xét da gidc 16i déu n canh va moi
canh cua né 1a a véi
_a, +ay+..+a

a= L 0,5d
n

Khi d6 da gidc nay va da gidc da cho c¢6 cung chu vi.
Goi S’ 1a dién tich cia da gidc mdi, thi

2

S =n. Sm,A, = nlAlAz.OH = nla.ia— cot™ = na
2 7 2 2 N gian™
n

0,5d

Theo k&t qua quen biét “trong cic da gidc 16i c6 cung sd canh va
ciing chu vi, thi da gidc déu la da gidc c6 di¢n tich 16n nhat” ta c6
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na’®

S<ShayS< — 4Stan ™ <na® (1) 1d
n

4 tanﬁ
n

Ap dung bat ding thdc Bunhiacopski, 6 n) al 2() a,)* hay

i=1 i=1
n) a? > n%a® (2) ] 1d
=1
Tix (1) va (2) suy ra diéu phdi ching minh.
Céau 4: .
Chox,y,z 20 vax’ +y’ +z=1.

1 1 1 1
Tim gi4 tri nhé nhiat caa P = + + +—
gl . x4 + y4 + z4 x2y2 yzzz ZZXZ
Dap an

. 1 1 1

Ta c6: (x2y2+y2z2+z“’x2)(x2y2 +yzzz +z2x2)29
Khi d6: P = — 14 ras 212+ 212+ 212
t+yt+zt X%y ¥y Zx

1 1 1
4 4 4+ 2.,2 2.2 22+ 2_2 2.2 2.2
X +y +¢2 Xy  +yz° +z°x Xy +yz°+z°x

7 N
+ 1d
x2y2 + y2z2 + Z2X2 -

3 21
+
Yx* +y* + 2 NXCyE + yF +2°5°) 3=’y” +y’z* + 2°'x’)
3
x' +y* + 2t + 2%y + y'2 + 2°x7)

3

v

v

+

21
+ + Z +xt + 2Ax’y? + y'2° + 2°x%)
2 2 T2
9 N 21
T4y +zt) P +yt+ )

29+21=30(Vi+y +2°=1) 1d

v
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x2y2 = y2z2 = z2x2
. . xt +y! + 2t = x%y? + y¥2? + 2%x°
Diubdngxdyra <1, ~,

. X = y =2

xX>+y?+28 =1

¢,>x2=y2=z2=l 1d
3 ,
Vay gid tri nhé nhat cta P 1a 30 khi x? = y? = 22 =%.
Céau 5:

Ching minh riing phuong trinh sau c6 ding mét nghiém

(Va+1)™" —2(Vx+1) -x*-3x* -3x-2 =0 @

| Dap an

Mo (Vrrl)  ~(Vx+1) -2(Vx+1) -1=0 - 05d

Patt = Jx+1 20, ta c6 phuong trinh t™7 —t° -2t -1 =0 (2)
Ta thdy (1) ¢6 nghiém duy nhit < (2) c6 nghiém duy nhit t > 0
@) ot =1+ 1220250 =t20>t+121

>t>15t>1 _ ’ 0,5d
Xét ham s8 flt) = t™7 —t° -2t° -1,t> 1.

Ta o6 ft) lién tuc trén doan [ 1; +x0), 1) = -3 < 0, 2) =27 _81 >0
= phuong trinh f{t) = 0 ¢6 nghiém t, € (1; 2) 0,5d

Miit khac f(t) = 2007t°% — 6t° — 6t2
= 6t°(t2%" — 1) + 6t2(t%™ - 1) + 1995t%% > 0, vt > 1 0,5d

= f{t) déng bién trén khodng (1; +x) = phuong trinh (2) cb
nghiém duy nhat.

Vay phuong trinh (1) ¢6 nghiém duy nhat ' 1d
Céu 6:
Cho ham sé f{x): R* —» R* théa méan diéu kién:

fAy) = fxy) + = + L v6i vx, y € R*. Tinh R2008).
X y i
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Pép én
Thay y = 1 - fx).R1) = fx) + ~ + 1 (*)
X

f)=-1

- _ PN
Trong (*) thay x = 1 —» f4(1) - (1) - 2 04—) [f(l) _9

Do fix) > 0 — (1) = -1 loai

Chon f(1) = 2 Thay vao (*): 2f(x) = fix) + ~ +1
: x
- fix) = 1 +1
X

+ —~ + ~ +1

Thit lai: fx) ) = (£ + 1) (Le 1) =

M| =

1 1
xy y

= flx.y) + 1 + 1 (BPiing).
2.8 y

VAay f(x)=-1-+1
x

1, ,_ 2009

2008) = —— = —
R ) 2008 2008

0,25d

0,75d

0,25d

0,25d
0,25d
0,5d

0,254

0,254

0,25d
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~ -2 - - -
DE THI DE NGHI MON TOAN LOP 11 |
TRUONG THPT CHUYEN LE KHIET - QUANG NGAI
Cﬁu 1:
1. Cho day (a,) va (b,) x4c dinh nhu sau:- a, > 0, b; > 0 va véi n =1, 2, 3,..
thia,,;=a, + ~b1—,b,,,,l = b, +-1—.Ch|’1ngminh 008 + Dages > 41004

2. Cho day (a,) xdc dinh a, = \/2+J2+...+ V2 (n s6 lugng ddu can)
va day (U,) xdc dinh U, = (2°).,/2-a, . Tim Lim U,
Dap an
1. Piat Cy= (a, + b,)?

. 2
1 1
Cn+l = (an+1 + bne'l )2 = (an + —l-)_- + bn + —a‘—']

. 2
C; = ((al + lJ+(bl +l)] > 16
a, ) b, J)

Ma:C;3>C, +8>216+8=38,C,>C3+8>24 +8=438
" Cag0s > 2008.8 = 164.251 = 16.1004

— Az008 + ba2oos > 4\/1004 (dpcm)

2. Biing quy nap ching minh: a, = 2cos——

2n+l
Do d6: U,= 2" [2-2cos 2:‘“, =2 sin 2,’:2
_ limu. = Lim[2** sin x )=li1n E.sm*zmz _n
x»e 0 xox ) Qo2 x—>r| 9 b4 2
2n+2
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Céu 2:
Tim tat cd cdc ham f: R* - R thoi min diéu kign

1
f(l)—§

f(xy) = f(x).f(g) + f(y).f(z), Vx,y € R*
Dép 4n
Tim tat cd cdc ham f: R* - R thod min cdc didu kién

1) = L va fix y) = 10.63) + £5).£3) + f(y).f(ij M
2 y X X

vdiVx,yeR'
Tu (1) chox =1,y = 3 ta cé: f3) = A1).R1) + RK3).f(3)

= £(1) + £3) = %fm)

2
—)[f(3)—%] =0:>f(3)=%

Thay x =1 vao (1):
fiy) = FOEE) + £33 = L19) + L£3) = £3) = £9), ¥ ye R
y 2 2 y y
Khi dé (1) tré thanh: ix y) = 2 fix). f{y) (2)

Trong (2) thay y bdi 5 = £(3) = 2£(x).£(3)
X X

f(x)=l

R

= 1_ 2[f(x)]2 =
2
f(x) = _5

Trong (2) thay y = x: fix®) = 2[f(x)]2 = 2% =%

:)VéiVx>0thiﬁx)=—%léhé.mduynhé’tthoémﬁnyéucﬁubéj
toan.
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Cau 3:
ChotaggxacABCthoadleuklenA>B>C Tim gi4 tri nho nhét cia

= (e e
Tit d6 suy ra phuong tr.inh sau c6 va chi ¢6 mot nghiém
Jx-sinA +Jx-sinB = Jx-sinC
Péap én
Vi A, B, C 1a 3 gbéc cia mot tam gidcnén A>B>C o a>b>ec

> sinA > sinB > sinC (*)

T4p xéc dinh D = (~w0,sinC) y [ sinA, +00)

:(x)— sinA -sinC [x-sin +sinB—sinC x-sinC >0
"7 9(x -sinC)? qx—SinA 2(x - sin C)? Vx - sinB

Bang bién thién

X —a0 sinC sinA _ +00
f(x) + : +
fix) +00 +1
1 / . Jsin A-sinB i /
sin A-sinC

Vay Min f(x) =JM— 1 khi x = sinA
sin A - sinC

Phuong trinh VJx - sinA +Jx—sinB = FsmC (1) ¢6 tap xac
dinh [sinA, +o)

\[x—sinA x-sinB
© +

x-s8inC x-sinC

-1=0

ofx)=0

Véi diéu kién x > sinA. Tir bang b1en thlen cia fix) suy ra phuong
trinh c6 nghiém duy nhat.

Cau 4:

Céc diém M, N lan lugt la trung diém ca cdc canh AC, SB clia t&
dién ddu SABC. Trén dudng thing AS va CN ta chon cic diém P, Q
sao cho PQ // BM. Tinh d3 dai PQ biét ring canh ti dién bang 1.

’”
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Céu 3:
ChotawglécABCthoadleuklenA>B>C Tim gia tri nhé nhit cia

x —sin A x -sin B
Rx) = \/;——s.mC +\/x—sinC”1
Tut @6 suy ra phuong trinh sau ¢6 va chi c6 mdt nghiém
Jx-sinA ++Jx-sinB = Jx-sinC
Pép én
Vi A, B, C 1a 3 géc cia mjt tam gidcnén A>B>C o a>b>ec

<« sinA > sinB > sinC (*)

T4p xéc dinh D = (~0,sinC) Y [ sinA, +0)

¢ sinA -sinC [x-sin sinB—sihC x-sinC
f(x) = - 3 - + - 3 - >0
%x -sinC)? Vx-SinA  2(x-sinC)’ Vx-sinB

Bang bién thién
X |—-o sinC sinA +00
f(x) + | +
fx) +00 +1
1 / . Jsin A-sinB /
sin A-sinC

Vay Min fx) =JM— 1 khi x = sinA
sin A —sinC

Phuong trinh Jx-sinA +Jx-sinB = Jx sinC (1) c¢6 tap xdc
dinh [sinA, +o)

x-sinA x-sinB
© - + -
x-8inC x-sinC

-1=0

<—)f(x)—

Véi diéu kién x > sinA. Tu bang b1en thlen caa fix) suy ra phuong
trinh c6 nghiém duy nhat.

Cau 4:

Céc didm M, N l4n lugt 1a trung diém cta cdc canh AC, SB cia tf
dién ddu SABC. Trén dudng thing AS va CN ta chon cic diém P, Q
sao cho PQ // BM. Tinh d3 dai PQ biét riing canh ti dién bang 1.

’”
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Dap an
Dung doan PQ

PQ 12 giao tuyén ctia 2 mit phing 14n lugt qua CN song song BM
va mit phing qua SA song song BM

Trong mat phing (SBM) ké NI // BM. Khi d6 BM// (NIC).

Pudng thing CI cit SA tai P, P c(SAK): mit phéng chidu SA va
song song BM,

AK // BM.

Gia sit ON cit SK tai Q. Khi d6 Q  (SAK)

Tt trén = PQ /BM
PQ// BM

PQ _SP
PQ // AK va —_—
=Pa AK  SA
Dua vao tinh chidt dudng trung
binh ta suy ra:

SP-PE-EAwa o= -1
SA 3
Tiu d6 suy ra: PQ = — AK——\{;

[+
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PE THI DE NGH] MON TOAN LGP 11
TRUONG THPT CHUYEN LE QUY PON - TiNH BA RIA - VUNG TAU

Cau 1: (3 diém) .

Cau 2: (4 diém)

Giéi hé phuong trinh
2log, (2x + 3y) = log, (2 + 2x + 3y)
ln(4x2 +x+l)+x3 +21=9y

Pap an

bit t =log, (2x+3y) <> 2x+3y =T7".
Khi d6 ta c6 phuong trinh: 2t = log, (7* +2) 0,5d
- 7Y 1Y} | :
oYr=T"+2o 9 +2. ry =1 1) 0,5d

t t .
Ham s6 f (t):(%) +2.(%) gidm trén R nén phuong trinh (1)

St=12x+3y=17 : 0,5d
Thay 3y = 7 — 2x vao phuong trinh thif hai ta thu duge phuong trinh
In(4x® +x+1)+x*+6x=0  (2) - 05d
Xét ham s6
8x+1 .
= In(4x* 1)+x*+6 (x)=—————+3x*+6
g(x) (4x® +x+1)+x* + 6x = g'(x) et
g (x)=3x2 + 22X 14X+ T ) o ¢ R ham s6 g(x) tang trén R. 0,54
4x° +x+1 ‘

Phuong trinh (2) < g(x) = g(0) < x = 0 tir d6 thu duge yzg— 0,5d
VAiy hé phuong trinh ¢é6 nghiém duy nhit (0;%) .

-

Cé bao nhiéu s8 nguyén duong n khéng vugt quia 2008 théa man

C;., khong phai la bdi cua 4?

(Trong d6 C* 1a s t8 hop chép k cia n phan t&)




_ Dép 4n
Véin = 1 thi C, = 2 khong phai 1a bbi cia 4.

2n)!
Véin =2, tacé Cj, =§ 1:))2 . Pat s = [logen], 6 day ki hiéu [x] chi
n!

phan nguyén clia sé x.
Khi d6 s§ mii cia 2 trong phén tich tiéu chuin ciia (2n)! va cia n!

1an luot 1a:
s+1 . s n
a= Z[ ] ab=Z[§;] 1d
k=1
Khi d6 s6 mii cia 2 trong phan tich tiéu chuin ciia C3, la:

o (S[2) o{5[s)3l3] o

+ Néu n 132 mét lay thira cda 2, gia si n = 2°, m x Z* thi
8-1
t=2"-) 2" =2 (2°-1)=1<2
k=0

= C;, khong phai la bdi cia 4. 0,5d
+ Néu n khong phai 12 lay thita cia 2, gid st n=2°+p;0<p< 2.
Khi dé:

-z 3250 (- 52) (- 5[]
R H &

MaZ[ ] _f" (l—l)<p:>t>1:>t22 0,5d
k=1 k12 28

Do d6 C;, 1a mdt bdi cua 4.

Vay Co. khong phai bdi cha 4 khi va chi khi n 12 mot liy thita cia 2.

Trong cdc s6 nguyén duong khéng vuot qua 2008 c6 11 s6 la lay

thira cia 2 théa man yéu ciu bai todn. 0,5d

Cau 3: (3 diém)

Cho tam giac ABC nhon c6 truc tam H. Trén dudng thing d vuong
goe voi mit phing (ABC) tai A 14y diém S thay déi khiac A. Pudng
thing qua H vudéng géc véi mit phing (SBC) ciit dudng thing d tai K.
Tim gia tri nhé nhéit cha biéu thic BK® + CS? khi S thay ddi trén d.
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Pap éan
AH cit BC tai D, ta c6 AH L BC, SA L BC = (SAD) L BC
| Pudng thdng qua H vudng géc mp(SBC) nim trong mp(SAD) cit
SD tai I va cit d tai K.
Ta c6: CH L AB; CH 1 SA = CH 1 (SAB) = CH L SB
MaIK L (SBC)=1K 1L SB = (CIK) L SB

= CI L SB hay I 1a truc tam tam giac SBC. 1d
T dién BCSK la tit dién truc tdm nén ta cé:
BK? +CS? = BC? + SK® 0,5d

Ma BC khong d6i, nén dé BK? +CS” nhé nhat thi ta cdn tim S dé
SK nhé nhit. Xét hai tam gidc SAD va AHK ddng dang thu dugc:
SA _AD
AH AK
Ta cé: SK? =(AS+AK)® > 4AS.AK = 4AD.AH 0,5d
D4u “=” xay ra khi va chi khi '
AS = AK = JAH.AD
Vay gid tri nhé nhat cia biéu thic
BK? + CS? 1a BC? + 4AD.AH dat
dugc tai 2 vi tri S chay trén dudng
thing d ma AS = VADAH 0,5d

> ASAK=AHAD  05d S

Cau 4: (3 diém)
Cho céc s6 duong a, b, ¢ théa mén diéu kién:
1 1 1 2

+ + + — — =1
(a+1)* (b+1)" (c+1)° (a+1)(b+1)(c+1)
Chitng minh ring: abc > 1
" DPap an

1 1 1
s ; 0;1).
a+l b+1 c+le( )

Do d6 c6 cdc goc nhon A, B, C sao cho:

T diéu kién bai ra =

cosA =

1 ; cos B =——1—; cos(,{:i_
+1 b+1 - c+1

Thay vao gid thi€t thu dugc:
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Bap an
Véin=1thi C, = 2 khong phai 1a bi cta 4.

Véin>2, tacé Co, = 2 ')2 . Pat s = [logsnl, & day ki hiéu [x] chi
n:

phan nguyén cia s x.
Khi d6 s& mi ciia 2 trong phén tich tiéu chuidn cia (2n)! va cia n!

1an luot 1a: ,
a- z[ ] va b= z[ ] 1d

k=1

Khi d6 s6 mii ctia 2 trong phan tich tiéu chuin cia Cj, la:

oo (B[R] Sz )R] o

+ Néu n 12 mét liy thita cia 2, gid st n = 2°, m x Z* thi
s-1
t=2-)2"=2"—(2-1)=1<2
k=0

= Cj, khong phai 1a bdi cua 4. 0,5d
+ Néu n khong phai 1a liy thia cia 2, gid sit n=2° +p;0<p < 2:.
Khi dé:

vz ep-FIZIP |- (oS (-3 5]

-1+(o-3[]) 14

Ma Z[zk] IZ:%-p(l—%)<p:>t>1:>i;22 0,5d

k=1
Do dé6 C;, 1a mot bdi cia 4.
. Vay C2, khong phii bi cia 4 khi va chi khi n 12 mét liy thita cia 2.
Trong cdc sé nguyén duong khong vust qua 2008 c6 11 s6 1a liy

thita ciia 2 théa man yéu cau bai todn. 0,5d
Cau 3: (3 diém)

Cho tam gidc ABC nhon cé tne tim H. Trén duong thing d vuong
géc voi mit phing (ABC) tai A 14y diém S thay déi khic A. Puting
thing qua H vudéng géc véi mit phing (SBC) ciit duong thing d tai K.
Tim gia tri nhé nh4t cta biéu thiec BK® + CS? khi S thay d4i trén d.
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Pap én
AHcétBCtaiD ta cd AH L BC, SA | BC = (SAD) L BC

Pudng thing qua H vudng géc mp(SBC) nim trong mp(SAD) cit
SD tai I va cit d tai K.

Ta c6: CH L AB; CH 1 SA :CHL(SAB):CHLSB
MaIK 1 (SBC) = IK L SB = (CIK) L SB

= CI L SB hay I 1a truc tdm tam giac SBC. 1d
T dién BCSK 1a t& dién truc tim nén ta cé:
BK? +CS? = BC? + SK® 0,5d

Ma BC khong d6i, nén dé BK? +CS® nhé nht thi ta cén tim S 48
SK nhé nhat. Xét hai tam gidc SAD va AHK déng dang thu dugc:

SA _AD : :
= ASAK = AH AD 0,5d S
AH AK .

Ta cé: SK? =(AS+ AK)” > 4ASAK = 4AD.AH 0,5d
D4u “=” x3y ra khi va chi khi ‘
AS = AK = JVAHAD .
Vay gid tri nhé nhat cha biéu thic ' H
2 2 D
BK? + CS? 1a BC? + 4AD.AH dat
dugc tai 2 vi tri S chay trén dudng
thing d ma AS = VAD.AH 0,5d

Céu 4: (3 diém)
Cho céc s6 duong a, b, ¢ théa min diéu kién:
1 1 1 2

+ + + : =
(a+1)* (b+1)* (c+1) (a+1)(b+1)(c+1)

Chitng minh ring: abc > 1

" DPap an
U | 1 1
Tu diéu kién bai ra = ; ; €(0;1).

a+l b+1 c¢c+1
Do dé ¢6 cdc goc nhon A, B, C sao cho:

1 1
s cosB=——; cosC=—.
a+l TR % T o

Thay vao gid thiét thu duge:

cosA =
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cos? A +cos?B+cos?C+2cosAcosBeosC =1
<> (cos A + cos Bcos C)2 = (1 - cos? B) (1 — cos? C)
< (cos A + cos Bcos C)2 =sin’Bsin’C

<> cosA =-cosBcosC +sinBsinC (do A, B, C la cac géc nhon)
< cosA=-cos(B+C)=>A+B+C=n

Nhu vay A, B, C la 3 géc chia mot.tam gidc. 1d

Theo cach diat A, B, C thi
a 1-cosA b= 1-cosB ~_1-cosC

y - y c 0,5d
cos A cosB cosC
Piéu cin ching minh dua duge vé;
(1-cosA)(1-cosB)(1-cosC)=>cosAcosBcosC
=S (1 —.cos A) . (1 —‘cos B) . (1 —.cos C) >cot A.cot B.cotC
sin A sin B sinC-
= tané.tanE.tang > cot A.cot B.cot C
2 2 2
o tanAtanBtanC > cotf‘—cot-]icot—(z
- 2 2 2
= tanA+tanB-;,tanC > cot%+cot§+cotg * 0,5d
Bay gio ta cé:
sinC
tanA+tanB= —————
anf s tan cosAcosB
2sinC 2sinC C
= 2 =2cot — 0,5(1
cos(A -B)+cos(A+B) 1-cosC 0 2
Tuong tu: tan B + tanC > 2cot%; tanC + tan A > 2c0t-g
Cong céc bat ddng thitc theo vé& ta suy ra (3). (dpcm)
Dau “=”" xdyra < AABCdéu s a=b=c=1 0,5d

Cau 5: (4 diém)
Cho phuong trinh vé6i tham s§ n nguyén duong x + 3x* + ... + nx" =

W | oo

1. Chitng minh ring phuong trinh trén c6 nghiém duong duy nhat véi
moi n nguyén duong, ki hiéu 1a x,.

2. Chimg minh ring diy s6 (x,) c6 gi6i han hitu han khi n - +oo.
Tinh gidi han dé6.
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Pap an-
1. Xét ham s8 f, (x) =x+2x* + ...+ nx" —g lién tuc trén R va cé

fi(x)=1+2x+...+n%x""}

f. (x) >0 Vx e (0;+o) nén ham s6 f,(x) ting trén (0; +w) (1)

Ma f,(0) = -§< 0,f.(1)>0= phuong trinh £u(x) = 0 ¢6 nghiém

trong khoang (0; +w) (2)
Tu (1) va (2) suy ra phuong trinh f,(x) = 0 ¢6 nghiém duong x, duy

nhit véi moi n. 1d
‘ n-1
2. Ta c6 3f, (l)=1+2.1+...+n.(1) _9
3 3 3 4
2 n .
o(2)-Lea(lf srn(L) 2
3) 3 3 3 4
Trir theo vé:
n-1
2fn(l)=1+—1-+...+(l) _»_3
' 3 3 . \3 3 2
=§(1_L)-£_§=_2n+3<o 1d
2 3) 3 2 2.3"
Do d6 x, >% VneZ'
Ap dung dinh ly Lagrange ton tai y, € (%, xn) sao cho:
2n+3 |, , 1 1 1
— =|f ~-f1=t=x, -’ -
- (3) gl Gl -
Vi £, (y,) >1 v6i y, > 0. 1d
. .. 2n+3 . 1
Mait khac lim =0=limx, == . 1d
n»x 4 3" n—x 3

Céau 6: (3 diém)
Tim tat cd cdc ham s6 f: R » R théa méin:

f(fz(x)+f(y))=y+x.f(x) Vx,yeR
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Pap an _

Ky hiéu f(f*(x) + f(y)) =y +xf(x) vx,y eR (1)

+ Neéu f(x) = fly), tir (1) ta c6:
y+x.f(x):f(fz(x)+f(y))=f(f2(x)+f(x)):x+x.f(x):>x:y
Do d6 ham f 1a don 4nh. 0,5d

+ Dat a = f{0). Thay x = 0, y = 0 vao (1) duge: f(a® + a) = 0
Thay x = a® + a va y = 0 vao (1) thi:

f(fz(a2+a)+a):(a2+a).f(a2+a):03f(a):0

Khidé f(a)=f(a’+a)ma=a’+a=a=0,teclafi0)=0 05d

Thay x =0 vao (1) thi f(f(y)) =y VyeR

Thay y =0 vao (1) thi f(f* (x)) =xf(x) vxeR (2)

Thay x béi fix) vao (2) thi f(x*) = f(x)f(f(x)) = xf(x) VxR (3)

T (2) va (8) suy ra

. A . . f =
f(fz(x)) = f(x‘) = f*(x)=x" D[f(gj)): _); ,Vxe R 0,56d
+ Thd truc ti€p ta thay flx) = x va fix) = —x 13 2 nghiém ham cua
bai todn. 0,5d

+ Gia su bai toan c¢6 nghiém khac 2 nghiém trén khi dé tén tai b,
¢ khdc 0 sao cho fib) = b; fic) = —¢; Thay x = b, y = ¢ vao (1) thi:
Z - 2 _ b — O
c+b2 b ‘= (vd 1y do ta chon b, ¢
c+b® =c-b? c=0
khac 0) : 1d
Vay bai todn chi ¢6 2 nghiém 1a fix) = x va fix) = —x.

f'(b2 -~c):c+b2:;>[
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PE THI PE NGH| MON TOAN 11

TRUOGNG THPT CHUYEN LE QUY PON NHA TRANG — KHANH HOA

Cau 1: (4 diém)

m>n>p>0
Chowmp<n2
a b ¢

Z+=+—=0
m n p

Ching minh ring phuong trinh ax’ + bx + ¢ =0¢o nghiém trong
khoang (0; 1). ’
Pap an

Pat flx)=ax’ +bx+c
Tacé fin/m) = a(n/m)’ +b(n/m) +c

= n%m (a/m + b/n) + ¢

= ¢ (mp — n®)/mp
Va flo)=c
Do d6 f(0)fn/m) = ¢ 2 (mp — n®)/mp
Néu ¢ = 0 thi phuong trinh ¢é nghiém x = n/m thoa dé bai
N&u ¢ #0 thi fix) = 0 ¢6 nghiém trong khodng (0; n/m)
Do flO)fin/m) = ¢ 2 (mp - n®Y/mp < 0, /m < 1
Nén phuong trinh c¢6 nghiém trong khoang (0; 1).

Cau 2: (4 diém)

Giai va bién luan bat phUOng trinh:
3x® —(a +3)x +a> %(a — 3x)(logsx)’. Trong d6 a 1a tham sd.
Pap an
Bat phuong trinh da cho xac dinh v6i x > 0 va c6 thé viét dudi dang

’ Bx-a)x-1)> -;—(a — 3x)(logsx)®

N

& (3x - a)(‘—‘l)_:(log3 x)’ +x- 1J >0




bat fix) = —;(108'3)()3 + X ~ 1; bat phuong trinh trén dugc viét dusi dang

B3x—-a)flx)>0 (1)
Ham sb f(x) xdc dinh va déng bién trong khoang (0, +o).
Vi f{1) = 0 nén fix) < 0 v6i moi x € (0,1) va fix) > 0 véi moi x € (1, +0).

3x—a=0¢.->x=E
3

1. Néu a/3 < 0, tic 1a a < 0 thi ddu ciia v& trai ctia bt phuong trinh (1)
dugc cho trong bang sau:

a .
X 3 0 1
g(x) - 0

3x — a -~ 0 + +
(3x — a)fix) - 0

Nghiém cla b4t phuong trinh da cho 1a x > 1.

2. N&u 0 < g. < 1, tifc 14 0< a < 3 thi ta c6 bing xét dau:

a
X 0 3 1
fix) - —. 0
3x — a - 0 +
(3x — a) f(x) + 0 - 0 +

Nghiém cia bat phuong trinh da cho 1a: 0 < x < % hoac x > 1.

Lap bang xét ddu cia (3x - a)f(x) tuong tu nhu trén, ta duge cic
két qua sau:

3. Néu —Z— =1 tic 1a a = 3 thi nghiém cua bat phuong trinh di cho la:
x>0;x = 1.

4. Néu g > 1, tdc 1a a > 3 thi nghiém clia bat phuong trinh d& cho la:

O<x<1;x> 3.
3

Két lugn:
1. Néu a < 0 thi nghiém cta b4t phuong trinh da cho la: x > 1
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2. Néu 0 < a < 3 thi nghiém cda bat phuong trinh dé cho la:

P<x< i; x> 1.
3
3. N&u a = 3 thi nghiém ciia bat phuong trinh da cho la: x> 0; x # 1

4. Néu a > 3 thi nghiém cla bat phuong trinh da cho la: 0 < x < 1

x> 2
3
Cau 3: (4 diem)

Day s6 nguyén {a,} dugc xéc dinh nhu sau: a; = 1; az = 2; a3 = 23;

2 2
_ 6a,_a,,-8a,,3,.,

a, = , n > 4. Chiing minh véi moi n thi a, : n.

an—‘zan—ls
Pép an

s a
Xét day sau: v, = —,n =2, 3,..
n-1

g
- 6an—lan«:i _ 83’1\—2

Tu cong thdc truy hoi ta cé o
an a, 8,3

Suy ra: v, = 6v, .1~ 8V, .2 (1)

Ta sé ching minh rang véi moin = 1, 2, 3,.tacé vy, =4"—2"(2)

(2) duge ching minh bing quy nap nhu sau:

Véin=1,tacovs= 22 =2=4"—2! vay (2) ding khin = 1

a,
L. , a, 24 2 2 ~ . .
Véin=2,tacovy= = =12 =42 - 2° vay (2) dang khin = 2
a,
Gia st (2) da dang khi n = k > 2, tic 1a vy, = 47 - 2° (3)

Xét khin =k + 1. Theo (1) ta ¢ vi.2 = 6vi, 1 — 8V (4)
Ap dung gid thuyét quy nap (3) ta cé:

Vi.g = B(4% - 25— 84" 1 - 257 1) = 6.4" - 6.2F — 2.4 - 4.2"

44k 9.9k - gk+ _ gkel
Vay (2) cing ding khin =k + 1
Theo nguyén ly quy nap thi (2) ding véi moi n = 1, 2,...
Taco: a, = Bn Bna
a,, a,, 4

Vi thé tif (2) suyraa, = (4" 1-2°"H4* 2 -2 % .. (4-2) 5
Véi moi s6 nguyén t6 p, theo Dinh 1y Fermat ta co:

a2
—La, =V, v ..V,a,
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(4" '~ 1) = 0 (mod p); (2°~ ' = 1) = 0 (mod p)

Suy ra: (4P "' — 2° " 1) = (mod p) = (4"~ 1_9p- 1! p véi moi s6
nguyén t& p. Tt 6 suy ra néu s la boi sGciap—1,thi(4°-2%:p
Gid sif n 1a s6 nguyén duong tuy ¥, va n c6 dang khai trién sau

n = pypy Py »
(& day p1 < pz < --- < Pk 1a cdc s0 nguyén o).
T nip® suyran:py,n:pg ., NPy
Tdc1a n=d,p, =d,p’ =d,p} =...=d,p!
Suyra: dy>dy>.. d, ®>n-di>n- dy >...>n - d, va ta co:

n—d;=dypr -1

n-dy=do(p} -1

n-d, =d (p; -1
Nhu vay ta c6 n — d;, n — dg,..., n — d,l 12 r; bdi khac nhau cda p; - 1.
Theo trén ta coé:

(4™ % —2v%)ip Vk=1,2,..,1
Ti dé dua vao (5), ta cé: a, :py
Lap luan tuong ty ¢é: a, ip; (v6imoij=2,3,., k)
Suy ra: a_:pPpZ..py hay a, : n. (dpem)

Cau 4: (4 diém)
Cho A, B, C 1a ba diém phan biét trong khong gian. (P) la mat
phéng c6 dinh. Tim M e (P) sao cho S = MA® + 4MB? - 9MC? dat
gia tri 16n nhat.
Pép an
Goi G 1a diém théa mén hé thic GA + 4GB - 9GC =0, suy ra G ¢8
dinh va thudc mp (ABC).
S = (MG + GA)? + 4(MG + GBY* - 9(MG + GC)*
- _4MG* + 2MG(GA + 4GB - 9GC) + GA” + 4GB* - 9GC*
= —4MG? + GA? + 4GB’ - 9GC?

Vi GA? + 4GB? — 9GC? khong ddi nén S dat gia tri 16n nhét khi va chi
khi MG nho nhét < M 1 chan dudng vubng goc ha tit G xudng (P).
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Cau 5: (4 diém)

2000
Tim chit s6 don vi cia: {—————10100 3}
+

Pap an
1020()0 102000 - 320 320
= +
10° +3 10" +3 10" +3
3% =91 <10 <10 + 3

20

>0< ——— <1
10 +3

Mat khae: 102°%° - 3% : 1020 - 3% : 10" + 3

102001) 1020()() _ 320
A= =
- Lo“‘“ + 3] 10™ + 3
1020() _ 32 )
= 10100 3 [10200.9 + 10200.8.32 ¥ .+ 10200.1'32.8 + 32.9]
+

= (10" — 3)(108% 4+ 100 32 4+ .. + 3%)
Ma 3%=3%*2-981*'=9 (mod 10)
= A=-39=-27=3 (mod 10)

2000

Vay chit s6 tdn cung cta [1—01(—)0—4(—5} la 3.
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PE THI DE NGH| MON TOAN 11

TRUONG THPT CHUYEN LUGNG THE VINH — PONG NAI

Cau 1:

Tim t4t ca cac ham so f: R -» R; f dong bién thuc su va théa diéu kién:

fifix) +yl=fx+y)+1;Vx,y e R
Pap an
Gia su: f1a ham s6 théa bai toan
Cho x = 0 ta co: fIf(0) + yl = fly) + 1; Vy.
Hay fIfl0) + x] = fix) + 1; Vx € R '
Choy = 0 ta cé: fifix)] = f(x) + 1; Vx € R.
Do dé: fiIfl0) + x] = fIf(x); Vx € R
Do f tang thuc su trén R nén f(x) = x + f(0); vx € R
Thay vao phuong trinh dé bai, ta duge: f(0) = 1
Vay: fix) =x + 1; Vx e R A
Cau 2: Cho a 1a s6 thuc duong, xét day s6 (x,):
X, =a

: n-1 vn >1. Tim limx,.
X 2 (n+ 2).Xn - Z k.Xk
k=1

Pap an
Ta ching minh bing quy nap: x_,, > Zk.xk;‘v/n >1 (1)
k=1

eKhin=1;%>3x>x=a.
e Gia st (1) ding td6i n; ta c6:

n
X,,,2(n+3)x,,, - Zk.xk
k=1

= (n+1).x,,, +2x,,, - > kx, >@+Dx,,; +2) kx, - kx,
k=1 . k=1 k=1

n+l

= Z kx, .
k=1

Theo nguyén ly quy nap; ta dugc x,.; > Zk.xk

k=1

Do x;.> 0 nén tu d6 x, > 0 Vn.
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Ta c6: x;= a; x3 >2x;, = 1la.

Gia su: x,,1 > a.n!.

Ta ¢6: X, > 0+ 1).x,,; > (n + 1).a.n! = (n + 1l.a.

Vay: x,,1> a.n! Vn € Z*; va lima.n! = +o0 nén limx, = +o.

Cau 3:

" Tén tai hay khong mot ham s f: (0; +0) — R; f lién tuc va théa
man mdi x thude R* thi trong 2 s6 fix) hodc f(2x) c6 modt s6 bang 0 va
s0 con lai khac khong?

Pap an
Gia st f 1a ham sé théa diéu kién bai toan
Xét ham s6 g(x) = fi2x) - f(x) Vx> 0
Do ham s6 f lién tuc trén R* nén g ciing lién tuc trén R*
Theo gia thiét ta ¢6: phuong trinh g(x) = 0 v nghiém trén R*, do d¢:
 (g(x) > 0;Vx > 0) v (g(x) < 0,Vx > 0)
TH,: Néu vx > 0: g(x) > 0 thi fi2x) > f(x) vx > 0 va do d¢:
filx) < f(2x) < f(4x) < f(8x) moi x > 0 (*)
Theo gia thiét trong 2 s fix), 2x) ¢6 1 sd bang 0 va so kia khac khong
f(4x), f(8x) c6 1 s6 bé’mg‘O va s6 kia khac khong (mau thudn *)
TH;: néu Vx > 0: g(x) < 0 thi f{2x) > f(x) Vx > 0 (Iam tudng tu)
Vay khong ton tai ham sé f théa diéu kién bai toan.
Cau 4:

Cho tam gidc ABC goi A,, By, C; 1a cdc diém gidia cia cdac dudng
gap khic CAB, ABC, BCA tuong dng. Goi I, I, [, lan lugt 1a céc
dudng thang qua A,, B;, C; va song song vdi ciac phan gidc trong cia
géc A, B, C. Ching minh: ba dudng thang ,, I, I, dong quy.

Pap an

Goi AA,; 1a phan gidc trong cda goc A, [, // AA, va [, cit BC tai As.

Ta s& chiing minh: A; 1a trung diém cGa doan BC.

Ky hiéu: a, b, ¢ 1 dd dai cac doan BC, AC, AB, ta c6:

CA, _ CA, .CA, = AB+AC‘
CA, CA 2
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c .
5 CA, - CA,. AL CAz.P—;BE nhung CA, = B‘?‘-»kl;

= A, la trung diém ctia BC.

Ching minh tuong ty c6 B;, Cs 1a
trung diém cta doan AC, AB.

Nhu vay [, I, . 14n lugt 1a cac
dudng thing qua trung diém A, Bs,
C; va song song véi cdc phan giac
trong cua goéc A, B, C.

Xét phép vi tu tam G, ti s6 k = -1/2 (G 14 trong tam cia tam giac
ABC)

1

V.2: A A,; Bs B,; Cio C, do cdc phéan gidc trong Iy // Loy Lo 1] Ly
i3/ 1..

1
Suy ra Vi2:l, L b > b L+ 1 Vi by, 1y, 75 dong quy nén Ly, by, L

dong quy.
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PE THI PE NGHI MON TOAN LGP 11
TRUONG THPT CHUYEN LUONG VAN CHANH - PHU YEN
Cau 1: (3 diem)

Giai hé phuong trinh
1+x - ecnsx—cosy

1-y
y= \/5;——)(7 -1
Pip an
bit z = y, hé da cho tuong duong véi
o=l 2)
. z<1 2<1
reme {(Z'W _ox-x {(X-l)Z +(z-1)" =1

Nén néu (x, z) la nghiém thi x, z € [0; 2]
Do hai v& cha (1) duong, 14y logarit neper hai v& ta duge
In(x + 1) ~ In(z + 1) = cosx — cosz
< In(x + 1) — cosx = In(z + 1) — cosz
< flx) = f(z) (3)
(v6i f(t) = In(t + 1) — cost, t € [0; 2])

Taco f'(t) = E—l—l + sint > 0, V t € [0; 2] nén ftang trén t € [0; 2].
+ .

Do d6(3) <= x=2z Thé vao (2)tagididugc x =z =1 - —\122
Vay hé da cho c6 nghiém duy nhat (1 - iz—?—,l/g - 1] .

Cau 2: (3 diem)
Tim tdt ca céc tip con khac réng A, B, C cia tap cdc s6 nguyén
duong Z* thoa:
(WDANnB=BnC=CnA=g;
2)AUBUC=7%

(3)Vé6imoiae A,beB,ceC,tacoa+cec A b+ceB,a+beC.

202




Pap an

Gi3 s A, B, C 1a ba tap thoa méan bai todn. Do C khéc réng nén
ton tai x 1a phan ti nhé nhit cha C, ta c6 {1, 2, 3,., x - 1l c AU B.
Ti gia thiét véimoia € A,be B,tacoa+xe A, b+xe Bnén
t+nxe AUB,véimoite(l,2 3., x - 1}. Do d6 tat ca cdc s6
khong chia hét x déu thugc A U B hay véi moi ¢ € C, ¢ la boi cua
x.Vivady,v6imoiaec A be B,tacoa+b=kx

Gidsix=1,ttacA beBsuyyraa+1le A b+1eBnénta
cingcéa+m e A, b +n e B véi moi m, n nguyén duong va do dé
‘a+b e An B. Diéu nay méu thuan véi (1).

Gia su x = 2. Khong mat tinh tdng quat, ta ¢c6 1 € A. Tt (3) suy
ra moi so 1é déu thuoc A. Gia st b € B,tacob+1 e C,suyrab le
(vi C 1a tap cdc s6 chén), do dé6 b € A n B. M&u thuan véi (1).

Gid st x > 4. Ta c6 {1, 2, 3} « A v B. Do (1) nén khong méat tinh
téng quat, gid st c6 hai trong ba so 1, 2, 3 thudc A ma ta ky hiéu
lay, z. Ldybe B, tacob+y,b+ze Chayb +y,b+zlabdi
cia x vado d6 (b +y) — (b + z) = y — z cing la boi cia x. Ma
|y - z| <2 < x, nén trudng hgp nay khong thé xay ra.

Vay x chi c6 thé bang 3. Ta ching minh 1 va 2 khong thé dong
thoi thude A (va do d6 ciing khéng thé dong thoi thudce B). Gia st 1
va 2 déu thudc A, tir (3) ta c6 cic s6 c6 dang 3k + 1, va 3k + 2 déu
thuéc A, véi moi k nguyén duong. LAy b € B, ta ¢6 b + 1 thude C
suy rab + 113 bdi cda 3 hay b ¢6 dang 3k + 2 nén b € A. Mau
thuan v6i An B = &.

Vay chi ¢6 thé 1 ¢ A va 2 € B hoac ngugc lai.

DodbA=3k+1/keN,B={8k+2/keN},C=1{3k/k e N¥
hoic A={8k +2/k e N}, B={3k + 1 /k € N}, C = {8k / k e N*}. Thu
lai cdc nghiém nay ta thay thda yéu cau cha dé bai.

Cau 3: (4 diém)

Cho hinh chép cut tam giac v6i dién tich 2 ddy 1a B,, B,; dién tich
xung quanh 1& S. Ching minh ring néu ton tai mot thiét dién song
song v6i ddy sao cho thiét dién nay chia hinh chép thanh hai hinh
chép cut mdi ngoai tiép duge mit cau thi ta sé cé:

S = (VB +VB2) (4B + 4B,
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Pap an
Xét hinh chép cut tam gide A;B1C;.A2B:C,.
bat SA,B|C1 =B, ;SAZBZCZ =B,;
Goi thiét dién song song vdi ddy 1a A'B'C’. Pat Sypc = B’
S, 14 dién tich xung quanh hinh chép cut A;B,C,.A'B'C".
S, 1a dién tich xung quanh hinh chép cut A’'B'C’.A;B;C,.
r; 1a ban kinh mat cdu ndi tié€p hinh chép cut A;B,C,.A'B'C".
r; 12 ban kinh mét ciu ndi ti€p hinh chép cut A'B'C".A;B,C,

1 2
Taco Ve ame = 3h (S, +B,+B) = —3—r1(B] +B'+ /BB

= S, =B, +B' +2/B,B
Tuong tu tacé: S, =B, + B' + ZJEF
= S$=8,+S, =B, +B, +2B + 2JB'(/B, +B,)

SA’
Xét phép vi tu: V3% : AA B,C, > AA'B'C S
Vi phép vi tu nay bi€n mit ciu 1
thanh mat cAu 2 nén suy ra

SA'

V34  AABC' > AA,B,C, .

Do d6: —Ii = (
Bl

sa) _B,
SA,] B

Tir day ta c6: B' = /BB,
- S=B, +B,+2/BB, +2//BB, (JB, +B,)
= (VB, + VB.) + 24,5, (/B + JB.)
= (\/'BT+JBZ)(JBT+J§;+24B132).
- (VB + B, (VB + 4B,
vay S=(JB, +{B,)(yB, +¢B,).
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Cau 4: (3 diém)
Cho a, b, ¢ 1a ba s6 thyc duong. Ching minh:
\/——bc(\/§+f Je)+(a+b+e) >4f§bc(a+b+c)

Pap an
Ta c6 bat ding thuc da cho tuong duong véi
JE+J—+JC (Wa+b+c) 543,
\/a+b+c fb
Do a + Vb + e > 3(J/abc)'’? nén ta can ching minh
3(\/;5—)’” (Va +b+c) L 43
\/d+b+C Jabe

va+b+ce _ a+b+c
That vay, dat t = (\/._,)m b >3, ta cé

(2) & %+t324\[§.

(2)

Dot > 0 nén %+t:’:€+—+—+—>»-4—-24\f3.

BA4t déng thic da cho duge ching minh va diu bang xay ra khi va

Ja=vb=1c -

chikhi ta=b=c ~a=b=c
3 t
v 3

Cau 5: (4 diém)
Cho day (u,) dugc xédc dinh bdi:

u, :ae(—ﬁ,O)
2

u,,, =In2-sinyu,)-2.
Cht’fng minh (u,) hoi tu.
Pap an
Ppat flx) = In(2 - sinx) — 2. Tacé u,, 1 = fluy), Vn 2 1. Do f lién tuc

nén néu (u,) hoi tu vé a thi o 12 nghiém ctia phuong trinh f(x) = x
< In(2 - sinx) —x—-2=0.

Ta ¢6 g(x) = In(2 - sinx) - X - 2 lién tuc va g[—%j > 0, f(0) < 0 nén
o ton tai.
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Ta ching minh u, € (~g,0) ,Vn

That vay, gid st u, € (—3,0), ta ¢6 -1 < sinu, < 0

= 2<2-sinu, <3
= In2 < In(1 - sinu,) < In3

3‘% <ln2—2<ln(1—sinun)—2<ln3—2<0hay—--g- <Up.1<0

~CoS X ~sin®x
T f f' i tialiintl
aco 'x) = 1-sinx ( (X))- (smx 2)*
2
bat t = sinx, ta cé (f’(x)) = h(t) véi h(t) = (1 ;)Z , (=1 <t <0)
Taco hit) = 2 D-2)
(t-2)
t 1 0 1 2
-0 — - o0
5 +
h'(t) 4

Ta ¢6 h(t)sz, vt e (-1, 0), suy ra lf'(x)lsé, Vxe(——g—,O).

Ap dung dinh ly Lagrange, v6i moi a, b ¢ (—g—,O), a<hb,tacé

If(b)—f(a)I:f'(c)Ib—aIs%lb—a| (c € (a, b))

Do dé lun—aI:If(un_l~f(a)|s%|un_l—al

lu, —al=

< ——
2n~l

Suy ra day (u, — o) hoi tu va do d6 (u,) hai tu.




Cau 6: (3 diem)
Tim ham f: R - R thoa;
)flx+y) <flx)+fly), v,y € R

ii) lim@ =1.
x-0 X

Pap an
Thé x = y = 0 vao (i), ta duge f0) < 2f(0), suy ra f(0) > 0.

Thé y = —x vao (i), ta ¢6 fix) + fi—x) > f{0) > 0 hay f-x) > —-f(x),
vx € R.

Tir (i) ta cang ¢6 finx) < nfix), Vn € N*, vx € R
Hay f(x) Snf(—)i), Vn € N* vVx € R
n

f(x) X

& — < f(&>), Vn e N*; vx e R.
n n )
Khi d6 véi x > 0 bat ki, ta c6
& . e
) @) ) | fex) n).
X n X -X -X X
n n n

Cho n — o, st dung diéu kién (ii) va dinh ly kep, ta dugc

f_(i‘l: f(—x)_: 1 vx € R.

X -x

Tiu d6 ta c6 fix) = x, Vx =2 0.

Mat khac, tit cdc két qua trén ta thay
0<fi0)=Rf1+(-1)<fll)+f-1)=0

Vay fix) = %, vx € R. Thu lai ta thdy f chinh 14 ham can tim.
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PE THI PE NGHI MON TOAN 11
TRUONG THPT LUU VAN LIET - VINH LONG

Cau 1: (3 diém)

208

Giai bat phuong trinh
1 S 1 +log,(x +3)

1
x +1 X 1)

‘ Pap an
e Diéu kién: x € (=3; +») \ {~1; 0}
e Truong hop 1: x> 0

+ Bpt (1) tré thanh: :TI“I > logs(x + 3) @)
x - .

+x>0= x+1 = (2) v6 nghiém.
VP = log,(x+3) > log,3 =1

e Truong hop 2: x € (-3; 0) \ {-1}

+ Bpt (1) tré thanh: ] < loga(x + 3) (3)
. X
-1 1
I e > —
+-3<x<-2> x+1 2

VP =log,(x+3) <log,1=10

= (3) vé nghiém.
-1

VT = >1

+-2<x<-1= x+1

VP =log,(x+3) <log,2<1

= (3) v6 nghiém.
VI = L <1
x+1

+-1<x<0= )
VP = log,(x + 3) > log, 2 > log, [§]= -1

= (3) nghiém dang véi moi x € (-1; 0)
e Vay tdp nghiém cta bat phuong trinh 1a S = (-1; 0)

0,25d

0,25d

0,5d

0,256d

0,5d

0,5d

0,5d
0,25d




Cau 2: (3 diém) .

Trong hinh vudng ABCD ¢6 dé dai canh 1a 4 cho truéc 33 diédm
phan biét, trong d6 khéng c6 3 diém nao thang hang. Vé cac dudng
tron c¢6 ban kinh R = V2, tam lan lugt 14 33 diém trén.

Héi c6 hay khong 3 di€m trong 33 di€m néi trén sao cho chiing déu
thudc phan giao cia 3 hinh tron c6 cdc tim ciing chinh la 3 diém dé.
Néu c6, hay giai thich tai sao?

Pap an
® Trd loi: C6 3 diém trong 33 di€m sao cho ching déu thusc phan
giao cla 3 hinh tron c6 cdc tam ciing chinh 1a 3 diém do. 1d
e Gidi thich.
+ Chia hinh vuéng ABCD thanh 16 hinh vuéng don vi (mdi hinh
vudng c6 canh bing 1 don vi d6 dai) 0,56d
+ V6i 33 di€m chia trong 16 hinh vudng don vi, theo nguyén tic
Dirichlet: ¢6 it nhat mot hinh vudng don vi chda khong it hon 3
diém. 0,5d
+ Mat khédc: khodng cach giita 2 di€m bat ki trong hinh vudéng don
vi khong thé vugt qua V2 (do dai dudng chéo ctia hinh vudng don
vi biing v2). . 0,5d
+ Goi Oy, Oy, O3 1an lugt 12 3 diém ciing ndim trong mét hinh vudng
don vi‘nao d6. Ve 3 dudng tron c6 tam lin lugt 1a O;, Oy, O3 va
ban kinh bing V2 thi 3 diém 04, O;, O; déu thudc phan. giao cua
3 hinh tron nay. , 0,6d
Cau 3: (4 diém)

Cho td dign ABCD va dat u = AB.CD, v = AC.BD, w = AD.BC.

Chitng minh réng u, v, w 1a d¢ dai ba canh cia mét tam gigc nao dé.

Dap an
o+Dz_§t:a=AB,b=AC,c=AD,m=BC,n='CD,p=BD.
Ta c6:u=an,v=bp,w=cm

+ Goi Aty, Aty, At; 1an lugt 1a tiép tuyén cia cdc dudng tron ngoai
ti&p AACD, AABD, AABC.

+ Trong (ACD) ké Dx, // AC cit At, tai E, ta ¢c6 DE // AC.

+ Trong (ABD) ké Dx, // AB cét At, tai F, By, // AD cit At, tai G.
Ta c6: DF // AB va BG // AD

+ Trong (ABC) ké By, // AC cit Aty tai H, ta ¢c6 BH // AC
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Ta duge: (DEF) / (ABC) va (BGH) / (ACD) 1d

e + Mat khdc: At,, At,, Aty cdn 14 cic tiép tuyén cia mit cau (S)
ngoai tiép ta dién ABCD tai A '

— AE, AF, AH cing niim trong ti€p dién (P) véi (S) tai A.

Khi dé:

(P) N (DEF) = EF (P)n(BGH) = GH
(P)N(ABC) = AH{ = EF // AH va (P)N(ACD) = AE { = GH // AE
(BEF) //(ABC) (BGH) /(ACD)

" T @6 suy ra AEF = GHA va EAF = HGA

210

EF _AF
= AGHA  AGHA = - =k (1)
e Xét hai tam gidc EAD va ACD. Ta cé:
EAD — ACD va ADE = DAC ,
EA AD cn

— AEAD o ADCA = AE = ¢
DC CA b
Lap lufn tuong t, ta duge: AF = <P; AH=9‘—'51;AG= ap
a C




2
va tir (1) - EF = HA AF _ mec

GA ab : Q
Dodé:AAEFcﬁcgnhlﬁAE:fgl; E
c mc? H
AF = S2-gF - 1d F
a ab A
G
ePitk= —_.Tacd
C
¢ _Aan —>u=AB.CD = an = k.AE
b k
_cp_bp — v =ACBD = b.p = kAF
a k
2
EF=1¢ _ 3¢ _ w-ADBC=mc=kEF
ab k
Vay: u = AB.CD, v = ACBD, w = AD.BC 13 3 canh cia mft tam
g‘iéc,dﬁngd&_mgvéiAAEFtheoﬁsé’k:ﬂzAiﬁC 1d
‘ [
Cau 4: (3 diém)

Cho tit dién ABCD c¢6 AB = CD, AC = BD, AD = BC.

Tim diém M sao cho M) = AM?® 4 BM?*® 4 CM*™ + DM dat
gid tri nhé nhat.

Pap an
e Chiing minh b3 dé: Néu a > 0, b > 0 va n e N* thi ta c6:
a+br

2
+ Véi n = 1: (1) hién nhién ding
+V6ine N*, n>1:x6thamsé ix) =x"+(c-x)",c>0

a"+b"2_2[

" Ta cé: f’(x)zn[x"_l —(c——x)""]=0@x——-%

f"(x) = n(n - D[x"* + (¢ — x)"?]
n--2
A4 - -l
=>f [2] 2x(n 1)(2] >0'

wtoiff]

N e

Do dé: f dat cuc tiéu tai x =
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= f(x)zf[:;—] = x" +(c—x)“22[%]

Tia d6 véic =a + b va x = a thi ta ¢é: a“+b“22[a;b] 1d
e Apdung B dé: V6ia>0,b>0,¢>0,d>0vane N*

c+dr

atb) oo c"+d“22[ :

Ta c6: a™ +b" 22{

Suy ra:

a" +b" +c" +d" >2

[a+b] +[°+d] 24[2Mt£] 1) 0,5d
2 2 4

e Dit: a = AM?; b = BM?, ¢ = CM?; d = DM? va n = 1004. Ta c6

fiM) = AM?°%®  BM**8 4 CM?***® + DM*%®

= a1004 + b1004 + c1004 + d1004

Theo (1) ta duge: M) > 47°%(AM? + BM? + CM? + DM?)'** (2) 0,5d

F

e Mit khac
+ Ta dién ABCD ¢6 AB = CD, AC = BD, AD = BC = Tu dién
ABCD 1Ia ti dién gan déu
= Trong tam G cta t dién ciing 12 tAm mit cau ngoai ti€p ti
dién ABCD
=>GA=GB=GC=GD=m(m > 0)

—_— P —_— — —

+ G 1a trong tam cua ti dién ABCD ©» GA+GB+GC+GD =0




Cau

+ AM? + BM? + CM? + DM?

- (AG + GM) +(BG +GM) +(cG +GM) +(DG + GM)

= 4GM? + GA? + GB? + GC? + GD?

= 4(GM? + m?) (3) 0,5d
Tix (2) va (3) suy ra f(M) > 47 [4(GM2 +m )] 4m>®

va f{iM) =4m®*® > M =G
Vay: fiM) nhé nhat khi M trung v6i trong tdm G cia td dién

ABCD 0,5d
5: (4 diém)
' x, =5
Cho diy sb (x,) théa man diéu kién: 5x, +4
y n+1 = X + 2 (n € N *)

Chitng minh V n € N*, x, # 4. Tinh x50 va tim hm( a)-

Dap an ‘ .
e Chitng minh V x € N*, x, # 4 biang phuong phép quy nap
Ta ¢6 x; = 5 # 4. Gia si x, # 4. Ta ching minh x, , , = 4. That vay,

x = -2
xn+,:4@—{5—+—4=4© " : X, =4
x, +2 5x, +4 = 4(x, +2)
Pidu nay trai véi gia thiét quy nap. 1d
e Khi dé6:
X, — 4= 5_x_+il_ 4:xn—4=> 1 ___xn+2=1+ 6
x, +2 x, +2 x,,-4 x,-4 x, — 4
bat: y, ! , ta cé:
. —4
1
= 1
A 4 1
1 6
= =1+ =6y, +1 (@1
yn+l _4 X—4 Yn ()

n

e Ching minh bo dé:

Néu day sé (x,) théa méan diéu kién u,,, =ax, +b (a beR) (¥
thi s6 hang téng quit u, = a" x, + (@ "2 4+ a" "3 4. +a+ 1,
neNvan=>2 (**%)

+ Theo phuong phép quy nap, v6in=2tacé uz =au; +b
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+ Gid st (**) ding v6i n = k (k € N*, k > 2).
Taco:u=a* x; +@ 2+a* 3+ +a+1)b
Ta sé chiing minh: u; , ; = a"x; + (a* ' + a* 2 +... + a + 1)b. That vay,
Uy .1 = auy + b
=afa* %+ @ 2+a* 3+ _+a+1bl+b
=a"; +@ '+a* 2+ _+a+1)b : 1d
e Tir (1) 4p dung b dé cho day (y,) ta duge:

Yo = 6!!- IY1 + (611'—2 + 6n—3 .. +6+ 1) —- 6n5"—1
. 5
Khi dé: = = *
6: y, xn—4:>x" 4+6"——1 (VpeN )
Vay xm=4+é§;—5——l va l‘l_i‘lgl(xn)zti 1d
Cau 6: (3 diém)
Tim tat cd cac ham s f: R —» R théa man
a) f{x) > 2008 VxeR )
b) fix + y) > fix).fy) VxeR 2)
Dap an
f(x) .
e Pat = . :
A
gx)>1 VzeR A3)
g-x)>1 VxeR 4) 075d
gix +y) > g(x).g(y) 5)
e Vi x =y =0, ta lai cé:
g0)>1 (6)
va g(0) > [g(0)] = g(0).[1-g(®]>0 :
Tix (6) va (7) = g(0) = 1. 1d

o Mit khéc:
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1= g0) = g(x-x)> gx).g—x)
g(-x)>1 Vx e R (do (4))
o Tir (3) va (8) = g(x) = 1, V x € R. Vay: fix) = 2008 1d
o Thi lai, ta c6: fix) = 2008" > 2008
f(x + y) = 2008 > 2008**" = 2008 .2008’ — f(x).f(y) 0,25d

f(x) f(y)

}=>g(x)$1 VxeR (8)




DE THI DE NGHI MON TOAN HOC 11
TRUONG THPT CHUYEN LY TU TRONG — TP. CAN THO

Cau 1:
Giai phuong trinh 3x(2 + Jox® +3)+ (4x + AV1+x+x2+1)=0
Pap an
u? +3+2Ju? +3+u’ ‘
> 0,Vu

bat f(u)=u(2+Ju2+3),ueR, f'(u) = )
JuZ+3

Vay f1a ham 18 va dong bién trén R.

Nén tif gié thiét ta c6

(31 + £2x +1) = 0. f(3x) = f2x -1 > 3x = 2x -1 <> x = —%.

Cau 2: _

Cho mdt ban trdn c6 dién tich S, duge phi kin bdi mot s6 khan
hinh tron (cdc khan hinh tron che kin hét mit ban). Ching minh
ring tit d6 c6 thé chon ra mot 56 khin trai ban d6i mét khong giao
hau sao cho téng dién tich cic khan nay khong nhé hon % dién tich
mat ban.

_ Dép an .

Trong s6 céc khin, chon mdt khiin c6 bdn kinh 16n nhit, goi khin
dé la K1 va ban kinh 1a r,.

Nhiing khan c6 diém chung vdi Ky déu nim trong hinh tron c6 tam
la tam cta K, va ban kinh 3r,. Nhiing khin nay phi mdt phidn mét
ban khéng vugt qua

(3r,)?n - r,2x = 8r,’x = 85, (S 12 dién tich hinh trdn Kj).
e Ta loai csc khan c6 diém chung v6i K.
~ Véi cac khan con lai ta cling chon khiin 16n nhit K; c6 ban kinh
r,. Tuong tu nhu trén ddi v6i cic khin c6 diém chung véi K, phu mot
phin mat ban c6 dién tich khong vugt qui 8r,°n = 85y

Vi s6 khin hitu han nén gid si dén buéc n, n 2 1 ta xét hét cédc
khan, lic d6 cdc khan K, Ke,—, theo cich chon ciia ching ta do61 mot
r&i nhau va phén dién tich mit ban ma chiing khong phti khong vugt
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qué 8(Sy, + Sy, + ...+ Sy ).

Vay(Sy, + 8y, +-+8¢)> 28

Cau 3:

Cho hinh 14p phueng ABCD.A’B'C’D’ ¢6 d¢ dai canh 1a 1. Goi (P) 1a

mit phing bat ki qua CD’, a 1a géc gitta mp(P) va mp(BDD'B’).

Khi o dat gid tri nhé nhat, tinh dién tich thiét dién giia (P) va

hinh 14p phuong.
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Nén cosa =-

Péap an
Dit é, = AB,§, = AD,é, = AA

tacoé e €, =¢€,¢6,=¢€,¢€ =0

va AC=& +8,CD =&, -§,.

* Thady AC vudng goc v6i mp(BDD'B’).

* Gia sl vecto vudng goc véi mit phing
(P)lafi=aé, +bé, +c&,.

D C

Doiil(®)=ilCD = (a8, +bé, +cé;).(6,-6,)=0

©a-c=0>n=ae +be, +ae,.

[BAC] [(ag, +bs, +a8,).(6,+6,)| o+

|6].]AC \/(a.é1 +b&, +a8§,) V2 J2+/2a% + b*
Theo b4t ding thitc Bunhiacopski ta c6

1 1 3
|a + bl =|ﬁ(\/§.a)+b| SJ(§+1)(2a2 +b2) = \/%.\/25" +b?
|a + b J3 T
=—" 1 <X >2—.(1
St i 2 e P
Vaygiétlinh(’)nh_itcﬁaala%.
Déng thc (1) xdy ra khi va chi khi Jf"’:? & b=2a
2

= n=aé, + 28, + &)




Dung duge vecto vudng géc véi (P) 1a i = é, +2¢, +&, = AE nhu

hinh vé.

Trong miit phing (AEB’) dung dudng thdng qua I va vudng géc vGi

AE cit EB’ tai L. Dé thiy thiést dién la tam gidac CLD’.

Trong tam giac AEB’, E=—="Z- |= E=_[=
ng gidc vudng sin AE ~Jg " \3 o8 3

EI 3 J6 [3 3
Ma cosE=_—— S EL=EL[>=Y" °_2 10 _ 1)y Viy tam
EL \/; 2\2 2= &y

gidc CLD cin tai L nén
Swop = =CD'IL = ILIC - EL sinEIC = 3 [L Y2 _ V6
2 2V3 2 4
Céu 4:
Cho 3 s6 thyc duong x, y, z théa xy + yz + zx = 1.
Tim gid tri nhé nhat cda biéu thac A = 21(x2 + y?) + 22.

Dép an
2
[18x2 + 52— > 6xz

2
Ta06<18y’+32-26yz =>A>6

3x* + y?) > 6xy
rx———1 (x——i
z V13 V13
= minA = 6, dat dugc & ngv::>Jy=—i—‘hany——L
, dat dug oz Ji3 - V13
. 6 6 6
Z= Z=
. V13 { Vi3
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Cau 5: Cho day sd (x,) dugc xac dinh béi
{xo =¢, x,=d, cdeR

— 3 —
X2 = ,/xn + ,/xnﬂ ,n=123,...

Tim limx

Péap an
Lip 2 day sau

o Day (a,) v6i {a° = maxix,, x,, V8) Day (b,) vi {b@ = min{x,, x,, /8l

a,, = 23/5: b,., :Zﬁ-

« Ta chitng minh (a,) gidm hoi tu vé J8 va (b,) tang hoi tu vé V8.
That vay, ap > J8, quy nap ta 6 a, > V8

Tu dé a_,, —a, =23/a, —a, <0< 8a, <a} o J8 <a_ (ding)

Suy ra lima, = J§

Tuong tu limb, = J8.

K¢ ti€p ta chimg minh

b, < min{x,,,X,,,,} < maxi{x,,,x, ,}<a,,vkeN
Ta chimg minh biang quy nap
k=0:tacé b, < min{xo,il} < max({x,, x,} < a, (ding).
Gia st ménh dé dung t6i k, ta c6 |
b, <b,,, = 23/5—1: s i‘/;l; + Y Xk = Xgpap < 2#; a, <
Vay b,,, <x,,, <8,,1)
b,,, = 22/b_k < Q/;;: + M Xop,3 < 2#—_ a,.,
Vay by, < x5, <8y, (2)
Tit (1), (2) suy ra by, < mini{x,,,,,X,,;) < maxixy . x, } <a,,
Vay limx, =limx,,, =8 = limx, = J8.
Céu 6:
Tim t4t ci cdc ham flién tuc f: R —» R thoa
fx+f(y)=fx)+y,vx,yeR
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Pap an
Gia sit f(y,) = f(y,) = x+ £(y,) = x + £(3,) = f(x + (y,)) = flx + £(y,))
= f(x)+y, =f(x)+y,
= Y1 = Y2- Suy ra f don dnh.

Hon nifa, v6i mbi x ¢ dinh, fx) + y v6i y € R nhén moi gi4 tri
thudc R nén mién gi4 tri cia f1a R. Do d6 f 1a song dnh; Do vay c6
duy nhit a € R sao cho fla) = 0.

Thay y = a. Trong ding thic dé bai, ta c6
fx+f@)=fx)+a>fx)=f(x)+a=>a=0.
Vay R0)=0.
Thay x=0=fy) =y, Vy € R. _
Vay fx +y) = f[x + f(f(y)] = f(x) + f(y), Vx,y e R
Do f lién tuc vf1 cdng tinh. Lap lai cdch gidi phuong trinh ham
Cési, ta cé6 x) =kx, k € R.
T gid thi€t ix) =kx > k*-1)y=0,Vy
= k==21.Do d6 f(x) = =x.
Thi lai véi f(x) = + x thod yéu cdu bai toan.
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PE THI BE NGHI MON TOAN 11
TRUONG THPT CHUYEN NGUYEN BINH KHIEM — TP. TAM KY

Cau 1: (3 diém)
Cho f(x) 12 mét da thdc c6 hé s thuc thod man didu kién:
0<f(xy) < fix)fRy*)+Rx*)Ry) Vx,yeR
{ f(2007) > 0
Ching minh: {2008) > 0.
Dap an
e Khi x = y, ta c6: 0 < 2f%x? < 2(x).fix*) = fx) va Ax®) cung d4u,
VxeR
o Khi x = 0, ta ¢6: V y € R: 0 < 2£%(0) < f0).fly’) + f(0).fy)
= f(0).[2f(0) - f(y*) — Ay)] < 0 va f{0) = 0
e Truong hop 1: {0) < 0
{ 0 > 2 f{0) > f(y*) + f{y)
fily)fly’)>0,VyeR
= fly) < 0, V y € R: méau thuan véi f{2007) > 0
= f{0) < 0 khong x4y ra '
o Truong hop 2: fl0) > 0
0 < 2f(0) < fiy®) + fly)
>fly)>0,VyeR;vifly)va fily’) cing ddu Vy ¢ R
= f{2008) > 0
Vay: {2008) > 0 (dpcm).
Cau 2: (4 diém)
Cho phuong trinh:
1 1 1 1
x -1 %-2 ""¥-n
1. Chitng minh ring: Véi moi ne N, phuong trinh trén luén c¢6 duy
nhat nghiém x, € (0; 1).

2. Ching mmh day (x,) véi x, xac dinh § cau (1) c6 gun han. Tim giéi
han d6. .

=0;neN




Dap éan
1. ¢ V6i mdi n € N dat:

1 1 1 1
fX=—F——-+——+... + , 01
o) x x-1 x*-2 x"-n xe@1)
Ta c6: }
1 1 2x nx"?!
ffx)=—-| =+ + + o +t———1<0;xe(0;1)
o (xz &' -1 -2 " —n)Z) .
Suy ra: f,(x) 1a ham s6 nghich bién (n ¢ N*) (1)
« Hon nita: f,,(l) —2-2-%_ <o | @)
2 7
Va: lir(r); f(x)=+0 =5 3x5 € (0;%) sao cho: f,(xg) > 0 3)
e Do fi(x) lién tuc, nén tir (1), (2) va (3) suy ra vé6i mdi n € N,
phuong trinh
fu(x) = 0 ludn ludn c6 nghiém duy nhat x, € (0; 1).
2.¢eDéthiy0<x,<1,VneN 4)
Hon niia, ta ching minh x, , ; € (0; x,). That vay:
1 1 1 1 1
Ta co:f,,,(x,)=—+ + +ot +
cTackh. ) = Tt e -1 - (a+l)
1 ‘ 1
=f + =0+ 0 5
T D =@+ &
. : 1 1 1
Va: imf_  (x)=Hm|—+ +.+ — | = +o0
d x50 1( ) x—»O*(x Xl -1 xn+l _ (n + 1))
Suy ra ton tai 0 < x. < 1saocho f, , ;(x:) > 0 (5)

¢ Tt (4) va (5) suy ra phuong trinh f, , 1(x) = 0 ¢6 duy nhit nghiém
Xn 4+ 1 € (0; xp), va tif d6 suy ra diy (x,) 1a gidm
e Hon nita x, € (0; 1) bi chin nén diy (x,) c6 gi6i han
e Ta ching minh: lim x, = 0. Vix, > 0, Vn € N nén lim x, > 0
e Gid sit lim x, =a > 0. Khi d6 x, > a va —!—s —l—,, vn € N (do x, 1a
, X, a ,

. day giam)
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Ta co:

olim(l+1+l'+...+l)=+oo
_ 2 3 n
. . . 11 1 1
nenElNosaochoVneN,n>Notaco(1+ + =+ )>.—,
2 3 n a
1 1 1 1
Véi Notalaicé: —+——+———+_..+ =0 *
e Véin > N ta lai ¢6 x 21 22 < _n *)
(vi x, 12 nghiém)
1 1 1 1 1 1 1 1
o —+— + +...+ <—t—F— . t—

-1 X-2 <L-n x, -1 -2 -n
R
a \1 2 n

Maiu thuin véi (*).

Viy:llmx,=a=0
Cau 3: (4 diém)

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh.

Miit phing (a) thay ddi cit cdc dutmg thing AD, SA va SC lian lugt

tai P, Q, R tuong dng sao cho: :Pl; = Ssﬁ = ng; dong thdi cdc diém A,
S, C hoiic nim trén cac doan PD, QA, SR tuong ing, hosc cing khéng
nim trén cdc doan thing dé. Goi N 1a trung diém cta doan CD, M 1a

diém nim trén dudng thing SB sao cho MN / mp(a).
Ching minh riing quy tich diém M véi moi vi tri c6 thé cia mat

phing (a) 12 mét doan thing cé do dai gSB.

Péip 4n

ONeuSQ x4, tngathJetsuyraRC=xS_(f x¢
= SR=SC-RC =(1-x)&
AP=xAD = SP=SA+AP=a+x(-b)
QR=SR-8Q=Q1-x)-xi
QP =SP-SQ=(1-x)d+x(¢-




Déng thdi cic vecto QR va QP khong cung phuong véi moi gia tri
cia x
eMecSB—= SM=yb

MN // (@) > MN, QR va QP déng phing

o MN =x(Tli +p,(TP

< SN - SM —l@ +pQﬁ

(sn+sc) =AQR +uQP

1,. . - o L
c>E(a+c-b+c)—-yb:l[(l—x)c—xa]+u[(1-x)a+x(c—b)]
Y=Y —;—i~(%+y)f)+é = [—lx+p.(1—x)]ﬁ—pxlq)+[7k(1——.x)+pylé

%=—kx4+u—|ux 1)
<:><%+y=—px (2)

1=2—Ax +px(3)

Tir (1) va (3) suy ra:

_ 3x-2 L =(x+1
22 -2x+1) M T2 —2x+ 1)
Thay vao (2) suy ra: y=—_l+ x(x+1) 4)

2 2(2x*-2x+1)
e Ta tim mién gi4 tri cia y:
Phuong trinh (4) o (4y + 1)x* - (4y + 3)x + Cy+1)=0
eNéuy= —j:- thi phuong trinh (*) ¢6 nghiém x = %

eNéuy = —:11— thi phuong trinh (*) ¢6 nghiém khi va chi khi:
A=y +3P - 44y + 1)2y + 1) 2 0

<:>—16y’+520<:>——\i§Sys—\i—g(y¢—i)
Khiy € [—£ £] ta c6 49 dai doan [—ﬁ; [ﬁ} 1a [5-
4 4 4 2.
Viy: ﬁzﬁivﬁye[—i %J




Cau 4: (3 diém)

224

Giai phuong trinh sau:

log?x + 4x.Jogg (¥x + ¥x) = [—)25 +8log(¥x + ‘\’/;)] Jog,x
Pap an
e Piéu kién: x> 0

Vé6i diéu kién nay, phuong trinh tuong duong:

(logzx - %) Jdog,x - 8(log2x - i) .logs(\‘/; +¥x)=0

o (log,x - ). (log,x 5. log (U5 + ¥)) = 0

X
1 -==0 1
0g,X 2 (1)

| log,x - 8.log(¥x +¥x) =0 (2)

¢ Gidi phuong trinh (1):
In In2

o(1)<:>log2x2=x<:>x2=2"<:>__:_ (*)
X 2

Dé thdiyx=2vax=41a céc nghiém cia phuong trinh (*)

e Xét ham s8 fix) = 2%, x> 0
X
i 1-Inx .
Tacs: flx)=——F— f'X)suyra:f'x)>0v4i0<x<e

f'x)=0véix=e

f'x)<O0vdix>e

Khi d6, v& trdi cia (*) 1a ham sé dong bién trén (0; el va nghich
bién trén [e; +»); trong khi v& phai la ham hang nén phuong

trinh (*) c6 nhiéu nhat ha1 nghiém.

Vay phuong trinh (*) chi ¢6 hai nghiémla x=2vax=4.
e Giai phuong trinh (2):

e Datt =logx © x =2




t t t

t t Ad L b
Phuong trinh (2) c6 dang: t = 8.log, [2Z + 23J < 68 =24 + 28

L. LA :
< 28,38 =28.28 4 28

t t
o 1= (%)8 + (%Js (**)

¢ Ta thay phuong trinh (**) c6 mot nghiém la: t = 8
Ta ching minh t = 8 14 nghiém duy nhat cia phuong trinh (**)
t t
28 (1)s

8 8
That vay; goi ham s8 y, = (g) + (g) : 12 ham s6 luén nghich bién

y2 = 1 12 mét ham s6 khong ddi

Suy ra hai d6 thi cia hai ham s& nay chi gip nhau tai mot diém c6
hoanh d¢ t = 8, hay t = 8 14 nghiém duy nhat cia phuong trinh (**)

~eKhit=8ox=2%=256
Véy phuong trinh da cho ¢6 3 nghiém la: x = 2, x = 4, x = 256.
Cau 5: (3 diém) - '

Cho da thite: P(x) = agx®® + a;x®" + 2,32 + ... + ag03 c6 2008
nghiém phén biét. Ching minh riing: 2007.a’ > 4016.a,a,

Pap an
e Vi da thitc P(x) ¢6 2008 nghiém phéan biét nén a, # 0
Ppem: 2007. a? > 4016.a0a, 1)
, . .
o 2007.(—‘] > 4016. ( 3—2] @)
a, ) a,
e Gia sif da thitc P(x) c6 2008 nghiém phan biét 1a: x,, x,, Xs,..., X208
e Theo dinh ly Viet, ta ¢6: A = X; + X2 + ... + Xog0g = &
aO
A ; a,
B= X1Xg + X1X3 + ... + Xg007X2008 = ';—
()]

208
Suy ra: A’= Z X; +2B
i=1
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o Khi dé: (1) < (2) < 2007.A% > 4016 B

2008
o 2007.(2 X, + 23) > 4016.B

i=1
2008

2
< 2007. Z X; >2B
i1

2008 2008

2 2
@2008.in > in +2B=A"
i-1 i-1

S A2+ 1%+ o+ 1I)E 2+ X 4 .o+ Kogog) > (X1 + Ko + .. + X2008)”
La bat ding thirc ludn ding (theo bat dang thic Bunhiacopski)
Vay bat ding thdc (1) duge ching minh.
Cau 6: (3 diém)
Cho tam gidc ABC véi cac goe déu nhon. Ching minh ring:

Q/ZSinA +sinB+sinC + 2/2tanA*tanB~ tanC > 2l+; . (1)
Dap an
o Ap dung bat ding thic Cosi cho 2 sd duong, ta co:

2 1
i i si R an(’ -{sinA + sinB + sinC) —{tanA + tanB + tanC)
3’4smA +sinB+sinC + ,\S/zitanA * lm_lB + tan(" _ 93 + si sin + 99 1 nB + tan

\/ g(sinA+sinB+sinC)+?l;((anA+tanBﬂan(‘,‘l)
>2.N2

e P& chitng minh (1), ta chiing minh:

Z(sin A +sin B+sin C)+14tan A+tan B+1anC) 142
2. 23 3 > 2 2

g—(sin A+sin B+sinC)+ ;(tzm A+tan B+tanC)

Pt > V2"

< %(sinA + sinB + sinC) + %(tanA+tanB +tanC) > n
o (gsinA+1tanA-A)
3 3
+(gsinB+ltanB—'B]+(gsinC+ltanC—C)>0 (2)
3 3 3 3
. 2 . 1 3 x
e Xét ham s0: f(x) = Esmx+ §tanx—xv010<x< 3
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= f(x) = gcosx + l 12 -
3 €os“ x
1 1
= —(cosx + cosx + )-1>-3-1=0
3 oS x 3
Nhung cosx # s> V X € (0 E)
cos” x 2

> f'(x)> 0,V x.e (0 g):ﬂx)léhém s ludn dong bién trén (0; g)
. Tt 2 . 1 ~ . n
Nenﬂx)>f(0),\7’xe(0;§):§smx+ §tanx—x>0,‘v’xe(0;§)
. . 2. 1
e Khi d6, ta cé: §s1nA+ gtanA—A>0
gsinB+ll:anB—B>0
3 3
gsinC+%tanC—C>0

Suy ra (2) dugc chitng minh
Vay bat ding thic (1) duge chitng minh.
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PE THI PE NGHI MON TOAN 11
TRUONG THPT CHUYEN NGUYEN DU — DAK LAK

Cau 1: (3 diém)
Cho day da thite {Py(x)} duge xdc dinh béi
P(x)=x*-2
{Pm(x) -P,[P,xLVneN"’

Tim t&t ci cdc nghiém cta da thic Py(x). Goi S, 1a tong tat cd cac
nghiém thuc ciia da thic Pu(x). Tinh Szoes.

Dap an
Ta c6 degP,(x)=2" > P,(x)=0 ¢b khong qua 2“ nghlem thuc
y=Px)=x*-2->y'=25y =0=x= 0.

Bang bién thién
X —a0 —2 0 .2 400
y - - 0 + +

-2

Do d6 néu |x|>2=>y>2=>P(x) = P, [P.(x)] > 2..TQ: P, (x) > 2
Nén tit ca cdc nghiém cia phuong trinh Py(x) = 0 déu thuéc doan
[-2; 2]. Pat x = 2cost, t € [0; x]
P(x)=4cos’t—2=2cos2t > P,(x) = Pz(x) 2
= 2c0s2%t,...,P (x) = 2c0s2"t,Vn € N
Nén Pn(x)=0<:>2"t=£+k1t<:>t= 1tl LS, —,keZ
2 2Il+ 2n
kn
> X= Zcos( +—27) ma
ot n kn
telnlo ke {0;1;2;...;2“ —1} e z 2cos(—m—09-+ 700—8)
k=0 2 2
221
- sm—z%sm = 2sin2;;09 (:05(2;;09 + 2]:01;8)

- k=0

2%y _
= Z !'gm(kz;,l.)n ~sin 2];,1(:3] =0
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vi sin ;09 >0 Sy =0.

(Hoc sinh c6 thé néu da thide P,(x) 13 ham s& chin nén Syps = 0)
Cau 2: (3 diém) '

Xdc dinh ham s§ f: N* > N* théa min filfin) + m] = n + fim +

2008) v4i moi sd nguyén duong m, n.
Pap an
Chon m = f(1) ¢6 fifiln) + (1) = n + fI(1) + 2008]
=n + 1 + 4016) = fif(n + 1) + 2008]
FIfin) + fD)] = fiftn + 1) + 2008] => KAfn) + 1)] + m)
= ffifn + 1) + 2008] + m) :
Nén  f(n)+f(1)+f(m +2008) = f(n + 1) + 2008 + f(m + 2008)
Suy ra f(n+1)-f(n)=f(1)-2008 = a

n-1

= f(n) = Y [f+1) - f(k)]+f(1) an + 2008

k=1

Thi lai: f(n) = an + 2008, f[f (n)+ m]=n +f(m + 2008)

— a’n + 2008a + am + 2008 = n + a(m + 2008) + 2008

Neén [a =-1- f(n) = -n + 2008 - £(2009) = -1
a=1- f(n) =n+2008
Vay f(n) = n + 2008 14 ham s8 cdn xic dinh.
Céu 3: (3 diém) - . ‘
Tim da thic P(x) c¢6 bic nguyén duong, 6 tit ci hé s§ nguyén trén
doan [0; 8] va théa mén diéu kién P(9) = 2008°>.
. Pap an
2008° = 8096384512 = 1+ 9.899598279
| =1+9. 3 + 81.99955364
=1+93+9°5+9°7+9'8+9°6+69%+
+9°.8 +29°4+29"° <9

Nén degP(x) < 11

Gid sif P(x) = aox™ + a;x” + a;x® +... + ay v6i a; nguyén thude doan
[0; 8] v6i i tir 0 dén 10
P(9) = a,, mod(9) =1(mod 9) > a,, = 1
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P9) -1

a, = mod9=3mod9 »a, =3
a, zl)—(S)—)-—l—_i;ﬁmonE5mod9——)a8 =5
a, = P@)-1-39-59 mod9=7Tmod9 »>a, =7

9
Tu’dngtdas 8,a;=6,a,=6,a3=0,3,=8,a;, =2, a = 2.
Vay P(x) = 2x'° + 2¢° +8x® +6x° +6x° +8x* + 7x* + 55 + 3x + L.
Thit lai da thifc trén théa mén tit ca gia thiét cia dé.
Cau 4: (4 diém)
X4c dinh hinh dang cia tam glac ABC c6 3 géc A, B, C théa man

4(sm£\—cosE + smEcosEJr smgcosé) =tanAtanBtanC.
2 2 2 2 2 2

Dap an
T gia thiét c6 tam gidc ABC nhon vi tanAtanBtanC > 0 ma
tanA + tanB + tanC = tanAtanBtanC, nén theo bit ding thic Cosi
ta c6 M = tan AtanBtanC > 3J3 (1). C6 thé gia st

(
0<A<B<Cc< E:>Lsiné-sing)(cosg—cosg) <0
2 2 2 2 2
. . . C . B B
= sin >~ cos — + sin — cos — < Sin— €os — + Sin — oS —
2 2 2 2 2

N =4(sinécos—1§+singcbsg—+sm9cos—é)S4cosE+?,sinB
2 2 2 2 2 2 2
= fiB)
£'(B) = Z(—Sing+cosB),f'(B) ~0oB= g >N<3/3
M= N khi va chi khi tam gidc ABC déu.
Cau 5: (3 diém)
Tim tit ca ciip s nguyén duong (x; y) théa man bat phuong trinh
x>y
Péap an , ,
x>y, x;ye N¥(1) . TR T
e VGi x = 1 va y nguyén duong thi khong théa (1). .
eViix=2vay>0.¢c6 (1) =>fly)=2" - ¥y >0
Cé f(1) =1 > 0;f(2) = 6;£(3) = -1;£(4) = 0,f(5) =7 > 0.
Xét f(y) =2 -y3,y>5->f'(y)=2"In2- 2y,f"(y) 2 In%2-2
=2"%In*4-2>0.
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Do dé f'(y) > f'(5) > 0 - f(y) > f(5) > 0. , .
Trudng hop nay (1) ¢6 cac nghiém (2; 1), (2; y) véiy nguyén vay =5
e V4i x >3,y =1 théa (1).
eVGix23,y=21) o fx)<0=x=3(do ching minh trén va x
nguyén)
Trudng hop nay (1) nghiém (3; 2).
e Véix,y=3.Tacé x* >y* & h(x)>hy), h(t) :—hlt—t, t € [3;+x)

1-Int

t2

- h'(t) =

<0>»3<x<y

Tap nghiém cia (1) 12 S = {(x; 1), (2; ), (3;.2), (m; n) véi (x,y, m, n € N,
x>1,y>25,3<m<n}L '
Cau 6: (4 diém)

Cho tif dién déu ABCD canh a ¢6 G 1a trong tdm cia td dién. Mot
mit phing (P) thay ddi qua G va cit 3 canh AB, AC, AD 1an lugt tai
M, N, P. Tinh gia tri 16n nhit va gi tri nho nhét cda thé tich khoi
t diéen AMNP.

Pap an
Dat AB = xAM, AC = yAN, AD = zAP,
goi H 1a trong tam tam gidc BCD. Ta c6
AG =2 AH - S (AB+ AC++ AD)
X

- X AM + AN + Z AP,G ¢ (MNP)
4 4 4

—)x+y+z=4,x,y,ze[1;4] B
(bai tap 5 SGK HH11 néng cao trang 91)

Va V(AMNP) = -1 V(ABCD)

Xyz
1 a3\/§> 3 ’ a3\/§_a3x/§
xyz 12  \x+y+z) 12 256

3
Nén MinV(AMNP) = 2 V2
256

ox—y-z- 5;- & (MNP)//(BCD)

Gia su 1sxsy$zs4—+xyzzl.y.(x+z—1)do(xy—1)(z—1)20
y(x+z—1)=(4—t)(t—1):—t2+5t—4=—(t—2)(t—3)+222,
t=x+zel2;3]

a’J2

24

MaxV(AMNP) = e>x=y=1,2z=2cM=B,N=C,AP=PD.
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DE THI DE NGH| MON TOAN LGP 11
TRUGNG THPT PHAN CHAU TRINH - PA NA-NG

Cau 1:
Cho hai diy s§ duong (x,) va (ya) duge xdc dinh béi:
V2 X . < o
=% 2_2’; Xnn =ZK:‘___1 vVa Yoa =‘1Tfin;:2: véimoin 21
Tinh lim x, va lim y,.
Dép an
e Ta ching minh x> +y2 =1 v6i Vn2>1
-mnn=1:v'r=%+-;-=1=vp

o Gi3 sif ding thic ding khin =k

Tacé: xI+yl=1
& [Xx+1(4)’12m - 1)]2 + [ym(l -4x? )]2 =1
o (x},, +yia -1)(16x2,,55.,+1) =0
< X, +Yin =1 (dpem)

e Dit x, = sina, = y, = cosa, Vi 0 <a, < g

. _ sina,,
= 8% T Yo% a,, — 1
n+l

= sin3a,,, = sina,

Suyraa,,, = 9'31

e Chitng minh quy nap x = sin—nn_,— va y, = cos—nn—_l— v6i moi
4.3 4.3
Vnz1l
, e K&t luén: lim x, = 0; lim y, = 1.
- Céu 2:
Giai phuang trinh: cos5x + cosx = sin3x — cos3x.

Déap én
eNéux=kn k € Z:
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PE THI DE NGHI MON TOAN LGP 11
TRUGNG THPT PHAN CHAU TRINH — DA NANG

Cau 1:
Cho hai day s8 duong (x,) va (y.) dugc xdc dinh béi:
V2 S N AT
:ylz—z—-—; Xn+l=2;3:1j ayMl—l—Z’—(—: vd1 mo1 n >1
Tinh lim x, va lim y,.
Dap én

e Ta chitng minh x> +y?> =1 v6iVn2>1
eKhin=1:VF=1+1l-1-vpP

2 2

o Gia st ding thdc dang khin = k

Taco: xi+y:=1
=N [xm 4y?, - 1)]2 + [y,”l (1-4x, )]2 =1
o (K, +yia - 1) (16Xi+ly:+l +1)=0
< Xi,, +Yia =1 (dpem)

e Dit x, = sina, = y, = cosa, v6i 0 <a, < %

sina,,
=>sina,,, =———"——
4 cos? a,,, -1

= sin3a,,, = sina,

' a
Suyra o, ,6 =—2>
y n+1 3
e Chilng minh quy nap x, = 31n4 = va y, =cos 1 ;tn_l véi moi
Vvnz1
e K&t lufin: lim x, = 0; lim y, = 1.
Chu 2:
Gidi phuong trinh: cos5x + cosx = sin3x — cos3x.
Déap én

eNéux=kn k € Z:
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-2 khi k 18

2 khi k chin

1 khi k 1é

_1 khik chdn

Vay phuong trinh khdng c6 nghiém x = kn |

e Néu x # kx: nhin hai vé phuong trinh cho 2sinx = 0 ta c6:

VT;ws5ku+mskx={

-

VP=sin3kx—eos3kx={

SIn6x — sindx + sin2x = —cos4x + €0s2x — sindx + sin 2x

<> 2sin3xcos3x — 2 sin3dxsinx = 0
< 2sin3x(cos3x — sinx) = 0

esindx=0cox= %

n  kn
X=—+—
ooos3x=sinx=cos(—’2£—x)<:> 8

x=-2 1 kn
4

e Két luan: Nghiém chia phuong trinh x=l;—n, k#3h, heZ

X §mx T
xX=—+—73; x=-Z+mn; meZ

8 2
Céau 3:
Chifng minh riing trong tam gidc ABC bat ki thi
sinA cosB + sinB cosC + sinC cosA s%@
Déng thifc xdy ra khi nao?
Dap an
OXétﬁx)zsinx+%sin2xv6i0<x< g—
o f(x) = cosx + cos2x = (cosx + 1)(2cosx - 1)

f(x)=0 _x
o‘(x) X 3

+00

(x) +

S
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3.3

S <f|X| = N2

uy ra f(x) (3) 2

e Diat P = sinA cosB + sinB cosC + sinC cosA
Gia st A = Min {A; B; C}

oNé’uAsBsCthiO<B<g

= (sinA - sinB)(cosB ~ cosC) < 0
= sinAcosB + sinBcosC < sinAcosC + sinBcosB
33

P < sinAcosC + sinCcosA + %sinZB = sinB + -;—sm2B < —

3f

e Néu A < C < B: chitng minh tuong ty P < ===

e Ping thic x4y ra: AABC déu
Cau 4:

Cho dudng tron (O; R) va diém A ¢ dinh nim trén dudng tron dé.
V6i mdi di€m M ndm ngoai dudng tron (O; R), ta ké ti€p tuyén MT
vGi duong tron (O; R) (T 1a ti€p diém). Tim tap hop cac diém M sao
cho MT = kMA, trong d¢6 k 14 sd duong cho truée.

Pap an
e Goi A’ 1a giao diém thu hai cia MA véi (O; R)
MT? = MA. MA’ & Kk? M_A2 = MA. MA’
< MAMA’ — k*MA) =0
< MA’ = k MA (vi MA 2 0)

& MA =k*MA (vi MA cing huéng MA )
o MA + AA - k*MA
o AA =(1- k?‘)AM

eNéuk=1thi A = A’
VAay tap hgp cdc diém M 1a ti€p tuyén cia (O; R) tai A.

eNéuk=1thi AM=_ L _AA -

1-k*

! )IA'HM

1-k?
Ma A’e (O; R) nén tip hgp cdc diém M 1a dudng tron

Suyra V (A;

’, 1 o 2 N by ]-
[O |1 k2| RJ anh caa duong tron O; R) qua V(A;W) .




PE THI BE NGHI MON TOAN LGP 11
TRUONG THPT QUOC HOC HUE — TINH THUA THIEN —HUE

Cau 1:
Gii phuong trinh (2cos3x + 6cosx +1)’ = 162cosx — 27 .
Dap an
Viét lai phuong trinh
(2cos3x + 6cosx +1)° =162cos x - 27

o (2(40033 X — 3cosx) +6cosx + 1)3 =27(6cosx - 1)

o 8cos®x+1=3¥Y6cosx-1
Pitt = 2cosx, |t] <2 tacé t* +1=3Y3t-1.
Lai dit u=¥3t -1, ta c6 he {tzz&’_l
. uw=23t-1
' Trit hai phuong trinh theo v& ta c6 t* - u® = 3(u-t)
o (t—u)(t2+tu+u24r3):0.
Tidosuyra t=uct’-3t+1=0.

" Viy 8cos’x-6cosx+1=0< 2cos3x+1=0
<:>cos3x——lc>x +2—n kgjE (k € Z).
2 9 3
Cau 2:

ChotamglacABCco A= 60°, B= 45°. Trén cdc canh BC, CA, AB
cia tam giac ABC lan lugt 18y cac diém M, N, P khac A, B, C. Goi O 12
témdufmgtrbnquaMNPChﬁngminhx%ngné’uNMP 60°,
MNP 45° thi O cach déu céc truc tam cha cac tam giac MNP va ABC.

Pap an
+ Goi K ]a trve tam tam gidc MNP. Ta ching minh K la tdim dudng
tron ngoai ti€p tam gidac ABC. Ta c¢6 bon duéng tron (MNP},

(KMN) (KNP), (KPM) c6 cung ban kinh R.

Dmmg tron (KMN) qua C, KC = 2RsinKNC. DPuong tron (KNP) qua

A, KA = 2Rsin KNA .




Do sin KNC = sin KNA nén KC = KA. Tuong tu KA = KB.
+ Do hai tam gidc MNP va ABC déng
dang nén cé phép dong dang f bién
A thanh M, bién B thanh N, bién
C thanh P. f 1a hgp cia phép vi tu
tam I ti s8 k va phép quay tam I
goc 0.
Goi M’, P’ 1a hinh chiéu lan lugt
cua M, P lén AC.
Ta c6 M'P” = MP | cos6| va MP = kAC.
+ Chia 7 AC = 2M’P’. That vdy, dudng tron (MNP) cit AC tai Q. Ta c6
tam gisgec CMQ can tai M, tam gidc APQ can tai P.
Do d6 AC = AQ + QC = 2QP’ + 2QM’ = 2M'P’. Vi vay 2k|coso| = 1.
+ Ta ¢6 fbién K thanh O, bién truc tim H clia tam gidge ABC thanh K
nén OK = kKH va géc gia OK va KH 13 0. Goi O’ 1a hinh chi&u
ciia O 1én KH. Ta c6 2KO’ = 20K | cos6| = 2k|cos0 | KH = KH.
Viy O’ 1a trung diém KH. Do d6 OK = OH.
Céau 3:
Ki hiéu Z 1a tap hop tat cd cdc s0 nguyén. Tim tat ci cdc ham s6
f: Z > Z sao cho _
2008f (f (x)) + 2007x = 4015f (x), v6i moi x € Z

Pap an
Cho x € Z. Xét day s6 (u,) xdc dinh béi

u =x
u,, =f(u,),neN*
Ta c6 hé thic truy hoi
2008u,,, + 2007u, =4015u,,,
<> 2008u,,, - 4015u,,, +2007u, =0

Day s3 (u,) 1a day sai phan tuyé€n tinh cdp hai c6 phuong trinh dic
trung  2008t% — 4015t + 2007 = 0. |

Phuong trinh nay c6 hai nghiém phan bt t, =1, t, = 2007 . Do d6

2008
80 hang tdng quat cha day la




Cau 5:

, trong do [x] 14 s6 nguyén ldn

Véi x > 1, dat f(x):fi‘_]_fl/_r’i}_

nhat khong vugt qua x va {x} =x-[x]. Cho %o > 1. Xét day (x,) xdc
dinh béi x, =f(x,,), v6i moi n € N'. Ching minh riing day (x,) ¢b
gi61 han hiu han.

Dap an
Patu =[xl va v ={x}. Taco f(x)=M.
: Vx
Suy ra (Foo)f = VIRV g, 2‘/‘;>1 Ma Vv <UrY o1,

(chﬁyrﬁngu:tv)- Do do (f(x)) <2. Vay 1<fx)<V2.
Nhan xét riing 1 < x, < /2, vdi moi n € Z* Co thé xem 1 <x, < 2.
Néu xo = 1 thi x, = 1, v6i moi n € Z*. Suy ra limx_ =1.

Xét truong hop 1 <x, <v2.V6i 1<x<J2 thilxl=1valxl=x— 1

Do d6 f(x)= -+ VX~1

Jx
Ro rang f lién tuc nén néu day (x,) ¢ gidi han la a thi a = fa) (1).
Lai 6 £'(x) =———¥X=1 .0, véi moi x € (1, V2 ) nén f déng bién

2xx(x - 1)

trén khoang (1, J2).

£(1,2) <1,2;f(1,44) > 1,44 . Phuong trinh (1) ¢6 nghiém duy nhit
trong khodng (1, V2).
Tudésuyrafix)>xnéul<x<avafix)<xnéua<x<2.
+Néuxp=athix,=avédimoin e N*..Suy ra (x,) ¢6 giéi han la a.

+ Néu 1 < x, < a thi (x,) 13 day so tang va b1 chin trén bdgi a, nén
¢6 gidi han la a.

+ Néu a<x, <2 thi (x,) 1a diy s6 gidm va bi ché_in dudi béi a,

nén c6 giGéi han la a.

Cau 6:
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Cho 1u6i 6 vudng don vi kich thuée (n” + n+1)x(n*+n+1). Trén
mdi 6 cia luGi co6 ghi mot sd 0 hosic mot s6 1, sao cho khong c6 bon 56
1 nao la dinh ctia mot hinh chir nhat. Chitng minh ring tdng cac sd
¢6 trong luGi khong vugt qua (n + 1) x (n® + n + 1).

Déap an
Pat N=n® +n + 1. Goi x; 12 s0 s6 1 6 hang thi i, i=1,N. Dit

N
S =) x,. Can ching minh S < (n + DN.
i=1

Xét tap M gdm cac cap (k, l)vo'llskSISN.Tacé
n“+n){n"+n+1
a g (ool )
2
Véimdii, i=1, N, dat M; 1a tap gom caccap (k, D v6i 1 <k <1<N,
sao cho hai cot k va 1 cia lu6i déu ¢6 s8 1 & hang tha i. Ta ¢6
IM!_{C‘ X, =2 :xi(xi—l).

0<x <2 2
Tit gia thiét khong c6 bon s 1 nao la dinh cia mot hinh chit nhit
nén M, "M, = néui#j.
N N
~ Ro rang | JM; c M nén ) M| <|M|, tic 1a
1 i=1

(nz. + n) (n2 +n+ 1)
2

, hay

M=z
N
N

-
[

-
-

( x) < n+n+1 ZN:xlz
(n2+n+1) (n2+n)(n2+n+1)230.A
2

n +n+1+(2n+1)(n +n+1)

3 (n+1)(n2 +n+1) (dpem).

Tudoé S<
Cau 7:

Cho hinh chép S.ABC ¢6 AB = BC = CA=a, SA =SB =SC=a3.
Ching minh ring véi moi diém M trong khéng gian thi tong cac
khoang cdch tir M dén tat cid cdc duong thing chia canh bén hay
canh ddy ctia hinh chép S.ABC lion 16n hon hoic bing a/6 .
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Pap an

+ Ba caip mit phing song song 1an luot chifa céc ciip canh SA va
BC, SB va CA, SC va AB tao thanh mét hinh hép (H) ngoai tiép
hinh chép S.ABC. ‘

+ (H) c6 cdc mat la cdc hinh thoi véi hai dudng chéo caa hinh thoi
nay la a va a3, canh a. Khodng cdch giifa hai mit song song

a
76

caa (H) cung béng——

+ Téng khoang cich T cia bai todn 16n hon hoic biing ba lin

J’

khoang cach giita hai mit song songcaa (H). Vivay T >3 ——

= ay/6. Ddu ding thdc xdy ra trong truong hop M 1a tim caa
hinh hép (H).




DE THI PE NGHI MON TOAN 11
TRUONG PTTH CHUYEN THANG LONG - LAM PONG

Cau 1: (4 diém)
Cho day ham s6 {f,(x)}’_ thod man déng thoi cdc diéu kién sau day:
1. £,(x): (0; +0) > (0; +0), Vn € N
2. fy(x) = x, V x € (0; +0)

3.f,,.(x)= ,/xz +6f (x),Vxe(0;40), VneN

Ching minh ring véi mdi s§ tu nhién n > 1 tén tai duy nhat
Xy € (0; +o0) théa mén fi(x,) = 2x, va diy {x,} ting c6 giéi han bing
4 khi n ti€n dén vo cung. _

Pap an
Biing quy nap theo n, ta c6 thé ching minh d& dang céc tinh chat
sau day:
(1) fu(x) lién tuc va f,(x) > 0, V x € (0; -l-d))
(2) fi(x) 1a ham ting va f,(4) < 8

(3) n+l( )

Ta c6: fi(x)) = ,/x, +6x, =2x; > x,=2

f2x1) = X2 +6f,(x) = X2 +12x, >2x,dox; =2 <4
£,(x,) £,
4

X,

la ham giam

Vay > 2. Mit khéc, do nhéin xét (2) ta cé: <2

Vi fy(x) lién tuc nén ton tai x, € (x;; 4) sao cho fa(x;) = 2x,.

Do (3) nén x, duy nhit. Hoan toan tiong tu nhu thé ta xiy du’ng
dugc day {x,} théa man bai todn va: 2 = x; < x5<..< 4

DPit a =limx_thia<4

n—x

Theo nhén xét (2) thi:
2Xn ~ Tn+l (xn+l) > n+l (xn) szn + 6f (xn) \/x + 12X

Suy ra: 2a>Va?+120 > a >4

Bai todn da duge ching minh.
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Cau 2: (4 diém) ‘
Tim s6 n nguyén duong nhé nhat sao cho 3" — 1 chia hé&t cho 228
Pap an
Bidu dién: n = 2"k (m € N, k N va k 1)
Khidé: 3" -1=38"*-1)=3") -1

- 3* -1)- [(32" )k_1 + (32m )k_z +..+3" 1]

‘Do k 18 nén k — 1 chén, suy ra:
A=(3)7+(37) v+ (37)+1 1A 86 16
Suy ra 3" — 1 chia hét cho 2% & ‘(32‘" -1) chia hé&t cho 22
Mait khac ta cé: o
37 1= + DB + 1.3 +1)3% - 1)
Ta di chiing minh (3% + 1 chia hét cho 2 ma khéong chia hét cho 4
v6i moi [ thuge N
That vay: 8% + 1 =8 -1+2=@" + 1)38 - 1) + 2
3+1:2
{31 ., D
Suy ra (3% + 1 chia hé&t cho 2 ma khong chia hé&t cho 4 hay
31 +1,3*?% +1,..,8% + 1 chia hét cho 2 ma khong chia hét cho 4.
Riéng 3* - 1=8=2%
Vay 3% -1 chida ding (m -~ 1)+ 3 = m + 2 thita s6 2
Véi n nguyén duong nhé nhét sao cho (3" — 1) chia h&t cho 2%°%8
m + 2 = 2008 : '
o
Vay n = 22°% 13 38 cdn tim.
Cau 3: (4 diém) 7
Tam ca si tham du mét cudc héi didn, ho bidu didn m bai hat. Mai
bai hdt duge 4 ca si trinh bay, mdi cip ca si thi hat chung véi nhau
mdt s§ bai hat. Tim s6 m bé nhat d€ diéu nay cé thé thuc hién duge.
| Pap én
S8 m bé nhat can tim 1a 14. -,
That vay, goi r 1a s6 céc bai hat ma m01 cap ca si hat chung, ta c6

n (3" + 1X3' — 1) chia hét cho 4.
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mC} =rCZ,suyram = l—gf.Tfrdé,sz.

Mit khac, m = 14 thyc su c¢6 kha ning xay ra, nhu sip x&p sau day:
(1,2, 3,4} 15,6,7, 8 1, 2, 5, 6}
{3,4,7,8} 13,4, 5,6} {1, 3, 5, 7}
{2,4, 6,8} (1, 3, 6, 8 {2, 4, 5, T}
{1,4,5,8}1{2,3,6, 711, 4,6, 7}
1,2, 7,8} {2, 3, 5, 8)

Ciu 4:
Tim tit cd cdc ham lién tuc £ R — R théa mian: Rxfy)) = y(fix)),

*

Vx,yeR
Dap an
Véix =1 thi yA1) = fifly)), Vy € R
Véix=t,y =1 thi fit) = KAD)).
Tir d6 néu d4t t = xy thi: .
F(xy) = flx)ly), Vx,ye R (*)

Do dé: fix)[1-f1)]=0,VxeR

1. Neufil) » 1 thifix) =0, Vx € R.

2. Xét truong hop f(1) = 1. Do (*) ta cé: f(x)f(l) =1
X

Suy ra fix) # 0, V x = 0 va f(x*) =[f()] > 0, do d6 ta c6: fi—1) = —1
Suy ra fl—x) = f{xfl-1)) = -f(x)

Vay f 14 ham 18. Vi vay, ta chi cAn xét véi x > 0

V6i V x,y e R', dit x = €% y = €' va g(t) = fle") thi g(t) 1a ham lién
tuc trén R* va g(u+v) = g(u)g(v).

Dodé git)=at, t e R*.

Suy ra f(x) = fle”) = g(u) = a" = a'™ = x** = x*.

Trong d6 a 1 hiing s3. :

Thi lai néu diéu kién cda bai todn suy ra a = +1, tite 1a fix) = x

hodc f(x) = —1- Do f(x) 1a ham lién tue nén fix) = x.
x

Vay, cdc ham f(x) = 0 hotic f(x) = x théa man bai ra.
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Cau 5: (4 diém)
Cho hinh chép OABC c6 géc tam dién dinh O 1a tam dién vudng.
M 1a diém thudc mit day ABC.
AM? N BM? N CcM?
AO? BO* CO*°
Dap an
Pat OA =4, OB=b, OC =¢ 1a cic vectd co sé.
Tacé: OM=xd+yb+zé véix+y+z=1
AM-=-OM-OA =(x-1)A+yb+z¢

Suy ra AM? = (x -1)%.a% + yz.i;2 +7° ¢

Tim gid tri nhé nhit caa

in2 2 2
Do d6 ——=(x-D*+ yz.b—2+z2.c—2
a a a
Tuong tu _
BM? a’ 2 2¢ . CM*_,a’ b*
XtV T e e g e

Cong cac ding thdc trén vé theo vé ta cé:
AM? N BM? CM2
AO® ' BO® ' CO*

11), (1, 1,1
xa(b2 c)+yb(c2 a) z”c(a +b’)+
+ -1+ -12+(z-17
(—1—2—+1+E—)+(x2a +yb2+2Z2) -+ + D)+

az b?
+x-1D2+@G-1P2+@z-1%

=(—17+ 12+—)+(x2a +yb2+Z%A)-2x+y+2)+3
a2 b ¢

Xét tit dién OABC, néu goi OH 12 duong cao thi:

1 1 1

?+?+?=6ﬁ—2—vaxza + y’b? + 2% = OM?

2 2 2

Dods AM  BM CM _OM .9
: AO* BO* CO OH
 D4u déng thic xay ra khi OM = OH hay M = Hvaglatnnhonhat
cin tim l1a 2.




PE THI DE NGH| MON TOAN 11
TRUONG THPT CHUYEN LE HONG PHONG - TP HO CHi MINH

Cau 1: (... diém)
Cho fix) 132 mét da thic c6 bac n. Ching minh ring f(x) chia hét
cho f"(x) khi va chi khi f{x) ¢6 dang a,(x — Xo)°, v01 Xo nao do.

Pap dn
+ Néu fix) = a(x — Xo)"- Hién nhién f{x) chia hét cho f (x) = nay(x — Xo)"-
+ Nguoe lai néu ﬂx) chia hét cho f'(x) thi thuong 12 mot da thic

béc nhat véi he s& cao nhat la —, v6in 1a bic caa f(x)
n’

. Vi vy nfix) = (x — xp)f "(x).
Tuong t, tacd (n — Df'(x) = (x— xo)f"(x)
(n — 2)f"(x) = (x — x)f "'(%), -
V(@) = (x — 2 (x).
Nhin céc ding thifc trén vé theo vé, rit gon ta dugc
n!fix) = (x — xo)" (%)

»
Dodé fx)= f(-n(X) (X — Xp) = aq(X — Xo)"-
Céau 2: (. diém)
Cho tam gisc ABC, H la chan dudng cao ha tit A xudng BC va hai
goc B, C nhon.

Goi p1, p2 12 nifa chu vi cdc tam giac ABH, ACH.

. .[h(sinA+sinB+sinC)7 .
Giasu’[ 25in B.oin C ] =p? +p5 véi h = AH.
Chitng minh riing ABC la tam gidc vudng.
Pap 4n
Ta c6: py = ~(AB + BH + AH) = 1( AH +AH.cotB+AH)
2 2\sinB ,
= h(1+¢:otE)
2

2
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AH

sin

LA + cH + AH) = 1(
2 2

-11(1+cot9).

+ AH.cotC + AH)

¥
I

2 2
h.(sinA+sinB+sinC)_h( 1 N 1 +sin(B+C))

2sinB.sinC ) sinB sinC sinB.sinC

(SYE -2

(_1 +cotB + ,1 +cotC)
sin B sinC

= —(cotE + cot 9)
2 2

- . . 2
Do d6: [h.(smA.+sm]-3+smC)] —p+pl
2sinB.sinC

2 2
NS (oot§+cotg) = (1 +cot§) + (1 +cotg)
2 2) 2 2

o cotE.cot—q = 1+cotE + cotg
2 2 2 v

2
ocotB;C:1<:>A+C=90°:>A=90°.

N | B

2

Cau 3: (.. diém)
Cho day sb (u,) duge xac dinh béi:
u, =u, =0
_ui+2u, -u,, +2

— n-1 2:2
u,, +1 (n )

n+l
Chitng minh riing u, nguyén v6i moi n € N.

Pap an
ul+2u,-u, , +2
u, , +1

(u, +1)°+2
u,, +1

+1

< u

o+l n+l

. X1'—:3‘2:1
Dit x, = u, + 1, day s6 da cho viét lai X2 +2

Xy =—— (=2
X

n-1
Ta chitng minh day (x,) nguyén.
*Véin=2,x3=3 € Z

* Gia si ménh dé ding V n = k > 2, tic 1a x,,; € Z, ta chitng minh
Xk+2 A
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Tacé Xp,1Xx-1= Xp +2, Xp, 0%k = Xop, + 2

2 2
= Xk 42Xk~ Xk 4+ 1Xk - 15 X~ Xy

. Xy ~_Zn
X T Xy Kpgp Xy
X ' X X 1
Tuong tu, ta dugc: k = kl = 2 _ -
Xy H Xy X +X x;+%, 4
X 1 '
= Kl == = X0 = 4K — Xy
Xyyg + Xy

Theo gia thit quy nap Xi, X1 € Z Nén Xg,2 € Z

Suy ra dpcm.
Cau 4: (.. diém)

-

(1 + 42x—y).51—2x+y — 1 + 22x—y+l

Giai hé phuong trinh .
v +4x+1+1n(y® +2x) =0

Pap én
~ Pidu kién y* + 2x > 0.
Pat t = 2x — y thi phuong trinh thd nhat cia hé tré thanh
1+4 1+2%
5 5 W
V& trai 1a ham nghich bién con v& phdi 1a ham déng bién nén
t = 1 14 nghiém duy nhat cta (1).

1+4H57' =1+ 2"

Viy2x -y=1=>x = _y_;_l Thé vao phudng trinh thd hai cda hé
tadugcy’ +2y + 3 +In(y?* +y + 1) =0 (2)

V& trai cia (2) 1a ham déng bién do d6 y = —1 1a nghiém duy nh4t
caa (2).

Vay x = 0, y = —1 12 nghiém duy nhét cta hé.
Cau 5: (.. diém)
Tim tat cd cdc ham s6 f: kK \ {0} - R sao cho:

fx) = xf(lj vaflx +y) +1=1fx)+ f(y).
X .
Dap an

Tu fix) = xf(lj >f-1)=-f-1)>f-1)=0
X
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Dodé: fx-1)=fx+-1)=fx)+f-1)-1=fx)-1=f0)=1

Suyraflx + 1)=fx) +1 >f0)+1=2

‘Nhutheé 2=f1)=f1l-x+x)=fA1-x)+f(x)-1
=>f1-x)=3-Rx)

Vé‘ix;tOva‘lx;tl:((l———{) =(l—1) =f(lJ —-1= @ =1 (1)

X X X X

Laicéf(l_x)= l—x‘.( X )= l—xf( 1 _1)
C X X 1-x X 1-x

Chd y ring 1 —1)=f( 1 )=f(1—x)_1=___3—f(x)_1
1-x 1-x 1-x 1-x

Véyf(l x) 2-f(x)+x @)

X X

T (1) va (2):fix) =x+1
Thit lai ta thdy ham s6 trén théa min diéu kién bai toan.
Cau 6: (.. diém)
Hinh lap phuong ABCDAIBICIDI c6 canh dai bing 1. Tren phan

kéo dai vé phia D cia canh AD chon mét diém M sao cho AM = J; ;
Goi E va F 14n lugt 1a trung diém cia cdc canh A;B, va DD,. Ty s6
%’Ig dat gia tri 16n nh&t 1a bao nhiéu khi P va Q lin lugt niim trén
cdc doan AE va CF.

Da

—

Chon co s6 {5, b, ‘c'} v6i AB =

~

ol

[-C
gl ®
&
1
'01

, AA,

—e

 Khi do 8| =[5| =[¢| = 1. 4B = & - az = .

Ta c6: MP = MA + AP (1) A _ E B,
PecAE > 30, 0<a<1: AP = aAE *"P
| Df—=—¢
1 S 1
= [c + a] : ' r".. §
8 8b 2 D ¢
= il
MP 5 +ac M




MP’:§012+§
4 5

ﬁazm+m+ﬁ-ﬁ+f§:_ﬁ+m+%ﬁ:+m’@>

e -~ 1-
QEFC:>36,OSBSI:FQ:BFC;B[a—Ec]

— 1 )- - (1 1 -
2=>PQ={8-= b+|~—L1p_ale;
@ = PQ [3 2a]a+ ,[2 19 a]c,
1 1V 5 24 _ 5 6
PQ*=5[-——| +Za?- Z>Za?- =>0.
Q [26 10]+4a a+20_4a a+5>
Dau "=" xa ra<:>16——1——0:>;3—1 0<B=<1
=Xy 2" 10 5' 77
. .~ MP MP?
’I‘ysoM—Qmax¢>—1;Q—2max.
MP? < MP® ° 250’ +32
MQ* ™5 . .6 250°-20a+24
4 5 :
2
Xét Roy= - 2% ¥32 .o 5cq
2502 — 200 + 24
20(—25a* — 20 + 32)
f{a) = —L;0<ax<1
(25a2 - 200 + 24)
a:—g-e[o;l]
fla)=0 << -250%2- 200 +32=0 <= g
=——¢l01
a=—cg[01]
Bang bién thién
4 .
a 0 g 1
f'(a) + _

fla) 7 \

48,
24 ,

5 2
Mp gz:ﬁg 2.VayMax£:ﬁ.

PQ* PQ PQ

Véi a = % thi Maxfle) 12 f[%)

Do d6
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DE THI DE NGHI MON TOAN 11
TRUONG THPT CHUYEN LE HONG PHONG — TP. HO CHi MINH

Cau 1: (3 diém)

Giai hé phuong trinh sau

RS

xy+yz+zx=1

Dap an

' 1 1 1
Llod|y+l|=5lz+= 1
Ta c6 he <3(x+xj (y+y) (z+z). ey
Xy +yz+zx=1 (2)
( x  _y oz @)

< {3x*+1) 4(@F*-1) 5(E*-1) '

Xy +yz+zx=1 CY)

Nhan xét: cdc thanh phan nghiém cia hé cung diu (suy ra tir (3)).

Néu hé (1) ¢6 nghiém duong (xo, Yo, 2o), thi (=%, —yo, —2o) ciing la

mot nghiém caa hé.

Vi thé truéc hét ta chi can tim nghiém duong cta hé (3), (4) 0,5d
B

Pit x = tan%; y =-tan5; z= tang nhu vay 0 < A, B, C < 180°

Tu (4) ta ¢6: tanétanE'+tanEtang+tangtané=1 hay
‘ 2 .2 2 2 2 2

tané— (tan§+tan9) =1- tanEtan—C-
2 2 2 2 2

1-tan—tan— B+C

= tan— = = cot
2 t:an§+tan9 2
2 2

:>—+—+§=90°:>A+B+C=180° 0,5d

Vay c¢6 thé coi A, B, C 1a ba géc cia mét tam gidc.
Mat khéac tu (3) ta c6:
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A B ' c
ta.ng ~ tanE tan—z—

;A B}~ 29)
3(1+tan 2) 4(1+tan 2) 5(1+tan 2

sinA _sinB sinC

h = 5 0,5d
Y 3 4 5 ®)
Theo dinh 1i ham s§ sin, ta suy ra gzg =§ trong d6 a, b, ¢ 1a ba
canh di dién cia ba géc A B, C.
Tl‘rdésuyrac2=a2-¥b2:>C=90°:>z=tang=1. 0,5d
. . 3 . 3 .
Tir (5) suy ra sin A = gsmC =z nén:
x—ta;né— fl—cosA B
- 2 l+cosA
B 1-cosB
_—_tan——: =
y 2 l+cosB
(11 (1 o
Vay 5;5;1 va do dé —g;-g;—l cing la nghiém cta hé (1) (2). 1d

Cau 2: (3 diém) ,
Goi A 1a tap hop gém 25 s§ nguyén duong diu tién
A=1{1,23.. 24 25) ’
Ching minh ring véi moi tap con B gom 17 phén t ctia A thi ludn
luén ton tai hai phan ti (phan biét) cia B c6 tich 1a mot so
chinh phuong.
Péap dn
Goi C = A\B, vay C gém: 25 — 17 = 8 phan ti.
Xét cdc s6 chinh phuong thudc A (5 s6) 1, 4, 9, 16, 25.
Néu B chia (it nh4t) hai trong 5 s5 nay, thi B c6 tinh chat phai
tim. ‘ 0,5d
Gia st B khéong chda, hoic c&rig 1dm 1a chia mdt trong 5 s@ trén,
vay C khéng chia it trong 5 s§ do. Loai cdc s§ d6 ra khéi C, ta
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duogc tap C, chita khéng qué 4 phan ti. 0,5d .
Xem céac cip sé

@O 3, 12), (5, 20), (6, 24)

(I1 (, 8), (2, 18), (8, 18)
Néu C, khong chia hon hai s6 trong sdu s6 & 3 cap (I), thi B chia

mdt ciip s6 (I) va 6 tinh chat phai tim. 1d
Gia st C; chda 3 sd trong 6 s6 & ba cip (I), loai 3 sd d6 khéi C,, ta
duge tap C, khong chita hon mdt phan . 0,5d

Xét ba cip so (II) trong dé chi tham gia ba s6: 2, 8, 18. Cang lim
chi c6 mot so thude C,, vay con hai sé thudéc B, lap thanh mét cip

va B cé tinh chat phii tim. Tém lai ta luén tim duge tap B théa

min yéu cau bai todn. 0,5d

Cau 3: (4 diém) |
~ Cho tit dién SABC véi SA = SB = SC = 1. Mit phing (a) thay ddi
luén di qua trong tAm G cha td dién, ciit cdc canh SA, SB, SC lan lugt
tai D, E, F. Tim gia tri 16n nhit cia biéu thic:
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I U B
SDSE SESF SFSD
-Pap an
Vi G la trong tim chGa tf dién SABC
nén dudng thing SG di qua trong tim
S ciia tam gidc ddy ABC va ta c6 hé
thic: SG = %S‘”S' , hay:

4SG =3SS' =SA +SB+SC 0,5d
T dé ta dugce:
SA SB o= SCan B

4SG = >—-SD + =~SE + —=SF
S + SE + SF - 0,5d
Theog1ath1etSA=SB—SC= 1nén
SG=—|—SD+ —SE —SF 1 0,5d
(SD SE ' SF ) D ‘

Lai ¢6 SG =—(SD+SE+SF) (2

1 Nas 1 Nas
U 3 ———-=ISD+{ ——-—=|SE
Ty (1) va(2) = ( )S +( »3)8

+(—1—— - 1)@ =0
4SD 3 4SF 3




L, L, 11
SD SE SF ,
1 1
+ +
SDSE SESF SDSF

2 e
1(1 1 1)216_5 o 0.5

™ 1d

Tu (¥) suy ra:

< ot
3\SD SE SF 3
Vay ta dugc:

P -2 sp-sg-sF-3
3 4

& G € mp(DEF) // mp(ABC) 1d
Cau 4: (3 diém)

Cho x > Ochl’mgminhln(1+\/1+x2)<l+lnx.

X
Péip dn
" Xét ham s& f(x):ln(l+s/1+x2)—lnx-l véix >0

X

2x _l+i'_____l+x2-x>0 0,5d
2J1 + x2 (1'+ Jl+x2) x x* 2 f14+x? ’
Vay f(x) 12 ham dong bién khi x > 0.

2
Mt khéc ta c6 lim 2 Y1 % _1 o kim

) S d x X—r+x

Thi f{x) =

=0 0,5d

[h1+\/l+x2}'

(do tinh lién tuc ciia ham sé logarit);

2
1+J1+x ]—limlzo

~»$ X4 x

Viy lim f(x) = lim[ln

X

diéu nay chiing t6 ham sé y = fx) ¢6 tiém cin ngangla y =0 1d
-Ta thidy y = f{x) 12 ham déng bién trén (0; +w), va c¢6 tiém can

ngang khi x —» +w. 0,5d
Vay fix) < 0 véi mgix>0hay1n(1+J1+x2)<mx+l Y
X
Cau 5: (4 diém)

Cho day (a,), n € N duge x4dc dinh bdi:

ag=2;a,,1=4a, + ,/l5a§ -60.
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-Hay x4c dinh s6 hang tdng quat cia a,. Ching minh ring —;—(az., +8)

c6 thé biéu dién thanh tdng binh phuong ba s nguyén lién tiép véi
moin > 1.

Pap an
Theo bai ra ta cé: a2, -8a_a_,, +a’ +60=0 1)

n“"n+l

Thay n béi n — 1 ta duge: a2 -8a_.,a_+a’,+60=0 (2) 0,5d

Trit (1) cho (2) duge: a%, —a’, +8a, _a -8aa, =0

Hay (@n+1—8n- 1@ ,1—-8ay+a,1) =0 0,5d
Dé thdy tir a,, > 43, > 16a, ,suyra(a,,; —a, 1) >0.

Do dé6 a,,1—8a, +a,, i 0,5d

Phuong trinh dic trung c6 dang: t® — 8t + 1 =0 |

V6i hai nghiém t; » = 4 + J15. Ta x4c dinh dugc cong thirc tdng
quét cia day {a,} 1a a, = (4 +15)" + (4 - J15)™ 0,5d

Béy gi¢ ta ching minh %(ah +8) ludn duge bidu dién dusi dang
tﬁ’ng binh phuong ctia 3 s6 nguyén lién tiép.
That vy, véi mbéin > 1, thi 3k ¢ N dé

(5] (s8] -
= ((4+\/1_5)n —(4—\/i5)n)2 = 15‘k2
hay (4+15)" -(4-VIB)" =15k +2 1d
Do vay: -;—(azn +8) =%((4 +15)" +(4-V15) +8)

=3k2+2=(k-12+k>+ (K +1)>2 1d

Cau 6: (3 diém)
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12 -6x
16x* —219x + 249’

Tim tit cid cdc gid tri nguyén cha biéu thuc

trong d6 x 1a bién sd thuc.




Dap an
Ta c6: 16x* - 219x + 249 = (42> -~ 7)? + 56x% — 219x + 200 0,5
Ma 56x® — 219x + 200 > 0 (do A < 0)
Dodé 16x*-219x + 249 > 0 (V x) a 0,5d

12-6x
16x* — 219x + 249

" Pat f(x) =

Ta chitng minh :
a) flx) <2 <> 16x" - 216x + 243 > 0 & (4x* - 9)? + 18(2x — 3> > 0.

D&u béng x4y ra khi: x = g - 0,5d

b) f{x) > -1 & 16x* - 225x + 261 > 0
o (4x® - 9)‘%; 72x* ~ 225x + 180 > 0 ding vi tam thitc
| 72x” — 225x + 180 ¢6 A = ~1215 < 0. 0,5d

Vay -1 < flx) < 2. V6i x = 2 thi fix) = 0. Ham f(x) lién tuc nén di
qua tit cd céc gid tri trong [0, 2]. Vay 3 x dé fix) = 1. Nhu vay tat
cd cic gid tri nguyén cta flx) 1a 0, 1, 2. ' 1d
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PE THI PE NGHI MON TOAN LGP 11
TKl:fﬁNG THPT CHUYEN LE H6NG PHONG - TP Hf) CHI MINH

Cau 1: (3 diém)

X = 1+y+1
: X
eee 1A . z+1
Giai hé phuong trinh {y = [1+
y
- 1+x+1
{ z
Dap an
Nhin xét: x, y, z > 1. Khi d6 hé phuong trinh tuong véi
y=x"-x-1
z=y -y~1

x=2z"-z-1

Xét ham s6 fit) = t* — t — 1 trén (1; +). Ta ¢6 (1) = 3t - 1 > 0,

Vt € (1; +0) = f dong bién trén (1; +w)

Khéng mit tinh tdng quat gid st x>y > fx)>2Ry) > y=>z
>fly)>2fz) >z2x>x=y=12

1+\/E'_>

> X = =Z= .
y 2

Thi lai ta c6 nghiém cda hé 1a
1+56

X=y=z= 2 .

Cau 2: (3 diém)

C6 bao nhiéu sé tu nhién c6 10 chit s6 khdc nhau d6i mot, trong d6
cac chit s6 1, 2, 3, 4, 5 dugc xép theo thi tu ting din tif trdi sang
phii nhung céc chif s6 1, 2, 3, 4, 5, 6 thi khong duge xép nhu viy.

Pap an ’

Goi s6 tu nhién c6 10 chit s6 1a a;a;, .. a5 (a; khée 0)

Theo yéu ciu cla bai toan thi cdc chit sd 1, 2, 3, 4 va 6 phai ding

truéc chit s6 5 nén chit s6 5 chi c6 thé & cac vi tri ag, ay, ag, as, a.

Ta xét 14n lugt titg vi tri cia chit s§ 5, réi dén vi tri cia s3 6, roi

vi tri cta b (1, 2, 3, 4) va cudi cing 12 vi tri cac chit s6 con lai.




Trudng hgp a10-= 5.
Chit s6 6 ¢6 9 vi tri, bd (1, 2, 8, 4) ¢6 Cg vi tri va bén chit s5 0, 7, 8, 9
c6 4! vi trf, nhu vay tt ca c6 9.C{ 4! cach sdp x€p ké ca khi a; = 0.
Ta s& bé di cdc trudng hop a, = 0 (c6 8.C7.3! cdch sdp xé&p).
Nhu vay, trong trudng hgp nay c6 9C;.4! - 8C:. 3! s8.
Trudng hop ag=5 ta c6 8C7.4! - 7C;.3! s6.
Trudng hop ag=5 ta c6 7C:. 4! - 6C;.3! s6.
Trudng hop a;=5ta c6 6Ct. 4! - 5C;.3! s6.
Trudng hop ag=5 ta c6 5C*.4! s6.
Cong cdc két qud trén ta c6 ddp s6 1a 22680 s5.
Céu 3: (4 didm)
Cho ti dién OABC c6 AOB+BOC + COA =180° Goi OA,, OB,
OC; theo thi ty 1a dudng phéan gidc trong cia cdc tam giac OBC,

OCA, OAB. Goi OA,, OB,, OC, theo thd tu 14 dudng phan gidc cta céc
tam gidec OAA;, OBB,, OCC,. Ching minh ring

2 2 2
() (5 ) (68 ) e
Déng thic x4y ra khi nao?
Pép én

bat OA =2, 0B =b, OC = ¢, BOC = o, COA = §, AOB = y.
Tacéa+ P +7y=180°
Theo tinh chat duodng phan gidc trong tam gidc OAA,, ta c6:

AA2=OA___ a :AAI_ L2

AA, OA, O0A, AA
Tuong tu, ta ciing c6:

BB b CC, c

BB, " OB,’ CC, ''oC,

AA Y (BB Y (cc Y
= + +
A2A1 B2B1 C2Cl

a ., b 2 C 2
=1+— 14— 1+——
( +OA1) +( +0Bl) +( +OCI)
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1 a b ¢ ’ 1{ abc
> =13+ + + >=| 3+ 33}——————
3 OA, OB, OC, 3 L OA,.0B,.0C,

Ap dung cong thic tinh d¢ dai phan giac ta cbd
8a’b?c? cos%—cosE cos -

OA, OB, OC, = 2 2
DL (a + b)(b +c)c+a)

B

Ma (a + b)b +c)c +a) = 8abc va cos(—;—cosicos% <

3J3 .
—8-—‘ nen suy ra

abc S 8
OA,0B,0C, ~ 3.3

2 2 2 2
AA BB CC 1 2
Suy ra L + L+ L) >213+3 — =(2+/3)
Y [AZAJ (3231] (czcl] 3( Jéj
' b

=c
B=y =60

Ping thic x3y ra khi va chi khi { , hay OABC la tu

a=
o=
dién déu.
Cau 4: (3 diém)
Chox,y,z>—1théamanx+y+z=1.
X zZ 9
1+x2+],+yy2+1+z2 Siﬁ

Chiing minh

Pap an
* Néu X, y, z > — 3/4 thi ta c6
18x

2
S%+—23—c>36(x—_313—j (X+%).>_O (d(lng)

X

1+ x>

3 18y . z<3 18z

Chitng minh tuong tu ta co y - S —+ va S ——
1+y° 50 25 1+z° 50 25

X y A 9 18(x+y+z) 9
= ~ + + < — 4 - =
1+x% 1+y* 1+2° 50 25 10

* Néu tén tai it nhat mdt trong ba sd x,y, z € {—1;— %:\ gia st la x

thiy+z=1-x<2

Ta c6 g(y, 2) = y2+ z2:1—x:yz(1—x)2s2+1.2 :%
1+y® 1+22 (A-x"+(yz-1 (1+§)z 49
4
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Ham h(x) = : X dong bién trén [—1;— Z-J

x2
3 12
h(x) <h(~—)=-=—=
suy ra h(x) < h( 4) 25
. 64 12 9
h: yZ) S e — <
= hix) + gly, 2) 49 25 < 10

Cau 5: (4 diém)
Ching minh rang véi moi a, b phuong trinh
a(25sin5x — sinx) + b(49sin7x — 9sin3x) = 0 ¢6 it nhit 7 nghiém
trén [0; 2n]. )

Pap an |
Nhén xét ring cdc ham lugng gidc sinx, cosx ludn c6 dao ham trén R
Xét ham sd fx) = a(—sin5x + sinx) + b(-sin7x + sin3x)
Ta ¢6 f{0) = f(n/2) = f{n) = f(3n/2) = f(2n)

Theo dinh 1y Roll, phuong trinh f(x) = a(-5cosbx + cosx) +
+ b(=7cos7x + 3c0s3x) = 0 ¢6 cdc nghiém x,, x,, X3, X, théa 0 < X1 <
T2 < Xp < T < X3 < 31/2 < %4 < 2.

Mat khéc ta thdy phuong trinh nay con c6 2 nghiém nira 1a /2 va
3n/2.

Theo dinh ly Roll, phuong trinh

f’(x) = a(25sin5x - sinx) + b(49sin7x — 9sin3x) = 0 ¢ caic nghiém
Y1, Y2, Y3, Ya, Y5 théa 0 < X1 < y1 < /2 < yo < X3 < y3 < X3 < v < 3n/2
<¥5 < X4< 27,

Mat khéc ta thay phuong trinh nay con c6 2 nghiém nita 13 0 va 2r.
Cawu 6: (3 diém)

Tim t4t cd cdc ham s§ f: R — R théa man f(fx) + y) = 2x + ffifly) — x)
véimoix,y € R. '

Pap dn
f(f(x)+y)=2x+f(f(f(z)-x) (*)
Cho y = 0 ta dugc f(fix)) = 2x + fIff0)) — x) (1)

Cho x = 0 trong (1) ta duge f(f0)) = f(f(f(0))) (2)
Trong (1), cho x = flf0)), ta duge ARAH0)))) = 2f£(0)) + f(0)
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Ap dung (2) cho ta f(f{0)) = 2f(f(0)) + f(0) = f(f(0)) = —RO)
= fR0)=-f0)véik = 2, 3, 4, ..

~ Trong (*), cho x = 0 va y = — f(0) ta dugc

f0) = fIfF-1(0)))) = £2(0) = — f(0) = £(0) = 0
Khi d6 (1) tré thanh f(f(x)) = 2x + f(-x) (3)
Trong (*) cho x = 0 ta dugc fly) = f(fif(y))) (4)
Trong (3), cho x = fy) ta duge RARy)) = 2fy) + A-fy))
= fl-f(y)) = - fy)
Trong (*), cho y = — f{x) ta dugc
0 = 2x + fff(—f(x))) - x) = 2x + fIf(-f(x))-x) = 2x + f—f(x) —x)

V61 moi sd thuc b bat ki bing cdch chon a = — fi— b/2) + b/2 ta ¢6
fla) = b.

K&t hop véi (4), ta duge b = fifib)).

Trong (3), x = — b ta duge — b = — 2b + fib) hay filb) = b v6i moi sd
thue b.

Tit d6 ta ¢6 fix) = x v6i moi s thuc x.

Ta thdy rdng ham nay théa man diéu kién cda bai todn va d6 1a
ham duy nhét.
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